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Prof. Hans-Joachim Petsche’s Graßmann is a book on mathematics and German cul-
tural history. As a translator, I have attempted to make the text as accessible as possible 
to the English-speaking readership. Some decisions should not go unmentioned.

Hermann Graßmann’s mathematical terminology is often quite extravagant and 
unusual. In many cases, the translation also gives Graßmann’s original German concepts. 
With his permission and generous cooperation, I have used Dr. Lloyd Kannenberg’s ter-
minology from his translations of Graßmann, e. g. displacement (“Strecke”), magnitude 
(“Größe”), conjunction (“Verknüpfung”), evolution (“Änderung”), etc.

As many German-language books in the original bibliography as possible have 
been cited from their English translations. In many cases, however, quotations had to be 
translated and the footnotes still refer to the German originals. The Graßmann brothers 
used an early edition of Schleiermacher’s Dialectic of which there is no English transla-
tion. Of course, the same is true of many other works and letters.

All titles of books and journal articles have been translated into English. The origi-
nal titles and the corresponding bibliographical references appear in parentheses and 
quotation marks. In these cases, dates refer to the year of publication of the text quoted 
in the bibliography. 

Finally, we should not forget that today the formerly Prussian town of Stettin is the 
Polish city of Szczecin. The use of the German name Stettin should not be construed as 
questioning that historical fact.

This translation was a collaborative process. I would like to thank Dr. Steve Russ 
(University of Warwick) and Dr. Lloyd Kannenberg (University of Massachusetts 
Lowell) for sharing their expertise and doing the hard work of proofreading the manu-
script. I thank them for many pleasant discussions and their supportive approach to the 
project. The author, Hans-Joachim Petsche, kept our little research team together and 
showed warm and stimulating appreciation of our efforts. 

Mark Minnes      

Translator’s note



In Wilhelm Traugott Krug’s General Handbook of the Philosophical Sciences of 1827 
(“Allgemeines Handwörterbuch der philosophischen Wissenschaften”), we find the fol-
lowing entry for the terms “mathematics” and “mathematical”:

“Mathematics … only [deals with] magnitudes which appear in time and space and 
which therefore can be represented, counted and measured as numbers or figures… A 
philosopher should familiarize himself with mathematics and a mathematician with 
philosophy, as far as their talent, interests, time and surroundings will permit. But one 
should not confuse and throw into one pot what the progress of scientific knowledge 
has separated, and rightly so. …mathematical philosophy and philosophical mathemat-
ics – in the commonly accepted sense of the terms, namely as a mixture of both – are 
scientific or, rather, unscientific monsters. They no more satisfy and please the educated 
mind than could a human body consisting of a mixture of man and woman.”1 

But this view did not prevent Hermann Graßmann2, a 35 year-old secondary 
school teacher from the Prussian town of Stettin, from publishing a work of mathemat-
ics which, as he later remarked, “is certain to be more pleasing to more philosophically 
inclined readers”.3 Graßmann’s book also claimed to have founded a new branch of sci-
ence “which extends and intellectualizes the sensual intuitions of geometry into gen-
eral, logical concepts, and, with regard to abstract generality, is not simply one among 
the other branches of mathematics, such as algebra, combination theory, and func-
tion theory, but rather far surpasses them, in that all fundamental elements are unified 
under this branch, which thus as it were forms the keystone of the entire structure of 
mathematics.”4

Hermann Graßmann, a novice in mathematics whose name was completely unknown 
in the mathematical community of his day, did not hesitate to send his book – Linear 
Extension Theory, A New Branch of Mathematics (1844) – to the most famous math-
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X Foreword

ematicians of his time. But their assessment of his work remained completely within the 
framework of the Kantian view of mathematics, which we find in the quotation above. 
This was a disaster for Graßmann. Among German mathematicians, August Ferdinand 
Möbius was closest to Graßmann’s scientific perspective. Möbius told Apelt in a letter 
that he had repeatedly attempted to understand Graßmann’s book, “…but I never got 
beyond the first pages … since [the book] … lacks all intuitive clarity, which is the es-
sential characteristic of mathematical insight.”5 In a letter to Gauß, Möbius wrote that 
Graßmann had “strayed from the firm foundations of mathematics”6. Johann  August 
Grunert wrote Graßmann: “I also would have hoped that you would have refrained 
from getting so involved in philosophical reflections.”7 Ernst Friedrich Apelt, a friend of 
Möbius, remarked that “Graßmann’s peculiar Extension Theory … seems to be built on a 
wrong understanding of the philosophy of mathematics. …The abstract extension theory 
he is looking for could only be developed from concepts. Concepts are not the source of 
mathematical knowledge, but intuition.”8 Finally, Richard Baltzer came to the following 
conclusion: “…I begin to feel dizzy in the head and disoriented when I read it.”9 Moritz 
Cantor summed up the fate of Extension Theory in one simple sentence: “The book was 
published in 1844 by O. Wigand in Leipzig, nobody reviewed it, nobody bought it, and 
therefore the publisher destroyed the entire first edition!”10 Half a century later, nobody 
doubted the importance of Graßmann’s mathematical work. On Felix Klein’s initiative, 
a six-volume collection of Graßmann’s writings in mathematics and physics was pub-
lished between 1894 and 1911.11 Thanks to mathematicians such as Hermann Hankel, 
Alfred Clebsch, Felix Klein and Friedrich Engel, Graßmann’s achievements concerning 
the foundations of vector and tensor calculus, the development of n-dimensional affine 
and projective geometry and his fundamental work in algebra and in other areas were 
recognized in retrospect. Today, Graßmann has become a familiar name in mathemat-
ics. Nevertheless, many mathematicians are quite unfamiliar with his magnum opus in 
mathematics. Even though “a general feeling of respect for this mathematician from 
Stettin has spread in the scientific community”, as F. Engel remarked in 1911, “this feel-
ing of respect usually does not arise from knowledge of Graßmann’s writings but, rather, 
is based on hearsay.”12 Graßmann’s Extension Theory of 1844 was ignored for over a 
quarter of a century. Among other reasons, the general rejection of its philosophical 
approach and its philosophical mode of presentation led to this lack of recognition. 
Unhappily, this anti-philosophical attitude blinded mathematicians to the true value of 
Extension Theory. A closer analysis of the book will show that Graßmann’s philosophical 
and, to put it more precisely, dialectical approach to mathematical problems is exactly 
what gave him the inspiration he needed to create and elaborate a new mathematical 
discipline, namely vector and tensor calculus. What is more: Graßmann was capable of 
building an unheard-of vector-algebraic theory of n dimensions because he was familiar 
with the philosophical thinking of his time and because he consciously used dialectics, 
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the philosophy of the increasingly dominant German bourgeoisie, as a method for es-
tablishing and presenting new insights. 

The present book aims to critically appreciate and explain the life and work of 
 Hermann Graßmann (1809 – 1877).

Notwithstanding the fact that Graßmann has entered into the history of mathe-
matics as the founder of vector algebra, he still remains a relatively unknown figure. The 
hundredth anniversary of his death in 1977 passed almost completely unnoticed. A 
conference held in Germany on the occasion of the 150th anniversary of the publication 
of Linear Extension Theory in May 1994 was one of the last major attempts to save his 
name from oblivion. In September 2009 the Graßmann Bicentennial Conference in 
Potsdam will commemorate the 200th anniversary of Graßmann’s birth and attempt to 
contextualize his work from a present-day perspective.

The 19th century, in which Graßmann’s scientific creativity blossomed, is still a 
highly promising area for future research. Few scholars have attempted to analyze the 
historical interactions between philosophy and mathematics. Very much remains to be 
done.13

These are plenty of reasons to have another look at Graßmann.          



Introduction

Hermann Graßmann, born 200 years before the publication of the English edition of 
this book, was one of the most extraordinary personalities in 19th century science. The 
circumstances of his scientific achievements are no less remarkable than the results to 
which he came. Graßmann, who had originally aspired to become a theologian and 
remained an autodidact in mathematics and the natural sciences, was over 30 years old 
when he turned to scientific research. With the exception of three years in  Berlin as 
a student, he spent virtually his entire life within the walls of his Pomeranian home-
town, Stettin, where he worked as a teacher in a “Gymnasium”, or secondary school. 
He had literally no contact to the leading scientists and mathematicians of his time 
and lived far away from the most important centers of scientific research. His personal 
library contained only a few scientific works. Nevertheless, he was extraordinarily pro-
lific in his scientific work. Graßmann has gone down in history for his discoveries in 
the theory of electricity, the theory of colors and of vowels. He was also among the pi-
oneers of comparative philology and of Vedaic research. In 1996, his dictionary of the 
vocabulary of the Rig-Veda, a collection of pre-Buddhist religious hymns from India 
(12th – 6th century BC), was reprinted for the sixth time.14 Nonetheless, Graßmann’s 
main achievements lie in the field of mathematics. His two “Ausdehnungslehren”, or 
Extension Theories (A1, A2), of 1844 and 1861 make him one of the founders of vector 
and tensor calculus. Remarkably, he made these discoveries without having any con-
nection to the English mathematician W. R. Hamilton. A decade before B. Riemann, 
Graßmann was the first mathematician to create a theory of n-dimensional manifolds 
by generalizing traditional three-dimensional geometry. Even though the results of 
his mathematical projects were not officially recognized for almost 30 years, they had 
an enduring scientific impact on mathematicians such as Felix Klein, Giuseppe Peano, 
Alfred North Whitehead, Élie Cartan, Hermann Hankel, Walter von Dyck, Josiah 
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Willard Gibbs, to name just a few. These facts alone should suffice to show that Graß-
mann’s scientific achievement is well worth analyzing from the perspective of the his-
tory of science. 

The present book is not the first to discuss Graßmann’s life and work. Just one year 
after Graßmann’s death, Victor Schlegel (1878) published a biography and, in 1911, 
when the six volumes of Graßmann’s collected works appeared in Germany, Friedrich 
Engel published an extensive account of Graßmann’s life (BIO). These two books are in-
valuable repositories of otherwise inaccessible documents concerning Graßmann’s life. 
Yet, as scientific contributions aiming to establish Graßmann’s place and relevance in 
the history of science, they show many flaws. When, for example, Schlegel claimed that 
Graßmann’s mathematical conceptions arose “without the slightest connection to the 
historical development of science”15, this expressed an extremely limited perspective on 
the history of mathematics. The only good thing we could say about this view is that it 
presumably was meant to make Graßmann’s scientific achievement seem even greater. 

The limitations of Schlegel’s and Engel’s views on the philosophical aspects of mathe-
matics, which appear in their other works as well, also affect the biographies mentioned 
above. While Schlegel’s biography rests on eulogistic judgments which are not open to 
an objective analysis of Graßmann’s place in the history of mathematics, Engel’s biogra-
phy gives us a painstakingly precise portrayal of Graßmann’s influence, but he abstains 
from making any judgment at all.

In contrast, from the perspective of the history of science, the present book aims to 
find out whether – and to what extent, and in which sense – the results of Graßmann’s 
individual scientific brilliance, which seem to be the isolated acts of a genius, neverthe-
less express a social dimension in mathematics. 

It would be dangerous if we attempted to find a straightforward and direct con-
nection between science, on the one hand, and the ideological, cultural, social and eco-
nomic context, on the other: a “senseless” endeavor, even in the opinion of Friedrich 
Engels. “Otherwise”, Engels wrote to Joseph Bloch, “the application of the theory to 
any period of history would be easier than the solution of a simple equation of the first 
degree”.16 Instead, the approach of the present book follows S. R. Mikulinskij. At the 
15th International Congress on the History of the Natural Sciences and Technology 
in August 1977, Mikulinskij said: “The path towards uncovering the mechanisms and 
laws of the development of science [consists] in understanding the interplay between 
the objective content of science, the socio-economic, cultural and historical conditions 
and the personalities involved. Socio-historical practice is decisively influential in this 
interplay [trans. – H.-J. P.].”17 

If we keep this basic strategy for uncovering the objective mechanisms of new scien-
tific knowledge in mind, the following view of Graßmann’s mathematical work arises: 
At least seven essential and historically verifiable paradigms of factors had a decisive im-
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pact on the development, structure and characteristics of Hermann Graßmann’s most 
important mathematical work, the Extension Theory of 1844.

Firstly, one can point to family traditions. Graßmann belonged to an old Pomera-
nian family of Lutheran ministers. The ties among the family members were very strong. 
Influenced by Pietism and the Enlightenment, movements which Hermann Graßmann’s 
grandfather had experienced during his days as a student of theology in Halle, the family 
went through a gradual and somewhat erratic process in which it turned away from reli-
gion and towards science. Hermann Graßmann’s sons more or less brought this process, 
which became stronger with every new generation, to an end. All of his sons carried out 
academic studies in the natural sciences or technology. In the movements of Pietism and 
the Enlightenment, the German bourgeoisie slowly began to rely on its own practical 
and intellectual resources. The fact that, in the underdeveloped region of Pomerania, 
the Graßmann family had preserved and imparted to their children a mindset favor-
ing scientific work was a fundamental prerequisite for Hermann Graßmann’s research. 
It made it possible for him to turn away from theology and towards mathematics in the 
first place.

Secondly, one must credit what Hermann Graßmann’s father, Justus Graßmann, 
had to offer to his son. This is one of the rare cases in the history of science where the 
ideas, insights and mindset of the father impregnated the son’s scientific vision. 

While Justus Graßmann’s scientific achievements were hardly remarkable, he pos-
sessed a solid philosophical education in the tradition of Leibniz, Kant and the “Natur-
philosophie” (philosophy of nature) of German Romanticism.18 He was a follower of 
Pestalozzi’s pedagogy and of the ideas of a pupil of Pestalozzi, J. Schmid (1809), on how 
to develop mathematics for elementary-school purposes. The conceptual framework on 
which Hermann Graßmann’s most ingenious achievement, Extension Theory, is based, 
arose from a mixture of Justus Graßmann’s perspective on geometry, the Leibnizian 
combinatorial approach, the Kantian view of mathematics, the dialectical positions of 
classical bourgeois philosophy in Germany, and Romanticism. It will be one of the main 
objectives of this book to untangle the complicated web of ideas connecting Hermann 
Graßmann to his father.

The social and cultural atmosphere in Stettin, the town where Graßmann lived and 
worked, is a third important factor for the composition and character of Extension The-
ory. The period that immediately followed the War of Liberation of 1813/14 and which 
ended in the mid 1850s – not very long after the railway connection to Berlin had been 
completed in 1843 and the bourgeois Revolution of 1848 – was characterized by the 
flourishing provincial middle class. Romanticism, religiosity and German nationalism 
were the dominant intellectual tendencies in the town of Stettin. The petit-bourgeois 
quest for knowledge was underway, and the Stettin Freemason lodge experienced an 
exceptional rise in membership. Stettin’s main secondary school, the “Gymnasium”, was 
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the city’s scientific and cultural nucleus. It was home to a faculty of professors some of 
whom managed to do brilliant scientific work despite small-town ignorance and rejec-
tion of every external scientific authority that did not follow their own standards. These 
were teachers with extremely diverse opinions, united only by the Romantic worldview: 
it was a microclimate particularly favorable to individual creativity. It was the ground on 
which Hermann Graßmann’s confidence in his own capabilities grew, where he became 
aware that he was capable of completely reorganizing mathematics, starting with the en-
tirely new branch of extension theory. But it was the same petit-bourgeois atmosphere 
that prompted Hermann Graßmann’s brother Robert to write a grotesque 10-volume 
Edifice of Knowledge (1882 – 90). This book claimed to present the totality of human 
knowledge in a completely novel, putatively “scientific” way. Obviously, this was an en-
deavor at which Robert Graßmann failed miserably. 

Graßmann’s Extension Theory is an expression of the ambiguity of this particular 
intellectual milieu. Only a thin line separated provincialism and German nationalism 
from scientific creativity and brilliance. 

The influence of Robert Graßmann, Hermann’s brother, is a fourth factor. Hermann 
Graßmann worked as a teacher in Stettin. Therefore, he developed his ideas far away 
from universities and centers of scientific research. Robert was his only partner, critic and 
colleague. The collaboration between the two was so close that today it is often impos-
sible to attribute theoretical concepts to one of the two brothers. For years, every day, 
they spent many hours collaborating on their scientific projects. The Graßmann brothers 
debated Schleiermacher’s Dialectic. They discussed the first and the second version of 
Extension Theory and went over proofs together. For their revision of the foundations 
of mathematics, they agreed on a division of labor: Hermann would work on extension 
theory and number theory, Robert on the theory of combinations and logic. The char-
acters of the two brothers differed greatly, and their scientific perspectives were not the 
same. It comes as no surprise that, for Hermann, who – apart from his correspondence 
with Möbius – lacked contacts in the scientific community, this collaboration had its 
brighter and its darker sides. It definitely was one of the reasons why both versions of 
Extension Theory were ignored by the world of mathematics.

Friedrich Schleiermacher’s Dialectic is a fifth element which, along with Graßmann’s 
father’s ideas and approaches, made a decisive impact on the content and structure of 
Extension Theory. Schleiermacher, a philosopher of religion, had been one of the people 
Graßmann had met at the University of Berlin. As Graßmann put it, he was “infinitely 
indebted”19 to Schleiermacher in his scientific outlook. Schleiermacher had introduced 
Graßmann to the treasure chest of pre-Hegelian dialectics. Drawing his inspiration 
from Plato, Spinoza, Kant, Schelling, the Romantic philosophy of nature and his own 
work in the natural sciences, Schleiermacher had showed Graßmann why dialectics was 
necessary and useful when it came to finding theoretical approaches in mathematics or 
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other disciplines. Schleiermacher also taught his students how these approaches could 
be transformed systematically into a methodologically coherent theoretical structure.

Schleiermacher’s lectures on dialectics (DIAL) were published posthumously two 
years before Graßmann began his work on Extension Theory.20 Immediately, Hermann 
Graßmann and his brother fervently began to study them. The work on Extension Theory 
and its systematic construction took place under the immediate influence of Schleier-
macher’s philosophical studies. A number of factors indicate that Graßmann consciously 
used Schleiermacher’s dialectical method in order to build his mathematical structure 
and that, in his introduction to the book, he sought to reveal his dialectical approach to 
the reader. Graßmann’s long struggle in finding Extension Theory’s definite form of pres-
entation, of which he speaks in the introduction, is one of these factors. His insistence 
that it was inevitable and essential for his work that philosophy be applied to mathemat-
ics is another. The brilliance of Graßmann’s work is a consequence of the close connec-
tion between mathematics and the method of dialectics. 

A sixth aspect, namely Extension Theory’s place in the history of mathematics, fol-
lows from the preceding point. Since the 16th and 17th centuries, geometry had lagged 
behind algebra and analysis in the process of replacing the limited ancient understanding 
of mathematics. The revolutionary changes in the mathematical conceptualization of ge-
ometry had only begun when a foundation for Descartes’ analytical geometry was found. 
In specific ways, geometry became linked to algebraic and analytical methods. For the 
first time, algebraic and geometrical methods became interwoven in a specific and rela-
tively one-sided way. Reckoning more or less lacked an internal connection to geometry. 
Given the plurality of possible links between geometry and algebra, this approach led to 
a dialectical opposition which stimulated the further development of mathematics. On 
the one hand, prompted by practical needs, this opposition was resolved by the analytical 
treatment of projective geometry, leading to point, line, and plane coordinates; on the 
other, it led to the search for a geometrical interpretation of complex and hypercom-
plex numbers. Driven by problems in mechanics, this search also resulted in vector alge-
bra. Stimulated by the demands of mathematical mechanics, a third solution appeared 
in attempts at finding and establishing a new, direct connection between algebra and 
geometry. Leibniz made steps in this direction, and Graßmann’s successful foundation 
of vector and tensor calculi followed this same path. At the same time, he also tackled 
fundamental questions: he abolished the absolute connection between geometry and 
metrics, generalized the concept of dimension to n dimensions, largely did away with the 
concept of coordinates and investigated geometrical relationships – all the fundamental 
problems which, in the 19th century, led to a new level of abstraction in the understand-
ing of geometry, as in F. Klein’s Erlangen Program.

Thus Graßmann brilliantly solved the fundamental mathematical problems of his 
time, following his own approach and profiting from his dialectical mindset. 
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Finally, we must analyze the individual aspects influencing Graßmann’s work and 
the elaboration of his mathematical ideas. Graßmann’s autodidactic learning process is 
one of those aspects. It protected him from following the beaten paths of science and 
from being overly influenced by academic trends in mathematics. Another aspect is the 
fact that Graßmann’s interest in mathematics arose at a relatively late point in his life, 
which gave philosophical thinking time to grow and become influential. Also, the wide 
range of the secondary-school curriculum which Graßmann was teaching motivated 

Revolutionary changes in society, the natural sciences and technology as a consequence of the 
new economic and political power of the bourgeoisie

Fundamental critique of philosophy, 
Romantic philosophy of nature,

dialectical thinking, 
(Leibniz, Kant, Schelling…)

The influence 
of the father: 

Justus Graßmann

The influence 
of the brother: 

Robert Graßmann

Ideological, 
social and economic 

situation in 
home-town Stettin 

Contradictions 
in the development 

of contemporary 
mathematics

Family traditions Graßmann’s personality 
and biography

The influence 
of the philosopher 

Friedrich Schleiermacher

Fig. 1. Influences on Graßmann’s Extension Theory of 1844
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him to penetrate as far as possible the fundamental mechanisms and problems of the 
sciences. By doing so, he acquired a broad and solid general knowledge. One should 
not underestimate the importance of solid general knowledge for successful work in 
specialized scientific fields.

The contours of the socio-economic, cultural, historical and individual mecha-
nisms which determined Hermann Graßmann’s work arise from the factors shown 
above. We see the framework of internal and external conditions which gave Graßmann 
the maneuvering space he needed to build the Extension Theory.  

A general insight emerges from this abundance of particular influences: Graßmann’s 
mathematical work was influenced by social history. The fact that he used dialectical 
thought to solve mathematical problems serves to illustrate this point. In Graßmann’s 
case, the social factors which determined the content of his specific scientific work were, 
in the first place, intellectual influences going back to Leibniz, Kant, Schelling and 
Schleiermacher. This is to say that these influences arose from philosophy and dialectics. 
It is no coincidence that, during this historical period, dialectics appeared in classical 
bourgeois German philosophy. It was a direct response to the fact that, in Europe, the 
bourgeoisie was gaining more and more economic and political power. Dialectics was 
an intellectual reaction to the revolutionary changes that had been taking place in soci-
ety, the natural sciences and technology since the Renaissance. Graßmann’s Extension 
Theory occupies a particular moment in this revolutionary historical process.      

Notes

 1 Krug 1827, p. 699 – 702.
 2 Graßmann used the German letter “ß” in his name. But in scientific literature in German 

and especially in English, the spelling “Grassmann” is very common.
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 4 A2, p. xiii.
 5 Letter from A. F. Möbius to E. F. Apelt, 5 January 1846. Quoted from BIO, p. 101.
 6 Letter from A. F. Möbius to C. F. Gauß, 2 February 1847. Quoted from BIO, p. 118.
 7 Letter from J. A. Grunert to H. Graßmann, 9 December 1844. Quoted from BIO, p. 103.
 8 Letter from E. F. Apelt to A. F. Möbius, 3 September 1845. Quoted from BIO, p. 101.
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 10 Cantor 1879, p. 596.
 11 GW11-GW33.
 12 BIO, p. 314.
 13 See Kedrovskij 1974. I would also like to take this opportunity and thank Dr. Steve 

Russ of the Department of Computer Science of the University of Warwick. I met him 
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in April 2003 at a workshop on “Knowledge Management and Philosophy” in Lucerne, 
Switzer land. During a visit to Potsdam he encouraged me to continue my work on Graß-
mann. 

 14 H. Graßmann 1996.
 15 Schlegel 1878, p. 20. 
 16 Friedrich Engels, letter to Joseph Bloch, MECW, vol. 49, p. 33. 
 17 Mikulinskij 1977, p. 104.
 18 Schelling’s school of “Naturphilosophie” was the dominating force in German philosophi-

cal thinking from 1797 to 1830 (see Schelling 1800). The “Naturphilosophie” relied on 
the notion that natural history and human cognitive processes formed a unity. It based its 
philosophical views on the concepts of expansion and contraction, space and force. In sub-
sequent sections of the present book, we will use the English term “philosophy of nature” 
to refer to “Naturphilosophie”.  

 19 Quoted from BIO, p. 21.
 20 In the present book, all quotations from Schleiermacher’s Dialectic refer to the edition 

published by Jonas in 1839, after Schleiermacher’s death (Schleiermacher 1839). This was 
the edition the Graßmann brothers studied. Schleiermacher had produced different ver-
sions of his Dialectic. Jonas relied on notes for lectures held by Schleiermacher in 1814 
and added material from his lectures of 1818 in the appendix. The edition also contai-
ned material from other versions. An English translation of Schleiermacher’s Dialectic by 
Terrence N. Tice (Schleiermacher 1996) only uses notes from Schleiermacher’s first lec-
ture on Dialectics in 1811. It differs significantly from the Jonas edition studied by the 
Graßmanns. Therefore, we have not used the Tice translation for the present book.  



1.1 The historical context

The Graßmann family had lived in Pomerania for centuries. Like his father,  Hermann 
Graßmann spent his whole life in Stettin, except for three years in Berlin as a student 
and one year as a teacher at the Berlin School of Commerce. He was very involved in 
the life of his hometown. Civic life and culture in Stettin made a lasting impression on 
Hermann Graßmann’s worldview and political positions. 

Graßmann’s place of birth and home was located in Pomerania, which in the first 
decades of the 19th century was one of the least-developed German regions. Due to its 
economic weakness and its strategically important location on the Baltic Sea, Pomera-
nia had repeatedly been affected by dynastic conflicts in the previous centuries. 

The Northern Seven Years’ War (1563 – 1570), the Thirty Years’ War (1618 – 1648), 
the Polish-Swedish War (1655 – 1660), the Great Northern War (1700 – 1721) and 
 other conflicts devastated the country, brought terrible poverty and suffering to the 
working population and set the cities back in their economic development. 

In 1677, West Pomerania, which up to that point had been ruled by the Swedes, 
fell into the hands of the elector of Brandenburg. The city of Stettin had been besieged 
for five months (23 July – 27 December 1677), badly destroyed and conquered by the 
elector’s troops. After the peace treaty of Saint Germain (1678), France used its influ-
ence and Stettin was returned to the Swedes. For a long time, the seaport town of Stettin 
struggled with the damage the war had caused. 

Following the Great Northern War (1700 – 1721), Frederick William I  (1713 – 
1740) managed to realize the old political goal of the state of Brandenburg and gained 
“access to the sea”, putting it “in a position to participate in worldwide commerce”.1 But 
despite a large number of improvements and extensions, the Stettin seaport never lived 

1 Graßmann’s life
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up to expectations. Under Frederick William I and Frederick the Great (1740 – 1786), 
the administration of Pomerania was adapted to the needs of militant feudal absolutism. 
The city lost whatever had remained of its independence. From 1724 to 1740, the city 
became one of the largest fortified settlements in the country (43 million stones were 
used to build the ramparts!).2 

In conformity with the militant feudal absolutism of the kings of Prussia, manufac-
tories were submitted to state regulations and supported by franchises, privileges and mo-
nopolies. Industry was reorganized to meet the needs of the military and the royal court. 
This made the lower and middle classes economically dependent on the aristocracy and the 
military. Sea trade created tight economic ties between merchants and local landlords, but 
also between merchants, the royal court and the military. Almost all agricultural resources 
were destined for export. Imports consisted mostly of sophisticated manufactured goods. 

The combination of absolutistic centralism and economic underdevelopment led 
to uneven and badly coordinated development in Stettin. As a consequence, many of 
the newly founded industries and business ventures were short-lived. Business could 
not develop freely under the bureaucratic guidelines it was confronted with, the middle 
class remained chained to the feudal system, and productive potential was lost.  

Fig. 2. Stettin in the process of becoming one of Prussia’s largest fortified cities
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Instead of awakening “individual resources and independence”, instead of “free citi-
zens”, the reforms and regulations of absolutism created “subjects”.3 Protectionism led to 
small-minded, petit-bourgeois conservatism. F. Engels condemned the “inert indiffer-
ence” and “limp, if not servile, torpor”4 he had encountered in northern Germany. 

Apart from its importance as a seaport and military base, Stettin was also the seat of 
the Pomeranian political administration. Most government employees had  attended the 
city’s academic secondary school. This school, the “Gymnasium”, was the most impor-
tant of three secondary schools in the Prussian part of Pomerania at the time of Freder-
ick the Great. It had been founded in 1662.5 Despite attempting a display of academic 
glamour, such as an alternating presidency and elective lectures, the “Gymnasium” of 
Stettin was mediocre. Things improved in 1805 when the two schools offering a higher 
education in Stettin, the “Rats-Lyceum” and the “Akademisches Gymnasium”, merged 
to form the city’s “United Royal and Municipal Gymnasium”. By the mid-19th century, 
the school was in an upswing.6 

But even then, the social stratification of the city was patriarchal and characterized 
by strict dividing lines between the aristocracy and the bourgeoisie, between civilians 
and the military, government and citizenry.7 

Starting in 1806, Napoleonic troops occupied the fortified city for seven years. 
This was a rupture in its fragile economic development. The occupying army exerted 
consider able economic pressure on the city, draining it of its resources for the benefit of 
the French upper classes and ruining it slowly. At the time, total losses were estimated 
at about 5 ½ million taler.8 

Stettin experienced a renaissance thanks to the new nationalist movement and the 
bourgeois “half-and-half reformers”9 who managed to loosen the grip of absolutism on 
the administration and economy of the city. The petite bourgeoisie and the middle class 
only slowly became interested in the city’s public affairs, while the government officials 
served as middle-men between the aristocracy and the bourgeoisie. But the academic in-
telligentsia surrounding the “Gymnasium” (Bartholdy, Sell, Koch, J. Graßmann) became 
politically active.

Between 1816 and 1831, August Sack was the governor of Pomerania. He was a 
former protégé and close confidant of the important Prussian politician Karl vom Stein 
and actively engaged in freeing the country from the Napoleonic chokehold. Sack had 
begun his career trying to defend and continue reforms in the Rhine Province. In 1814, 
he became the general governor of the Lower Rhine Province and called for a funda-
mental reform of the school system, calling “primary schools the ‘essential source of all 
national education and national will’” and asking “‘every educator, every scholar, every 
philanthropist who cares about this sacred duty’ to collaborate.”10  But the vigorous 
monarchist rollback increasingly limited his range of activity. In 1816, Sack was sent to 
Pomerania, but he remained true to his beliefs, even though his effectiveness was greatly 
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reduced. His administration brought gradual economic improvement to the country. 
On his initiative, merchant guilds and local trade associations were abolished, and a 
Chamber of Commerce was created in 1821.11 Even though membership was obligatory, 
thereby violating legislation on the freedom of trade, Sack’s innovation had a lasting im-
pact on the development of Stettin.12 After Sack’s death on 28 June 1831, the merchants 
of Stettin erected a monument in his honor in 1833.13 

Fig. 3. Title page of the local Stettin newspaper during the Napoleonic  occupation of the city
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Even though two new piers were built between 1817 and 1829 and the rivers Oder 
and Swine were dredged, Stettin, the largest Prussian port, had hardly any importance 
for the rest of the country. It could not compete with the ports of Bremen, Lübeck and 
Hamburg. Only after 1839 did wholesale rates in Stettin increase significantly.14 Until 
the mid 19th century, internal trade was more important than export. 

In 1823, the founding of the “Knightly Private Bank of Pomerania” was yet another 
manifestation of the tight economic ties between landlords and merchants. An associa-
tion of conservative landlords and wealthy merchants, the bank was the dominant finan-
cial force in Stettin until 1846 and the first German bank to receive permission from the 
Prussian government to issue its own bank notes.15 

But economic development was sluggish. For a long time, the “Provincial Sugar 
Factory of Pomerania”, founded in 1817, remained the epitome of modern industrial-
ism and the main factory and stock company in Stettin. 

The Pomeranian government paid special attention to the shipyards. The first Prus-
sian gunboat was built in Stettin by the conservative head of the industry, naval engi-
neer and shipyard-owner A. E. Nüscke (1817 – 1891). This was a first contribution to 
what after 1848 would become the Prussian navy.16 

In the years after 1825, the Stettin wool market became economically relevant in 
northern Germany. At the time, 430 producers supplied it with 500 tons of wool.17

Stettin’s economy was increasingly confronted with competitors when roads were 
constructed between 1822 and 1829 and the railroad connection to Berlin was com-
pleted in 1843. Businesses based in Berlin became its main competitors. In the 1850s, 
the major branches of industry were still in an early phase of development. In contrast 
to other parts of Germany, capitalist production had not yet marginalized the crafts in 
the region, even in the late 19th century. Capitalist enterprises such as shipbuilders, iron 
and brick companies established themselves alongside the river Oder. 

The Hohenzollerns shielded Stettin from outside influences, and the city’s develop-
ment was dominated by petit-bourgeois provincialism. Engels might very well have 
meant Stettin when he wrote in 1847: “The petty bourgeoisie represents inland and 
coastal trade, handicrafts, manufacture based on handwork – branches of industry 
which operate within a limited area, require little capital, have a slow turnover and give 
rise to only local and sluggish competition.”18 

The petit-bourgeois attitude towards politics also reflected the economical out-
look of this social class: “Next to the peasants, it is the most pathetic class that has 
ever meddled with history. With its petty local interests, it advanced no further even 
in its heyday (the later Middle Ages) than to local organizations, local struggles …”19 
Shortly before the bourgeois Revolution came to Germany, the citizens of Stettin 
supported the conservatives in the 1848 elections for the Prussian National Assem-
bly.20 
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Stettin’s academic intelligentsia, most of which was connected to the secondary 
school, mirrored the petit-bourgeois atmosphere and the underdeveloped economic 
situation of the city. In the first half of the 19th century, the Stettin “Gymnasium” was 
the city’s main ideological, scientific and cultural institution. It had taken until the late 
18th century for Enlightenment thought to establish itself in Stettin, bringing with it 
Freemasonry and encyclopedic projects. The Napoleonic occupation drove the city’s 
educated elite towards nationalism. The elite resented all French influences and delved 
into German history. Given their deep monarchic sympathies, especially among the 
school’s employees, this attitude could only manifest itself as conservatism or – in spe-
cial cases – as liberalism. This range of individual attitudes found common ground in 
Romanticism, which in the city’s petit-bourgeois, patriarchal atmosphere was synony-
mous with reactionary political tendencies and scientific parochialism.             

Romanticism was the first bourgeois reaction to a feeling of crisis. It expressed a 
radical, but seemingly futile criticism of traditional feudal structures and of the new 
middle class, turning to Antiquity and the Middle Ages for inspiration. Therefore, it 
showed both progressive and reactionary tendencies.

Romanticism renewed national pride by evoking the Middle Ages and created en-
thusiasm for heroic acts of liberation by rediscovering popular poetry and songs (the 
brothers Grimm, C. Brentano, E. M. Arndt, Th. Körner, H. v. Kleist, etc.), but it also glo-
rified times when “landlords and priests”21 represented the dominating social class.  The 

Carl Loewe (1796 – 1869), the ballad composer, is considered one of the last great 
masters of Neo-Romanticism in music.22

He was born on 30 November 1796 in Löbejün (near Halle) as the twelfth child of 
cantor Andreas Loewe. He was a choirboy in Köthen and attended secondary school in 
Halle. In 1817, he became a student of theology. His encounter with Weber in Dresden 
was decisive for his further development as a musician. In 1820, he came to Stettin as 
the city’s music director. There, he was initially accommodated in living quarters pro-
vided by the city, namely in Justus Graßmann’s apartment in the old “Gymnasium”. In 
the evening hours, the Graßmanns invited Loewe to participate in family life.23

He became an intimate friend of Justus Graßmann and Professor Giesebrecht (all three 
were members of the Stettin Freemasons, where Carl Loewe gave many public concerts). 
He carried out scientific work on astronomy and acoustics with Justus Graßmann. He 
taught Hermann Graßmann to play the piano and bass.24

This is how Carl Loewe described his feelings about Justus Graßmann: “On the evening 
of May 29th, there was a gathering at Professor Graßmann’s, a highly educated and so-
phisticated man. Ever since my arrival, we have been the closest of friends. The many in-
terests we have in common always give us things to discuss. – Many of the city’s educated 
men, but also the ladies, listen to his lectures on physics. I learned new things about the 
theory of sound…”25   
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monarchist reactionaries were interested in this Romantic tendency and transformed it 
into a Romantic theory of the state, a project especially dear to Fredrick William IV. 

Religion was back at the center of attention. Connected to the philanthropic move-
ment, which created a wide range of charitable organizations, religion regained lost 
ground. The Stettin Freemasons, whose number had increased from 35 in 1798 to 117 
in 1818,26 brought together all of the city’s major scientific and cultural personalities and 
were part of these tendencies. Apart from liberal-minded Justus Graßmann, H. Hering 
and C. G. Scheibert, two conservative followers of the house of Hohenzollern, became 
lodge Presidents. 

When the composer Carl Loewe moved to Stettin in 1820, music also came under 
the sway of Romanticism. Art and history clubs flourished.27 

For a long time, the “Gymnasium” remained true to its academic ideals – offering, 
for example, lectures for doctors, lawyers and philologists28. In its small-town isolation, 
it experienced a phase of scientific excellence, which nevertheless never went beyond 
the city walls. Apart from Romanticism, the faculty members possessed no common 
religious or philosophical background. Philosophical affiliations coexisted side by 
side – whether to Plato or Aristotle, Kant, Fichte, Hegel, Spinoza, or Schleiermacher.29 
During its most productive phase, the Stettin “Gymnasium” was attended by Hermann 
Graßmann, the physicist Rudolf Clausius and the poet Robert Prutz. But it had also 
been home to conservative politicians such as the ministers v. Hertzberg, v. Raumer 

Fig. 4. Carl Loewe (1796 – 1869)
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and the Count of Schwerin, who actively resisted the 1848/49 revolution. Noteworthy 
conservatives such as the presidents of the Prussian House of Representatives and of the 
German Reichstag v. Levetzow and v. Köller also attended the school in their youth.30

When travel connections to Berlin improved and capitalism boomed in the years 
following the 1848 revolution, the “Gymnasium” quickly lost its academic importance 
and unique profile. 

Graßmann was extraordinarily attached to his hometown. Given the economic and 
ideological conditions mentioned above, this attachment is the key to understanding his 
worldview and political convictions. While other progressive thinkers from Pomerania 
such as the revolutionary democratic poet and literary historian Robert Eduard Prutz 
(1816 – 1872), the physicist Rudolf Clausius (1822 – 1888) and the medical scientist 
Rudolf Ludwig Virchow (1821 – 1902) eventually turned their backs on the region’s 
unpromising situation, Graßmann never left. His great achievements and his limita-
tions must be judged with this in mind. 

H. Müller on the peculiarities of Stettin’s scientific upswing  
in the mid 19th century

“Stettin, even though it was the most important city for German Baltic Sea trade, a seat 
of local political administration and a fortified military city, was not a place where the 
scientific spirit was likely to develop. … Much went unheard in the sleepy bourgeois 
circles, and many ideas attacked the thick city walls in vain or never surmounted the 
ramparts. …
Making up for this, a benign spirit blessed certain men with a special gift. Some of 
these men, such as Robert Prutz, became known and respected in Germany. But most 
of them were ignored by the masses, even though the idealism, righteousness and in-
tellectual depth of their works place them among the ranks of our finest. Even today 
we are uplifted by Ludwig Giesebrecht’s poetry, … by Karl Löwe’s ballads, … by Ferd. 
Oelschläger’s quartets. … Kugler, the poet, the historian Schmidt, Martin Plüggemann, 
whom Wagner called Löwe’s most important student, the original pedagogue Calo, 
and Hermann Graßmann, equally erudite in mathematics and the science of Sanskrit, 
are also among the intellectual giants of Stettin’s classical period. 
They all met in the brotherhood of the ‘Lodge of the Three Circles’, and this is where 
they developed their original thinking. But since they never paid attention to other 
currents of thought and never participated in life outside the city, they also remained 
confined to this small space. They had little or no contact with similar endeavors in 
other parts of Germany and therefore have not received the attention they deserve.”31
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1.2 The family: traditions and relatives

Hermann Günther Graßmann (1809 – 1877) was from an old family of Protestant 
ministers. This background shaped Graßmann’s entire life.32

In the mid-18th century, interest in scientific work arose in this family, which had 
been firmly rooted in underdeveloped Pomerania for centuries. Gottfried Ludolf 
Graßmann (1738 – 1798), a theologian and Hermann Graßmann’s grandfather, was 
extremely open to scientific problems. His attitude towards scientific research was 
linked to the movement of Pietism and to German Enlightenment philosophy. 

Gottfried Ludolf Graßmann made important contributions to agricultural science 
in his day and was the originator of a development which led the family away from 
theology and towards science. With the subsequent generations of the Graßmann fam-
ily, this movement, which was full of contradictory tendencies, made its way into the 
future.  

Hermann Graßmann’s grandfather was born on 3 April 1738 in the town of 
Landsberg, on the river Warthe.33 He lost his father in early childhood, and from that 
moment on he was obliged to help his widowed mother with the farm chores. He was 
22 years old when, after having earned the necessary money as a choirboy, he began his 
studies of theology at the University of Halle. Since its foundation in 1694, the Uni-
versity of Halle had been the most important stronghold of the German Enlighten-
ment and of Pietism. This is why Gottfried Ludolf Graßmann’s three years in Halle 

Fig. 5. Gottfried Ludolf Graßmann (1733 – 1798), Hermann Graßmann’s grandfather



10 Chapter 1. Graßmann’s life

are so important. In Halle, August Hermann Francke, Christian Wolff and Sigmund 
Jakob Baumgarten, among others, had defended an enlightened and free understand-
ing of religion and the world against Lutheran orthodoxy. 

The German bourgeoisie favored the religious views of Pietism because it no longer 
strove exclusively for heavenly salvation but also – and mainly – pursued worldly goals. 
In Pietism, G. L. Graßmann found a worldview which provided the basis for his later 
work on the theory and practice of agriculture and theology. 

After finishing his studies, he returned to Pomerania, where Lutheran orthodoxy 
was still strong, and became a village pastor. He developed strong friendly ties to his ru-
ral congregation and decided never to leave his parish, despite various offers to do so. 

In 1876, Robert Graßmann gave the following description of his grandfather: “Every-
body who knew him liked him for his friendly and gentle way with people, and because 
he had been born with a warm heart. He truly loved religion and was content in serving 
it, and when he spoke of religion a benign flame filled him with life; people in the entire 

Fig. 6. A text Gottfried Ludolf Graßmann submitted in an essay contest in 1776
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region appreciated this, and they liked him even more for his simple and accessible ser-
mons. … When he was offered more land, a proposal much to his advantage, he rejected 
it simply because he knew that this could provoke hard feelings between his parish and 
himself, something he was determined to avoid.”34  

Apart from his pastoral work, he soon began to engage in extremely successful ag-
ricultural experiments. He became the editor of a Berlin-based journal on agricultural 
science, which appeared from 1792 to 1794.35 He won a prize from the Berlin Royal 
Academy of Sciences for his Treatise on the General Aspects of Feeding Animals in the 
Stable, and on Whether to Maintain or Abolish Fallow (Berlin 1788). In 1779, he won 
the Russian Imperial Academy of Science’s prize for a tract called Which Good and In-
expensive Measures can be taken to improve the Durability of Ship Wood (St. Petersburg/
Leipzig 1784).36

His achievements were rewarded when he was named royal commissioner of cultur-
al affairs in Pomerania. Gottfried Ludolf Graßmann became a loyal servant of Prussian 
absolutism and, a sincere believer in the monarchy, advocated reforms in the feudalistic 
structures of agriculture, which were being discussed at the time. The conviction that 

Fig. 7./8. Hermann Graßmann’s parents
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both bourgeois emancipation and a close alliance with the monarchy were possible was 
widespread in German petit-bourgeois circles until the 1840s. This conviction would 
also be very important for future members of the Graßmann family. 

Justus Günther Graßmann, Hermann Graßmann’s father, was born on 19 July 1779. 
Justus Graßmann’s scientific interests shaped his entire life. Also attending the Universi-
ty of Halle to study theology, like his father, he admitted that: “… I have always been at-
tracted to the exact sciences, and therefore I diligently studied mathematics with Klügel 
and Gilbert, and from the latter I also learned about physics.”37 

During his student days in Halle (1799 – 1801), the philosophy of nature was at its 
peak.38 The important university at Jena was a strong influence on the intellectual cli-
mate in Halle. Achim von Arnim, the Romantic poet, physicist and philosopher of na-
ture, was working and publishing in Halle when Justus Graßmann began his studies.39 
Von Arnim was especially interested in the theory of combinations and crystallonomy, 
the fields Justus Graßmann was most attracted to during the rest of his life.

After finishing his studies, following in his father’s footsteps, Justus Graßmann be-
came a private teacher. In March 1802 he passed his theological exams and was sent to 
the town of Pyritz as a secondary-school teacher. He also preached in the local church. In 
1806, he gave up preaching and took up a position in the recently established “United 
Royal and Municipal Gymnasium” in Stettin (as the so-called second teacher of mathe-
matics), where he stayed for the rest of his life. 

Justus Graßmann’s first days at the Stettin “Gymnasium” coincided with the forti-
fied city’s shameful capitulation to an advance guard of only 800 French horsemen40 
on 30 October 1806 and the subsequent occupation of the city by Napoleonic troops. 
National pride was on the rise, and Justus Graßmann propagated progressive bourgeois 
worldviews in the shape of Christian morality and brotherliness. He became actively 
engaged in city affairs. Apart from his duties as a teacher, he participated in various 
administrative capacities, working to improve the elementary-school system and the lot 
of the poor. Imbued with the spirit of Schleiermacher and Humboldt, who believed that 
the renewal of the educational system would contribute to a German national renais-
sance41, Justus Graßmann began working at the Stettin seminar for teachers in August 
1812. This seminar had been reestablished by the local school councilor Bartholdy, a 
friend of Schleiermacher.42

In 1813, Justus Graßmann – father of four children – volunteered for the Prussian 
army. His wife, Johanna Friederike Medenwald, whom he had married in 1804, fled 
the city, which was occupied by the French and besieged by the Prussians, seeking ref-
uge in her mother’s house. Among their children was Hermann Graßmann, born on 
15 April 1809. 

Discharged from military duty, Justus Graßmann returned to work in May 1814 
and took a position as the school’s leading teacher of mathematics after the death of 
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school councilor Bartholdy (26 May 1815). Shortly thereafter, he received the title of 
professor.

Justus Graßmann was also affected by petit-bourgeois Romanticism and religious en-
thusiasm which blossomed after liberation from Napoleonic rule. He joined the  Stettin 
Freemasons and quickly became one of their most active members. He also got involved 
in a wide variety of patriotic clubs. Carried away by nationalistic and religious enthusi-
asm – like many other “good-natured enthusiasts”, “Germanomaniacs by extraction and 
free-thinkers by reflexion”43 as Marx put it – Justus Graßmann fervently supported bour-
geois humanism and the idea of local progress. This attitude also manifested itself, apart 
from the activities mentioned above, in his involvement with the Stettin Philhellenistic 
Society. He became one of the leading members of this group, which wanted to provide 
humanitarian support to Greek freedom fighters. 

When the “Turnverein” gymnastics movement44 came to Stettin in 1818, “only 
16 participants were on the list. The teachers refused to take part, with one exception.   
… Professor Graßmann was the only one to get involved.”45 In January 1819, J. Graß-
mann became a member of the Stettin “Turnverein”.46 

But despite this wide range of practical activities, he still found time for scientific 
work. Incorporating Pestalozzi’s humanistic views, he wrote three mathematical text-
books for elementary and secondary schools47 which were praised by the important 
pedagogical theorist Diesterweg.48 

In 1835, J. Graßmann also founded the Physics Society, where he held lectures and 
carried out experiments. He published a number of suggestions on how to improve 
scientific instruments. J. Graßmann and his friend the Romantic composer C. Loewe 
became involved in astronomical observations. Besides all this, he pub lished a quite 
philosophical treatise on the theory of number (ZL) and wrote a book on crystallogra-
phy (KRY). Its system of indexes later became influential in the scientific world.50

Justus Graßmann and the schools for the poor in Stettin
“… but we will have to mention that his studies and his contributions to the further 
education of teachers (together with his brother, school councilor [Friedrich  Heinrich 
Gotthilf – H.-J. P.] Graßmann, and councilor Bartholdi) helped bring the fruitful ele-
ments of Pestalozzi’s pedagogy to the schools for the poor, for which he was responsible, 
and therefore also to regular schools. Also, his collaboration with the city’s administra-
tion contributed to improving the city’s school for the poor significantly, provoking 
bashful envy on the part of the citizens. This prompted the citizens to make great con-
cessions to the city’s schools and contributed to the current excellence of the municipal 
schools.”49 (C. G. Scheibert 1853)   
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The scientific and philosophical approaches in these works would become the deci-
sive point of departure for his son Hermann’s scientific inquiries. 

J. Graßmann’s son-in-law, C. G. Scheibert, described his father-in-law thus: “The 
bright light of the Gospel, which shone on everything and everyone he laid his eyes on, 
gave him a clear picture of all things, great and small. It heightened his boundless love 
for the fatherland and the monarchy and brought a comforting and enlivening warmth 
to his relations with others, whether they were close to him or not. … He was an utterly 
harmonious person in his ethics and his scholarship. He studied a great deal, but he only 
accepted as his personal knowledge what he had completely understood, had worked 
on with the entire range of his thinking and woven into his scientific worldview. Thus, 
whatever he learned from others could enter into his own original ideas.”51 

This epistemological particularity reappeared in Hermann Graßmann, his son.
Justus Graßmann’s development was strongly influenced by the movement of libera-

tion, which aimed to free Germany from Napoleonic rule. His education attracted him 

Fig. 9./10. The title pages of Justus Graßmann’s Geometry
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to bourgeois humanism and he was strongly attached to the natural sciences and mathe-
matics. The events which occurred between 1806 and 1813 changed his worldview, giv-
ing it a nationalist, religious and Romantic direction. 

In the midst of economic problems, J. Graßmann fought a liberal and patriotic battle 
for local progress and was firmly convinced of the “positive moral values” of the monarchy.

1.3 Graßmann’s youth and university years

Hermann Günther Graßmann was born in Stettin on 15 April 1809, Euler’s birthday, as 
the third child of Justus and Johanna Graßmann.

His youth was overshadowed by the Napoleonic occupation of Stettin. Hermann 
Graßmann’s first teacher was his mother, since his father had volunteered for the Prus-
sian army in 1813 and the family had sought refuge in a village nearby. After the family 
had been reunited in the summer of 1814, the boy attended a private school and then, 
after sixth grade, spent 7 ½ years at the “United Royal and Municipal Gymnasium”, 
where his father was a professor. 

When Hamilton, whose later mathematical and scholarly work was so closely  related 
to Graßmann’s, was a young boy, he had the reputation of being a prodigy: “At three years 

Justus Graßmann and his wife Johanna Friederike (née Medenwald) had twelve 
children:52

1. Luise Mathilde (1805 – 1807); 
2. Karl Gustav (1807 – 1841), minister;
3. Hermann Günther (1809 – 1877), professor at the Stettin “Gymnasium”;
4. Alwine Marie (1810 – 1834), married to Stettin headmaster Christian Heß;
5. Adelheid (1812 – 1861), married to headmaster and regional school director 

Carl Scheibert;
6. Siegfried Robert Ludolf (1815 – 1901), teacher, printer and newspaper editor;
7. Emma Friederike Therese (1817 – 1867), married to justice official 

 Ferdinand  Alexander Wegeli;
8. Justus Gotthold Oswald (1818 – 1893), churchwarden;
9. Karl Friedrich Eduard (1820 – 1847), student of theology; 
10. Heinrich August Friedrich (1824 – 1855), teacher;
11. Johanna Elise (1827 – 1861), teacher;
12. Sophie (1830 – 1834).
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of age he read English quite well and was good at arithmetic; when he was four, he was 
a good geographer; at five he read and translated Latin, Greek and Hebrew …; at eight 
he also mastered Italian and French and was able to improvise fluently on the beauty of 
the Irish landscape in Latin hexameters …; finally, before he was ten, he began to prepare 
what would later be his extraordinary knowledge of Oriental languages by making first 
steps in Arabic and Sanskrit. … When he was thirteen, Hamilton could boast that he had 
learned one language for each year of his age …”53

Hermann Graßmann was a different case altogether. He was anything but a prodi-
gy. His fragile disposition forced him to fight for self-esteem and intellectual force. The 
boy’s talent faced three obstacles: timidity, forgetfulness and dreaminess. 

We can learn much about Graßmann’s development from two curricula vitae54 
which he wrote on the occasion of university exams. In these two texts he was extra-
ordinarily objective and quite tough on himself. He insisted that he had showed little 
talent during his first years at school, had been incapable of intellectual effort and that 
his power of reasoning and recollection had lagged behind. “[Graßmann’s] father often 
said that he would bear it stoically should his son become a gardener or a craftsman as 
long as his son was good at his work and labored honorably to help his fellow man.”55 

Looking back, Graßmann called the years before his fourteenth birthday a time 
of “sleepiness” and “daydreams … provoked by his intellectual sluggishness …”56 These 
daydreams were visions of prosperity, of being loved and admired, full of vanity and self-
aggrandizement. They had made him “deaf to the outside world”. When he played with 
older boys, he either refrained from participating actively or did whatever he was told, 
without ever acting on his own. Hermann Graßmann usually spent his vacations in the 
countryside with relatives who, for the most part, were ministers – and he dreamed of a 
“pleasant life with no worries”.57 

But his life changed radically when puberty arrived. As he remarked himself, the 
phase of “awakening” from his “state of slumber” set in when he was 14 years old. Open 
to ethical questions, he began to think about his way of life. His confirmation teacher 
encouraged young Graßmann to awaken his powers of intellect. “At the time, I was in 
eighth grade”, he reports in his curriculum vitae, “and we were supposed to memorize 
a poem. I had chosen a section from Klopstock’s Messias; having recently decided to 
awaken my mental powers, I applied them to this task. I decided to commit myself com-
pletely and be fully aware of what I was trying to memorize, and I was surprisingly suc-
cessful in doing so … It was only now that I realized that it had been my own fault when, 
earlier on, I hadn’t been able to grasp things well, and it was only now that I became 
aware that I had to, and could, wake up. Filled with self-confidence  … I then decided to 
awaken my entire life. And it is a fact that, thereafter, the teachers praised my essays in 
German class, which so far had been justly criticized; it seems as if only then did I really 
begin to think. I also became livelier in everyday life.”58 
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Religiosity was important in the Graßmann family and, in those years, it was 
on the rise everywhere. Understandably, Hermann Graßmann’s thoughts on moral-
ity and ethics, as well as his general worldview, were rooted in Lutheranism. He did 
not credit himself for awakening his intellectual powers, but considered this a con-
sequence of his Christian faith: “Religious insights gave the first impulse; only my 
gradually awakening religious feelings could transform my silliness, which so far had 
only served to stimulate my vanity, into a path towards self-knowledge … It was only 
then that religious convictions could take hold of me, now that I had experienced the 
power of religion …”59 

His life-long Christian faith was linked to the youthful revelation in which he con-
sciously decided to put his intellectual capacities to work – as he saw it, a decision in-
spired by religion. This experience also was the basis for his earnest propagation of the 
Christian faith later in life, although his later work in mathematics and the natural sci-
ences – in contrast to his father’s – avoided all references to God and religion.

Hermann Graßmann’s worldview was a rationalistic one from the outset. It mo-
bilized his creative potential to the point of physical exhaustion: “For I believed”, so 
he wrote, “that intellectual talent only depended upon the energy we invest to mobi-
lize our thoughts, – that it was not fate that shaped a human life, but that men shaped 
themselves and therefore also the way they were affected by their fate; I believed that 
there was one overriding goal for every man: perfection (being godlike), which had to 
be the same for everybody; – I was convinced that my phlegmatic disposition had to be 
completely eradicated, for I felt that it was incompatible with perfection.”60

Starting with his confirmation (1823) and ending approximately in 1840, when he 
turned to mathematics once and for all, Hermann Graßmann went through a phase in 
which he actively fought for fundamental positions in his worldview, a struggle which 
also permitted him to find his place in society. He searched for meaning in life and for 
humanistic ideals. He grappled with himself and got to know himself by comparing his 
personal ideals, which had arisen from contemporary ideological tendencies, with his 
patterns of behavior and temperament. This struggle not only dominated his youth, but 
remained with him for his entire life. 

On 17 September 1827, Hermann Graßmann completed his secondary-school edu-
cation and received his school-leaving certificate “number 1”, the best possible grade. This 
certificate confirms his psychological self-portrait:

“Behavior: 
a) with schoolmates: His gentle, benign and helpful behavior made for a harmonious 

relationship with his classmates and there was never any reason for complaint.
b) with teachers: He was known for his modesty and reliability, and his teachers were 

extraordinarily pleased with him.
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Diligence:
 He attended class regularly and attentively, thereby proving his praiseworthy and 

efficacious will to learn.61 He always responded diligently to whatever task he was 
given.”62 

To be sure, Graßmann’s final exam in mathematics showed no traces of his later original-
ity. It was only rated second-best. 

Young Graßmann was remarkably interested in music, a passion he shared with 
other members of the family. The ballad composer Carl Loewe, with whom the Graß-
manns had shared their living quarters for an extended period of time, taught him to 
play piano and bass. Loewe’s Romanticism probably made an early impression on Graß-
mann and must have influenced his general worldview. 

The love of music never left him. In later years, he successfully and enthusiastically 
conducted the boys’ choir of the Stettin “Gymnasium”. He also collected Pomeranian 
folksongs, arranged them and sang them with his children. 

After enrolling at Berlin University to study theology together with his brother 
Gustav, who was two years older than Hermann, a piano was Hermann Graßmann’s first 
major acquisition. He invited fellow students who shared his gift for music to his small 
rooftop apartment, where they sang entire operas and oratorios to the piano.63 

His university years began on a cheerful note, and they proved to be a new, decisive 
phase in the life of Hermann Graßmann. Berlin University, still a young institution, 
provided an intellectual atmosphere that accelerated Graßmann’s development: he was 
becoming a bourgeois scientist.

The University, which had opened its doors in October 1810 in the context of 
reforms aiming to strengthen the social and political position of the bourgeoisie, was 
exceptionally important in the process of creating a bourgeois elite in Prussia. Wilhelm 
von Humboldt was the University’s founder and architect. Schleiermacher and Fichte 
had done prior work on its programmatic guidelines. Fichte also became the Univer-
sity’s first president and, influenced by the bourgeois reorganization of Germany, was 
committed to the values of bourgeois national education. Founded relatively late in his-
tory, the University of Berlin was free of traditionalistic scholastic thinking: “From the 
beginning, it was a modern university which represented the spirit of the ascending 
German bourgeoisie. It had been established under the influence of the French Revolu-
tion and German Classicism … Wilhelm von Humboldt’s ambition was to create a focal 
point for significant open-minded patriotic humanistic scholarship.”64 Even during the 
period of feudalistic rollback, the University managed to maintain a certain degree of 
independence and did not submit completely to the aristocratic ruling class.65 

Hermann Graßmann’s studies in Berlin, which began in 1827, were yet another 
important step in his personal development. He spent six semesters in Berlin. For five 
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semesters, he focused almost exclusively on theology. He attended one of Neander’s lec-
tures, three of Schleiermacher’s, one of Hengstenberg’s, Strauß’ and Marheineke’s. Addi-
tionally, he attended lectures by F. von Raumer on the history of the German and English 
Reformation during his first and third semesters. He also participated in Zeune’s lectures 
on German geography in his first semester, attended Schleiermacher’s lectures on dialec-
tics in his second, Neander’s on ethics and Boeckh’s on Greek antiquity in his fifth.

The church historian August Wilhelm Neander (1789 – 1850) – whose original name 
was David Mendel – had been a professor of theology in Berlin since 1813. Under 
the influence of Schleiermacher he turned his back on Judaism and became a fervent 
Protestant. He fought pantheism and condemned the works of D. Strauß, which were 
critical of traditional religious views. Written by a man disinterested in contemporary 
life, his work on the history of the church – parts of which had a dogmatic tone to 
them – was about times as remote as the 14th century. He took up a political position 
between Schleiermacher’s liberalism and Hengstenberg’s reactionary attitude. He was 
much admired by the leaders of Pomeranian orthodoxy. An enemy of Hegel, he at-
tempted to show that miracles were the driving force behind the history of the church 
and tried to establish God as the dominating and progressive principle in history. Even 
though his scientific work quickly fell into oblivion, he made a strong impression on the 
young theologians of his time.67

Friedrich Daniel Ernst Schleiermacher (1768 – 1834) became the first dean of the Fac-
ulty of Theology at Berlin University in 1809. He was a progressive patriotic scholar, 
who, despite being reprimanded by the government for his participation in student 
clubs, courageously fought for bourgeois political ideals in Germany.68 

Ernst Wilhelm Hengstenberg (1802 – 1869) was a leader of orthodox Lutheranism 
and became professor of theology at Berlin University in 1826. In 1842/43, he was 
elected dean of the Faculty of Theology. He used his influence to turn the faculty – es-
pecially in 1848/49 – into an orthodox stronghold. He vigorously fought Hegel and 
Schleiermacher. A leader of the alliance between old Prussian aristocracy and new Prus-
sian orthodoxy with counter-revolutionary convictions, he aligned the church with the 
feudalistic rollback.69

The Pietist Gerhard Abraham Strauß (1786 – 1863) came to Berlin as a professor of 
theology in 1821. He hardly contributed anything to the development of theology. 
Initially a mediator between liberalism and reactionary tendencies, he later adopted 
Hengstenberg’s position.70

Philipp Konrad Marheineke (1780 – 1846) had been a professor of dogmatics and 
church-history since 1811. He became Hegel’s first follower in Berlin. Later, this cre-
ated a conflict between Marheineke and his faculty, which was in the hands of ortho-
dox Lutherans and Pietists who rejected Hegel’s priority of philosophy over theology. 
He was university president from 1817/18 to 1831/32.71          
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Astonishingly, during his entire time at the University of Berlin, he never attended 
a single lecture on mathematics!66 

The curricula vitae are absolutely indispensable for insight into Graßmann’s per-
sonal development during this period of time. We learn that Graßmann was initially 
strongly attracted to the lectures given by Neander. Neander, a theologian, confirmed 
some of Graßmann’s religious convictions and laid certain doubts to rest. Graßmann’s 
high opinion of Neander only gradually waned under the growing influence of Schleier-
macher.  But Graßmann still admired Neander in later years – if not so much for his 
teaching, all the more for his attitude and personality: “I [have] always felt profound 
respect and love for the truly child-like simplicity of his character and his way of lec-
turing. He has intense religious feelings, which help him embrace new thoughts and 
develop them without the slightest irritation, and he maintains a humble and modest 
posture”, Graßmann wrote to his brother Robert in November 1836.72  Marheinecke 
and Hengsten berg, in contrast, were the theologians Graßmann liked least.73 

During his university years, Graßmann developed his independent methods of study 
which, at a later point in time, enabled him to approach mathematics as an autodidact. 
According to his professors, Graßmann was initially so impressed by academic scholar-
ship that he believed to be drinking at the fountain of wisdom. But he quickly began to 
develop his own views. Step by step, he began to “follow his own paths and to understand 
that academic lectures can only be fruitful when enjoyed in moderation …”74 

The lists recording Graßmann’s choice of classes show clearly that, in his last year, he 
turned his back on theology and became interested in philology. How can we explain 
this change of heart?

Fig. 11. Berlin University in the mid-19th century
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Graßmann himself emphasized that this had not come as a sudden decision. Rather, he 
stated that his youthful love of country life had faded. To his dismay, rural clergymen had 
begun to lose interest in scientific work and Graßmann feared that the same might happen 
to him. Also, chances of getting a congregation in a larger town were slim. In any case, he 
wanted to devote as much time as possible to obtaining a universal scientific education in 
order to keep his interest in science alive for ever. This was to be the task of philology.75  

He was convinced that studying philology, which at the time included many aspects 
of other fields of learning, would spark interests which could even survive rural isolation. 
Therefore, Graßmann began his studies of philology systematically, following an elabo-
rate plan and only after having established to what extent university lectures might be 
useful. He aimed to begin with Greek, which was supposed to serve as a basis for Latin. 
Still, Latin authors had to be included in the initial program. After finding his footing 
in philology, Graßmann planned to focus on mathematics, which he considered too far 
removed from ancient languages to work on both at once. 

But this extensive personal program, which was yet another manifestation of his 
youthful hunger for knowledge, exceeded his intellectual and physical capacities. Graß-
mann fell ill. Apart from the growing influence of Schleiermacher, this physical break-
down provided a second occasion to rethink his approach to life. Graßmann realized 
that he was carrying out his studies with an intensity that was incompatible with his 
temperament and that he was ruining his health. So he decided to slow down and to 
choose his areas of interest more carefully, without making compromises in his commit-
ment to his work. Focusing more clearly, Graßmann decided to adopt a less monoto-
nous work routine and a better equilibrium of work and relaxation.  

Fig. 12. August Boeckh (1785 – 1867)
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Graßmann’s university studies taught him independence, versatility and the impor-
tance of maintaining physical and intellectual vigor. But this autodidactic approach also 
showed first signs of what would later reveal itself to be a form of self-isolation from the 
newest scientific developments. In later phases of Graßmann’s work, the disadvantages 
of autodidactic learning appeared more strongly, modified by many other influences. 

While Graßmann was changing the way he approached his studies, Schleiermacher’s 
growing influence led to further evolutions in worldview and ethical positions. This is how 
Graßmann tells the story in his second curriculum vitae: “I had begun to attend Schleier-
macher’s seminars as early as the second semester, but I couldn’t make much of what he 
said.80 Instead, his sermons started to make an impression on me. But it was only in my last 
year that I truly began to feel attracted to Schleiermacher; and even though I was already 
very involved in philology, it was only then that I understood that Schleiermacher showed 

In 1811 the historian Friedrich von Raumer (1781 – 1873) became a professor in Bres-
lau. In 1819, Berlin University offered him a professorship of political science and his-
tory, which he accepted. He was elected president of the University in 1822/23 and 
1842/43. In 1848 he was a center-right member of the Frankfurt National Assembly.76

Johann August Zeune (1778 – 1853) was one of the leading figures of the bourgeois 
intelligentsia at the Berlin University. During the Napoleonic occupation he was a 
member of the “Tugendbund”, a patriotic and philanthropic organization, and one of 
the founding members of the so-called “Deutscher Bund”. He was a follower of Pesta-
lozzi and a close friend of Jahn, the founder of the German “Turnverein” gymnastics 
movement. He became a professor in Berlin in 1810. There, he spread the scientific 
views of A. v. Humboldt and Neo-Humanistic convictions. But, at the same time, he 
also showed a reactionary, nationalist attitude and became a fervent German tradition-
alist.77

August Boeckh (1785 – 1867) received a position as a professor of classical philology 
in 1810. During his 50 years as a scholar in Berlin, he served six terms as the dean of the 
Faculty of Humanities and was elected university president five times. Boeckh linked 
philology to historiography. He was highly respected by his colleagues and students for 
his scholarly achievements and for his support of liberal reforms.78 

The historian of philosophy Heinrich Julius Ritter (1791 – 1869) had studied theology 
in Halle, Göttingen and Berlin (1811 to 1815). In Berlin, he became a follower and 
pupil of Schleiermacher. In 1817, he finished his dissertation in Halle and, after com-
pleting his habilitation, became a privately paid professor in Berlin. Only in 1824 did 
he receive a regular teaching position. In 1833 he left Berlin University because, even 
after Hegel’s death, with his followers still in place, he had no chance of becoming a full 
professor. His philosophy was characterized by eclectic positions. “His philosophical 
endeavors aim to establish a Christian and theistic worldview by defending the concept 
of miracle and of reality in the Revelation.”79        
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his students how to approach every branch of science competently. He did this not by giving 
positive elements, but by showing how it was possible to approach every investigation correctly 
and continue it independently, thereby enabling the scientist to find the positive elements on 
his own. 

At the same time, his ideas stimulated me intellectually while his sermons inspired 
me spiritually. This could not remain without consequences for my basic convictions 
and my entire way of thinking. Also, I fell ill, which gave me a certain solemnity and 
led me to scrutinize myself. Slowly I began to understand that my previous ideals had 
been wrong and incomplete. – I realized that it was useless, even harmful to fight my 
own temperament; useless, because I would never be able to destroy my temperament; 
harmful, because such a project would always harm the body and erase intellectual par-
ticularities, that is, destroy my life as an individual [emphasis mine – H.-J. P.].”81

This remarkable description of how Graßmann found the mainstays of his world-
view documents Schleiermacher’s double influence very clearly. Firstly, it shows how 
Graßmann accepted elements of Schleiermacher’s ideas on epistemology and scientific 
methodology, which Schleiermacher mainly presented in his lectures on dialectics. And 
secondly, it also shows that Schleiermacher’s ethics made a major impression on  Hermann 
Graßmann.

Fig. 13. Friedrich Daniel Ernst Schleiermacher (1768 – 1834)
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Graßmann was willing and able to delve deeply into Schleiermacher’s rich world of 
ideas and dialectical virtuosity.82 In doing this, Graßmann acquired the dialectical and 
methodological knowledge which later enabled him to write his masterpiece, the Ex-
tension Theory.83 Schleiermacher’s ethics aimed at developing a consummate individual 
in human society by committing the individual to the society he or she was living in.84 
This prompted Graßmann to go on a long-term search for a way of life which suited his 
personality and to participate actively in contemporary intellectual and cultural life, 
especially after his return to Stettin. 

Schleiermacher showed Graßmann the path towards self-awareness and an inde-
pendent way of acquiring scientific knowledge. Hermann Graßmann, who considered 
himself a phlegmatic person, drew the following conclusion: “Therefore the phlegmatic 
person should not try to send his hazy reflections on an audacious flight. For the wings 
on which he attempts to reach the sun are not his own; therefore, like Icarus, he will 
quickly tumble back to earth. Instead, he must aim to make his thoughts clear and gain 
depth through clarity … We must also rethink what it means to make an effort. When 
he makes an effort, his only goal should be to remove every external influence which 

The notion of phlegm is recurrent in Graßmann’s descriptions of himself. In November 
1848, Graßmann wrote a letter to his fiancée in which he explained what he meant by 
phlegm and who the prototypical phlegmatic person was. He began by explaining the 
traditional four humors – phlegm, choler, melancholy and sanguine temperament –, 
ridding them of their negative connotations and considering them equally valuable. He 
wrote: “The phlegmatic personality will be the first of my four heroes of humor. But I 
would like to free this person from a prejudice connected to his name. You shouldn’t take 
him for an insensitive lazybones or unemotional elephant, a person who turns his back on 
the world and has a hard time getting out of bed. I would rather use his honest  German 
name and call him ‘persistent’. I can easily give you a quick sketch of his personality. He 
knows nothing of sentimentality and impulsiveness. He finishes what he begins. If he 
doesn’t succeed on the first try, he begins anew and perseveres until he has finished the 
task. He focuses on what is immediately before him. He subordinates all of his deeds and 
goals to the overall view of the whole, to the single idea which he has identified as his life’s 
task and inner motivation. Therefore his entire life and work form a whole, and every-
thing around him becomes a part of it. His will is strong, his endeavors well-planned. He 
pursues his goals patiently and remains absolutely true to his life’s task. He has a clear and 
complete vision of what he is aiming to do, and the multitude of external impressions and 
complications endanger this vision. Therefore, he likes to isolate himself from the outside 
world and often seems uninterested in it, which, after all, he is not.”86

This quotation clearly shows that Graßmann identified with this type of phlegmatic 
personality, the “persistent” personality, as he called it. The quotation shows that Graß-
mann had gone beyond the search for ethical guidelines during his years as a student, a 
project culminating in a positive view of his own temperament. 
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clouds his mind. And I strove to do so as best I could in all aspects of life (not just in 
science).”85 

The wide range of knowledge which Graßmann acquired during his university years 
formed the essential basis for further developments in his worldview and for his prolific 
achievements in different branches of science. Especially his studies of philology came 
to fruition in his later philological work, which received much more public recognition 
than his brilliant long-term endeavors in mathematics. 

Graßmann, as we have already seen, did not attend any lectures on mathematics 
during his time as a student in Berlin. Even though he emphasized in his curriculum 
vitae that, at the time, he had already been interested in mathematics, he did not give 
any specifics. Probably, he merely scratched the surface. 

We may assume, though, that Hermann Graßmann88 carefully read and studied his 
father’s mathematical works, which were published in this period of time: On the Con-
cept and Extent of the Pure Theory of Number (“Über den Begriff und Umfang der reinen 

At the time, he had already decided on his life’s goal, which was the further develop-
ment of extension theory, and he had already published his magnum opus (A1).
After the phlegmatic, Graßmann presented the choleric as the second main type of 
male character – he considered sanguine (“open character”) and melancholic (“deep 
character”) essentially female personalities – and distinguished choler from phlegm: 
“After phlegm, choler is next on stage, his brother. Don’t imagine this person to be 
an angry devil. I would rather call him decisive. Just like his brother, he shows not the 
slightest sentimentality, at least not the kind of sentimentality which keeps staring at 
itself, and he is equally prepared to act. But he does not aim to complete one single 
task, isolated from the many distractions of everyday life. Rather, these very distractions 
motivate his decision to act. This is his dominant trait: The decision to act arises from 
the unexpected turmoil of everyday life. He acts abruptly, as if some secret power were 
guiding him. He decides quickly and doesn’t need to give it much thought. Instinc-
tively, he takes whatever measures he must to reach his goal. People look to the decisive 
person to shape the form of their lives, or change the course of history. The phlegmatic 
personality, in contrast, puts more and more distance between himself and everyday 
life and, using his impartial judgment, is predestined to make long-term plans or to 
construct scientific edifices.”87 
According to Graßmann, the phlegmatic personality was the researcher, calmly explor-
ing his scientific ideas, while the choleric (or decisive) personality – in many ways simi-
lar to Graßmann’s brother Robert – was the active politician.
Nevertheless, Hermann Graßmann did not believe that any of these clearly delineated 
types represented the ideal human character. True humanity could only arise when they 
all came together. But, as Schleiermacher also thought, the ideal of true humanity was 
accessible only to humanity as a whole, whereas the individual represented the limita-
tions of what humanity could be.
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Zahlenleh re”, ZL) and the treatise On Physical Crystallonomy and the Geometric Theory 
of Combinations (“Zur physischen Krystallonomie und geometrischen Combinations-
lehre”, KRY). Given the fact that his curriculum vitae gives many details, but says nothing 
about the subject of his mathematical studies in university days it is safe to assume that 
Graßmann did not work on mathematics systematically. We may also assume that, when 
Hermann Graßmann became more deeply involved in mathematics at a later point, these 
two treatises had influenced him strongly and that his father’s ideas were still with him.89

1.4 The path to independent mathematical achievements (1830 – 1840)

Hermann Graßmann returned to Stettin in the autumn of 1830. His immediate goal 
was to prepare the exams he needed to become a secondary-school teacher. His health 
was good, and he went back to his initial plan of independent, autodidactic studies. 
From autumn 1830 to December 1831, he focused on mathematics, which he combined 
with physics (relying on a textbook by Ernst Gottfried Fischer 1826) and the natural 
sciences (zoology, botany and mineralogy, using material by Georg August Goldfuß). 
For a change of pace, he worked on philological, mythological and historical problems. 
At the same time, he began to study geometry with Adrien-Marie Legendre’s Eléments 
de Géométrie (1823) and arithmetic, inspired by Georg Freiherr von Vega (1802). As he 
remarked in his curriculum vitae of 1833, he studied geometrical and arithmetical theo-
ries simultaneously because it made the work less monotonous. Geometry, he explained, 
“graphically shows what it has proven or aims to prove, whereas arithmetical theories 
must be grasped intellectually and in thought.”90 Next was the theory of combinations, 
“which could show him the path to more sophisticated fields of mathematics”91, and 
spherical trigonometry, which he studied using his father’s books. He then went on to 
work on cone sections, following Friedrich Wilhelm Schneider (1834), which he used 
to approach differential and integral calculus. Graßmann also studied the theory of fi-
nite and infinite series and of algebraic equations of the third and fourth degree, and 
finally differential calculus as it was presented by Johann Tobias Meyer (1819). 

Graßmann’s study method was the ground on which the brilliant ideas set down in 
his Extension Theory could grow. By combining geometry, arithmetic and the theory of 
combinations, Graßmann sharpened his eye for general patterns and began to think in 
terms of analogy. Graßmann confirmed this himself when he claimed that he had dis-
covered geometrical addition and multiplication of displacements (vector addition and 
the exterior product of vectors) as early as 183292, thereby leaving Möbius far behind 
and anticipating the key ideas in his Extension Theory.93 

For the time being, Graßmann’s insights were fragmentary, mere by-products of the 
work he was doing to become a teacher.
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Around Easter 1831, Hermann Graßmann was admitted to the Stettin teachers’ 
seminar, which was closely connected to the local “Gymnasium”. Graßmann had to de-
clare that, after completing his studies, he would serve as a teacher for at least three years 
or pay back half of his stipend of 150 taler per year. He also was obliged to teach a given 
number of hours at the local secondary school.94 

During the summer of 1831, Hermann Graßmann worked as an assistant teacher at 
the Stettin “Gymnasium” and taught German ten hours a week and geometry two. At 
the same time, he was preparing three graduation theses for the examination commis-
sion in Berlin. Among these papers was a work on mathematics entitled On the Concept 
of the Differential (“Über den Begriff eines Differenzial”). Friedrich Engel made the fol-
lowing comments on the paper: “It contains general, sometimes slightly philosophical 
reflections on the concept of infinity, on infinitely small magnitudes and differentials. 
Obviously, Graßmann could not be original here, but it is clear that he had thought 
about these concepts thoroughly and coherently, explaining them very well …”95 Even 
though Engel was reserved in his judgment, he nevertheless recognized that Hermann 
Graßmann had used a personal approach (which was inspired by his father). In this 
approach mathematical thoughts were always accompanied or even initiated by philo-
sophical reflections.

The oral examination took place on 17 December 1831. Graßmann’s diploma is 
dated 31 December, and it gave him permission to teach philology in lower and inter-
mediate grades, history in eighth grade, mathematics in tenth grade, natural sciences 
and German in lower and intermediate grades as well. The only thing the examination 
committee expressed doubts about was his philosophical knowledge. On the diploma, 
the committee said: “The examination in philosophy … showed that the candidate pos-
sesses the kind of philosophical knowledge needed to methodologically develop general 
concepts, but he lacks knowledge about the results of philosophical research as such … 
Therefore he is not yet capable of teaching philosophical propaedeutics and conducting 
exercises which aim to stimulate and elaborate scientific thinking in general.”96 

This confirms statements of Graßmann’s in which he explained that, during his uni-
versity studies, he was mainly interested in philosophical methodology, but not in philo-
sophical systems and their content. Of course, his later scientific achievements would 
prove that he was very much able to contribute to “scientific thinking in general”. 

After having passed his examinations, he remained an assistant teacher at the 
“Gymnasium” until autumn of 1834. He signed up for military service in April 1832, 
but never became a soldier due to his “generally weak physical condition”97 and joined 
the reserve. Immediately after the examination he was mostly busy teaching and kept 
himself occupied with botanical studies and barometrical measurements. In Greek 
litera ture, he focused on Plato’s dialogues. He also continued his mathematical re-
search. 
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In 1834, Graßmann passed his first examination in theology. He was still think-
ing about a church career, according to his brother.98 But, apparently, he had by then 
become quite keen on doing scientific work. When in October 1834 he had the op-
portunity to become a teacher of mathematics at the Berlin School of Commerce, he 
immediately took the job.

J. Steiner had been granted a position at the University of Berlin, and this had cre-
ated a job opening for a teacher of mathematics at the School of Commerce. Steiner, 
the extravagant rediscoverer of synthetic geometry in Germany, had been teaching at 
the Berlin School of Commerce since 1829 and was happy to leave the “detestable grind 
of school service” behind.99 Looking to replace Steiner, the administrators in charge 
chose Graßmann, “who, judging by his diplomas and other information we have been 
able to gather, seemed to be better qualified than all other applicants …”100 In a report to 
the administrative committee, the director of the school gave the following description 
of Graßmann: “Herr Graßmann is a learned young man. Also, he obviously has spent 
much of his time thinking about the elements of mathematics, and he masters them very 
well. But he seems to have led a solitary life and therefore has difficulty in regular social 
life. On such occasions, he is withdrawn, timid, quite sheepish and, as a consequence, 
behaves clumsily.”101

Graßmann started out teaching 10 hours a week in the lower grades, while Steiner 
volunteered to continue higher-level classes for another six months. Also, the school 
obliged Steiner “to help the school and the teachers of mathematics working in lower 
grades by attending, as long as your time will permit, the classes these teachers give in 
higher grades, by explaining the essentials of your method to the teachers, by answering 
their questions and, if possible, training them to use your method”102. Notwithstanding 
the school’s agreement with Steiner, he did not have any noteworthy personal influence 
on Graßmann. It is unlikely that they developed closer ties.

The differences in character alone were too great. Graßmann, twenty-five years old, 
was timid and withdrawn; thirty-eight year-old Steiner was “known, even famous for 
his vulgarity and rudeness …”103 Steiner’s name never appears in the letters Graßmann 
wrote to his family during this period. Still, his brother Robert later said that Hermann 
“was now deeply involved with mathematics, a project in which the work of Jakob 
Steiner, his predecessor on the job, had much to offer him. But Steiner’s path was one of 
synthetic construction, whereas Graßmann’s was one of analytical derivation.”104 Engel 
was certainly correct when, in this context, he stated: “But it is evident that, though 
Graßmann studied Steiner’s works, these had no noteworthy impact on his way of ap-
proaching mathematics.”105

Graßmann’s very hesitant and “apprehensive”106 corrections in the manuscript of 
his father’s mathematical textbook ( J. Graßmann 1835), which at the time was being 
published by Reimer, show his lack of confidence in his own mathematical capabilities.  
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Graßmann’s emotional condition was shaky and, at the beginning of his second stay 
in Berlin, clouded by the death of his youngest sister, who had died in February 1834 at 
age three. Also, far away from friends and relatives, he was experiencing big-city loneli-
ness. His first letters were filled with religious ruminations and bitter thoughts about the 
world. His timid and passive personality played a part in his escape to self-contempla-
tion. In a letter from January 1835, Graßmann told his father: “My views on everything 
concerning the practical aspects of life are still insecure. They change almost on a daily 
basis …”107 But, as Graßmann hinted in his curriculum vitae, he now had to stand on his 
own two feet and rely on himself. It was during this period that his worldview and his 
religious convictions gradually lost their mystical elements. Apart from religion, he in-
creasingly began to appreciate science as a form of personal experience and his interest in 
pastoral work slowly disappeared. In March 1835, he wrote a letter to his father in which 
he described this personal development: “Recently I have felt much calmer and, in my 
religious convictions, I have begun to make my peace with everyday life. It has become 
clearer to me that it is useless to try and experience God directly. In fact, such an attitude 
can even cloud our capacity for feeling the divine because all kinds of emotions get mixed 
up in it. I am starting to see that, as in everyday life, God can be experienced indirectly 
in science. Here we can also fulfill God’s will, and we can also strive for kingdom come. I 
feel that my senses are getting clear again and that I can now experience God indirectly 

Fig. 14. Jakob Steiner (1796 – 1863)



30 Chapter 1. Graßmann’s life

from a different perspective – a more spiritual and truthful perspective. And I also be-
lieve that it is not a sin when somebody is so committed to science that he forgets himself 
in his search for truth, that is, a higher state of existence …”108

At a later point in time, this pantheistic attitude became more pronounced in Graß-
mann’s scientific creativity. Even though he assumed scientific work to be a “purely spiri-
tual affair … with God as its final goal”109, the concept of God does not appear explicitly 
or implicitly in any of his scientific treatises, which, in this respect, are different from his 
father’s works. God came before or beyond science, but He was not a part of science.

Once Graßmann had gained an optimistic perspective on science, he also gradually 
adopted Schleiermacher’s ethics and gradually freed himself from his isolation: “I am 
slowly realizing that social life, with close friends or larger groups of people, is more 
than mere recreation. It is an occasion for learning; in fact, it is our sacred duty. All my 
attempts to limit my activities to the simple occupation of teaching have failed, and had 
to fail, for I must participate in all aspects of social life. This is the only way to escape 
scholarly small-mindedness; it is the only way to become a voice and the only possible 
way to experience inner growth.”110 

This was a first step towards what would later become Graßmann’s involvement in 
social activities, such as his participation in numerous clubs and organizations and his 
contribution to the scientific and cultural life of Stettin. But initially Graßmann was 
content with becoming a member of the Stettin Freemasons, where many of the town’s 
most respected citizens met, among them his father. 

Berlin turned out to be an intermezzo for Graßmann. When in late 1835 he was 
offered a job at the newly established Stettin “Bürgerschule”, he immediately canceled 
his contract at the School of Commerce and returned to Stettin on 1 January 1836. He 
would never leave Stettin again. 

A letter to his brother Robert written in late February 1836 shows how Graß-
mann regained his good spirits in Stettin, but also how highly he valued his days in 
Berlin. He wrote: “I have been in Stettin for one and a half months now, and I can’t 
even begin to tell you how much I enjoy being here, compared to living in Berlin. 
Naturally, when I left for Berlin, I knew that I would have to do without many of the 
things that make life comfortable and enjoyable, but I also tried to see that my new 
situation, my new position and the self-reliance I would definitely have to show, along 
with the intellectual stimulation I was likely to receive in Berlin which could mobilize 
all of my intellectual and moral powers, would in any case further my development. 
And I was right. I do not regret having lived there and I don’t feel as if I should have 
continued my old life instead. But it is true that lately I had become quite weary and 
tired of a chaotic life which lacked all loving and happy commitments. So I was very 
glad to be back in Stettin. Here the flow of inspiration is gentler, but it touches me 
more. The circle of people I work with is smaller, but my influence on the people I 
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meet is stronger, as is their influence on me. I have less scientific material at my dis-
posal, but I can use it more efficiently.”111  

On 5 January 1836, Graßmann petitioned the Stettin city council “for a transfer 
to the newly created position at our ‘Ottoschule’”.112 This newly founded school aimed 
to provide a better education than what the “Bürgerschule” had to offer, but still be-
low secondary-school level. The school’s first headmaster was Christian Heß, Hermann 
Graßmann’s brother-in-law. Heß undoubtedly supported H. Graßmann’s application for 
the position of the so-called second teacher of science. Graßmann began teaching im-
mediately, even though he only officially got the job in March 1837.113

He taught 24 hours a week in the highest and second-highest grades. Of these 
24 hours, four were mathematics, three physics. We should note that Graßmann carried 
out experiments in his classes and that he encouraged his pupils to continue these ex-
periments at home.  “My only current occupation is work related to school, and I am 
approaching this work as if my position at school were permanent”, Graßmann told his 
brother in 1836, “for, again, the only way to deepen my scientific insights is to grasp the 
subject matter as thoroughly as possible. I even believe that I am now on the best possible 
path because its direction is determined by my official obligations, but this does nothing 
to restrain the intensity of my scientific ambitions.”114 Graßmann had begun to follow in 
his father’s footsteps. In preparing the material he was to teach and analyzing seemingly 
elementary concepts of mathematics and physics, he gained the good judgment and the 

Fig. 15. Hermann Graßmann as a teacher. 
Pencil drawing by a pupil
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critical attitude which later enabled him to completely reconstruct geometry and formu-
late the general structure of arithmetic in a uniquely precise way, setting an example and 
going far beyond what M. Ohm had to offer.115

In 1839, Graßmann produced a treatise called The Derivation of Crystalline Struc-
tures from the General Law of Crystallization (“Ableitung der Krystallgestalten aus 
dem allgemeinen Gesetze der Krystallbildung”). This treatise was the first result of his 
“classroom” methods, a text which took up a topic from the curriculum of the “Otto-
schule” and continued his father’s On Physical Crystallonomy and the Geometric Theory 
of Combinations (“Zur physischen Krystallonomie und geometrischen Combinations-
lehre”, 1829).116 Taking the principle of symmetry as a point of departure, the treatise 
was about deriving simple crystalline structures and categorizing them systematically. 
Graßmann limited himself to elementary geometrical relationships. The treatise, which 
Graßmann had intended to use in class, caught Möbius’ attention. Möbius had spent 
some time working on similar problems. In 1854, he wrote a letter to Graßmann: “I read 
this treatise with great pleasure. I can only hope that in your new version of the Exten-
sion Theory you will explicate your theories just as clearly as you did here.”117 

It seems as if his father’s influence grew during this period of time. In October 1836, 
Hermann Graßmann became a member of his father’s Physics Society. The society con-
sisted of 20 members, all local citizens, and Hermann Graßmann’s lectures contributed 
to the scientific quality of the proceedings.

But he still had not completely given up on the thought of working for the church. 
He was still undecided whether to pursue his mathematical and scientific interests or 
focus on theology. For all this time, he had continued to work on theological prob-
lems. Even though he was very busy teaching, he nevertheless signed up for the second 
examination in theology in May 1838. This meant that within a year he would have 
to hand in three theological treatises. On the tenth of July, Graßmann took oral and 
written examinations and two days later he received his diploma: “very good, passed 
and eligible”118. It is highly remarkable that Graßmann managed to obtain such an 
excellent result despite his ongoing obligations. Astonishingly, Graßmann had asked 
to repeat his examinations in mathematics and physics 4 ½ months before taking the 
examination in theology. On 28 February 1839, he had written to the chairman of 
the scientific examination commission in Berlin: “I ask you very kindly to admit me 
to a renewed examination of my knowledge in physics and mathematics. Since taking 
my first examination eight and a half years ago, receiving the present diploma, I have 
continued working on these two subjects. I am about to apply for a teaching position in 
mathematics and physics119, but I cannot hope to succeed without prior confirmation 
of my qualification: therefore I have found it necessary to bother the high commission 
with my humble request, asking it to examine my knowledge in physics and mathemat-
ics a second time.”120 
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Professor Conrad, who was in charge of mathematics in the commission, received 
Graßmann’s letter on 4 March 1839. That same day, Conrad forwarded it to the com-
mission, noting: “Assignment for mathematics and physics: the theory of low and high 
tides”121. 

The assignment was sent to Graßmann on 10 March, and he returned it on 20 April 
of the following year, along with the following request: “Since I need the results of the 
examination for a job application, I kindly ask you … to begin as soon as possible with the 
remaining procedures of the examination.”122 The oral examination took place on 1 May. 
Graßmann obtained very good results. In its assessment, the commission concluded 
that he was “perfectly capable of teaching mathematics, physics, mineralogy and chem-
istry in any position at a secondary school.”123 Concerning Graßmann’s competence in 
mathematics, we find the following passage: “The candidate has thorough and extensive 
knowledge of mathematics, of the entire field, including mechanics and higher analysis. 
In his examination thesis, he treats the theory of high and low tides in detail and co-
herently, even relying successfully on an unusual method which deviates in some points 
from the theory of Laplace. During the oral examination he quickly and calmly grasped 
the problem he was given and showed such a high degree of competence that we declare 
him completely capable of teaching mathematics in all grades of ‘Gymnasium’. ”124 

Graßmann passed his examination in theology and the second round of qualifica-
tions in mathematics and physics, showing an admirable and exceptional commitment to 
the task. This not only brought a preliminary end to a period of intense intellectual strain, 
but it also represented a definite turn towards mathematics. Graßmann’s approach to the 
theory of high and low tides, which Engel considered as important as the thesis written by 
the young Weierstraß125, finally gave Graßmann confidence in his mathematical capabili-
ties and made his turn towards mathematics definite.

Even though the paper’s corrector, C. L. Conrad, did not at all appreciate the rel-
evance of Graßmann’s groundbreaking mathematical insights and simply mentioned his 
“unusual method”126, Graßmann himself knew that he had made an extremely impor-
tant discovery. He would devote the next twenty years of his life to developing and 
propagating his ideas. 

1.5 Mathematical productivity and the struggle for recognition 
(1840 – 1848)

In 1840, Graßmann’s work on the problem of high and low tides opened a new chapter 
in the story of his personal scientific development. Once and for all, he concentrated 
on mathematics and gave up on the idea of working for the church. In May of 1847, 
Graßmann sent a letter to the Prussian Minister of Culture and Education, Eichhorn, 
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in which he applied for a teaching position and described his change of heart: “Initially 
a theologian and very attracted to theology, I nevertheless have always been very inter-
ested in mathematical problems. While I was still trying to decide whether to choose 
the one or the other, studying both fields at the same time, I made a remarkable series of 
discoveries and suddenly became involved in a completely new aspect of mathematics. 
… I was unexpectedly confronted with a completely new mathematical method which 
often made it surprisingly easy to solve the most difficult problems of mathematics and 
physics. But I was still at the beginning. … I decided that it had to be one of my life’s 
tasks to work in this scientific field.”127 

Graßmann made a similar point in his treatise On the Loss of Faith (“Über den 
Abfall vom Glauben”, 1878): Only “by making discoveries in the field of mathematics”, 
he claimed, had it “become certain” that his “life’s task lay in science”. It was only at that 
point that he had given up on the “practical goals” connected to theology.128 In 1839 
Graßmann had taught himself the essentials of analytical mechanics, higher infinitesimal 
calculus and the calculus of variations on the basis of works by Lacroix and Lagrange.129 
In his work on the theory of tides, Graßmann had had to master Lagrange’s Mécanique 
analytique (1811/15) and Laplace’s theory of high and low tides, which Laplace had 
developed in his most important work, the Traité de mécanique céleste (1799 – 1827). 
Confronted with these highly complex theories, Graßmann returned to his ideas on 
vector calculus from 1832130, hoping they would help him understand these theories. 
In his graduation thesis, Graßmann showed great competence in Laplace’s “obscure and 
difficult” theory. But even though this alone would have fulfilled the commission’s ex-
pectations, already making the candidate’s scientific future seem very promising indeed, 
Graßmann went on to develop completely new mathematical tools – vector calculus 
and external algebra – in order to give a better mathematical representation of the theo-
ry of tides. He aimed to continue work on this new mathematical method, the relevance 
and efficiency of which he saw clearly.131 

J. W. Gibbs was very much in favor of including the paper on the theory of high 
and low tides in Graßmann’s collected works, which were published after his death.132 
The paper offers interesting insights on how Graßmann discovered and developed many 
 ideas related to his new method. Graßmann was in the difficult position of having not 
only to treat the theory of high and low tides but of having to explain, in context and 
step by step, the elements of his new method. Therefore, he constantly switched back 
and forth between presenting the consequences and structure of his new method and 
his results in the theory of high and low tides. Given the limitations of the paper – it 
already exceeded the number of pages of treatises of this type – Graßmann could not 
offer a proper foundation for his method and in many cases had to rely on analogies. 
In this sense, his examination thesis is a precursor of Extension Theory, which offered a 
sophisticated and systematical form of presentation.
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It is unfortunate that Professor Carl Ludwig Conrad, charged with assessing Graß-
mann’s thesis, was completely incapable of recognizing its value. Conrad was a teacher 
of mathematics and French at the “Königliches Joachimsthalsches Gymnasium” in 
 Berlin and never published any work of his own.133 This misjudgment was a first symp-
tom of what would become a problem for Graßmann, namely that, for most of his life, 
his achievements went unnoticed and unappreciated. In mathematics, Graßmann was 
mainly an autodidact. He belonged to no particular mathematical school or movement 
and had no “great master”. His personal library included only a small number of books 
on mathematics.  

His father had been his only teacher and source of inspiration. Also, Graßmann 
shared his father’s and his brother’s taste for replacing traditional mathematical termi-
nology with an extravagant German vocabulary. For these reasons Graßmann’s writings 
were extremely hard to understand. 

Nevertheless, in his theory of the tides, Graßmann brilliantly demonstrated how 
important his new theory was for problems of complex mechanics. Regrettably, Graß-
mann never found the time to revise the paper for publication, as he had planned. He 
also had to postpone the systematic development of his mathematical ideas: his obliga-
tions as a teacher took up more and more of his time. 

Graßmann did not obtain the position he had mentioned in his letter to the com-
mission. Even though the “Friedrich-Wilhelmsschule” had in fact been founded, with 

Hermann Graßmann’s personal library contained the following books on mathe-
matics:

Lagrange, Théorie des fonctions analytiques (1797) and Mécanique analytique;
Poncelet, Traité des propriétés projectives des figures (1822);
Moigno, Leçons de calcul différentiel et de calcul intégral, rédigées d’après les 
 méthodes de A.-L. Cauchy (1840/61);
Verhulst, Traité élémentaire des fonctions elliptiques: ouvrage destiné à faire suite aux 
traités élémentaires de calcul intégral (1841);
Ohm, Versuch eines vollkommen consequenten Systems der Mathematik 
(1829 – 55);
Magnus, Sammlung von Aufgaben und Lehrsätzen aus der analytischen Geometrie 
(1833, 1837);
Steiner, Systematische Entwickelung der Abhängigkeit der geometrischen Gestalten 
voneinander (1832), and also Die geometrischen Konstruktionen, ausgeführt 
 mittelst der geraden Linie und Eines festen Kreises (1833);
Möbius, Der barycentrische Calcul, … (1827) and his Die Elemente der Mechanik 
des Himmels (1887a).134   
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Graßmann’s brother-in-law C. Scheibert as its headmaster, he remained at the “Otto-
schule” until 1842.

In March 1842, Graßmann used the “Ottoschule” as a platform to publish an Out-
line of German Grammar (“Grundriß der deutschen Sprachlehre”). This text is especially 
interesting because of its methodological structure. It foreshadows the importance of 
Schleiermacher’s Dialectic for the Extension Theory and its general concept of science.135 

Graßmann’s classes covered a wide range of scientific and mathematical topics, in-
cluding zoology and mineralogy, physics and chemistry. He considered experiments an 
especially important aspect of his pedagogical work.137 Almost daily, he and his higher-
level students carried out chemistry and physics experiments in a special classroom, con-
structing their simple instruments themselves.138 Thus Graßmann was not a withdrawn 
mathematician with a philosophical vein. Graßmann’s work draws its special magic from 
his unique way of combining very abstract mathematical developments and an excellent 
approach to experimental methods. 

In 1842, Graßmann’s professional situation changed. Stettin city council decided to 
grant him the last remaining permanent position at school. But this was not for long: at 
Easter 1843, Graßmann was given official permission to switch positions with a teacher 
at the “Friedrich-Wilhelmsschule”, where he remained until his father’s death (1852). 
In the course of his new teaching responsibilities, he composed a number of smaller 
texts for German and Latin classes.139 Almost in passing, between Easter 1842 and au-
tumn 1843, he wrote his mathematical masterpiece, Extension Theory (A1).

This book presented a completely new approach to geometry. The reader had to 
digest extensive philosophical introductions, an abstract theory of conjunctions which 
was to serve as a basis for the entire field of mathematics, the almost complete absence 
of mathematical formulas, the rejection of geometry as a mathematical discipline and an 
n-dimensional theory of mathematical manifolds which did not rely on metrics.140 

Extension Theory was in bookstores by 1844 – and hardly anybody noticed. Graß-
mann’s methods and results were unheard of, sounded peculiar and lay completely out-
side the mainstream of mathematical research on the European continent. His conclu-
sions were hard to understand. Scholars took no notice of the book.

Victor Schlegel on Hermann and Robert Graßmann’s work on the theory of lan-
guage:
“The Dialectic, by his admired master Schleiermacher, had just been published, and it 
attracted him strongly, briefly sending him in a different direction, which he began to 
work on with his brother Robert. They spent the following year (1841) working on a 
philosophical theory of language, the results of which he published in an Outline of 
German Grammar and the Guidelines for Teaching German. (Both books, the latter a 
collaboration with his brother, were published in 1842).”136                     
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Moritz Cantor (and August Leskien) give a clear summary of the reasons why Ex-
tension Theory remained insignificant at the time: “The book [the Extension Theory of 
1844 – H.-J. P.] is a first expression of what, after Riemann, has been designated as mani-
folds: a theory of functions, geometrical in its outer appearance and with geometrical 
designations which only in special cases correspond to geometrical representations. But 
since it uses geometrical designations for concepts which have nothing to do with space 
as we experience it, these concepts are submitted to operations which, up to this point, 
had never been part of geometrical proofs or constructions. The reader is told that the 
magnitude of a straight line which intersects two points is the same as the product of 
the two points, that the surface-area and position of the plane of a triangle situated be-
tween three points is the same as the product of these three points: this scared readers 
away, especially since – at the time – the author’s name was unknown and readers were 
thus hardly inclined to question their own competence.”141 

The only mathematician in Germany who could appreciate Graßmann’s ideas was 
A. F. Möbius. In the years between the publication of Möbius’ Barycentric Calculus142 
and Extension Theory, Graßmann had discovered that both projects had points in com-
mon. In 1844, he visited Möbius in Leipzig and, on 10 October 1844, asked Möbius for 

Fig. 16. Title page of the second printing of the Extension Theory of 1844
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a review: “… I am convinced that, since nobody is closer to the ideas presented there [in 
Extension Theory – H.-J. P.] than you are, only you are capable of judging the book prop-
erly …”143 Möbius gave a hesitant response. He wrote that he was happy to have found a 
like-minded thinker, “but our like-mindedness remains confined to questions of mathe-
matics, not of philosophy. … I am therefore incapable of judging, or even understanding, 
the philosophical dimension of your excellent book. In your book, the philosophical 
dimension is more fundamental than mathematics. I realized this after attempting more 
than once to study your book uno tenore. Its high level of philosophical abstraction al-
ways stopped me.”144 

Möbius was not unwilling to write the review. He was just being frank about his 
inability to do justice to Graßmann’s book. Möbius’ correspondence with Baltzer and 
Apelt, whom Möbius asked for their opinion on Extension Theory, proves his good will. 
Möbius was also perfectly willing to ask Drobisch for a review. But everybody had trou-
ble understanding the book.  Möbius disliked the high level of philosophical abstrac-
tion in the Extension Theory. Apelt thought it too abstract, contrary to mathematical 
common sense and completely lacking in intuitive clarity. According to Apelt, “concepts 
are not the source of mathematical knowledge, but intuition”145. When Baltzer studied 
the book, it simply made him feel dizzy and disoriented.146 Not even Gauß and  Grunert, 
who received a copy from Graßmann as a gift, could grasp the “tendency” behind the 
book. Gauß said that he had no time to “familiarize”147 himself with Graßmann’s ter-
minology. Grunert remarked that he had been unable to divine where the book was 
headed: “I also would have hoped”, he told Graßmann in a letter, “that you would have 
refrained from getting so involved in philosophical reflections and that, instead, you 
would have stuck to your original plan of using the Euclidean form.”148

On 14 December 1844, Gauß sent the following letter to Graßmann thanking Graß-
mann for sending him Extension Theory:
“…caught up in a muddle of different tasks, I have looked at your book and I think I 
realized that its tendencies are somewhat similar to the paths I have been wandering on 
for almost half a century. Only a small part of this research was published in 1831 in the 
“Comment” of the Göttinger Societät and a little more, in passing, in the Göttingsche 
Gelehrte Anzeigen (1831, number 64). It is the essence of a metaphysics of complex 
magnitudes, of which I have spoken in many of my lectures but of which only samples, 
which can only be identified as such by a well-trained eye, have been published else-
where. Nevertheless, there seems to be only a distant and partial similarity between our 
tendencies. I am aware that if I really wanted to grasp the essence of your book, I would 
first have to familiarize myself with your peculiar terminology. But since I would have 
to free myself from other occupations, I do not want to wait any longer in thanking you 
very kindly for sending me your book…”149  
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In his treatise New Theory of Electrodynamics (1845a) of 1845, Graßmann criticized 
Ampère’s law of magnetic forces between infinitesimal current elements. Ampère had 
found this law by observing how closed currents interacted, referring to infinitesimal 
partial currents. He had supplemented these observations with the hypothesis that 
the direction of the interaction of current elements (as in the case of the gravitational 
interaction of point-masses) coincided with the connecting line between their cent-
ers. Graßmann criticized this additional hypothesis. His research into vectors had led 
Graßmann to doubt that vectorial magnitudes such as current elements interacted as 
Ampère had assumed.150 Graßmann also disliked the complexity of Ampère’s law:

 

dl₁, dl₂ … conductor elements,
dF        … force between dl₁ and dl₂,
I₁, I₂    … currents through dl₁ and dl₂,
r   … distance between dl₁ and dl₂.

Graßmann sought for a new, vectorial way of treating this elementary law. By introduc-
ing the term “angle-current”, Graßmann found the following formulation of this law, an 
inversion of the law of Biot and Savart: 

 

k … constant,
dl₁, dl₂   … conductor elements in the direction of the currents,
I₁, I₂,  dF₁₂ … force of dl₁ on dl₂,
r₁₂ … vector pointing from dl₁ to dl₂.

When closed currents are integrated, Ampère’s law and Graßmann’s “elementary law” 
both lead to the same result, namely:

dF = [I . dlB] (also known as Ampère’s law).

What is remarkable about Graßmann’s “elementary law” is that it contradicts the 
Newtonian principle of the equality of action and reaction, if one takes the action at 
distance theory of electrodynamics into account, which would have been the case in 
Graßmann’s time. If one takes the field action theory into account, which came up later, 
these contradictions disappear. Even though Graßmann was not aware of it, his vecto-
rial perspective already hinted at later developments in electrodynamics. 
For an extended period of time, the search for an experimental criterion favouring or 
contradicting Graßmann’s and Ampère’s “elementary laws” stimulated research in this 
field. In modern scientific literature, Graßmann’s law still exists as a useful mathemati-
cal tool, even though it is sometimes erroneously designated as “Ampère’s law”.151  
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After Grunert had hinted at this possibility, Graßmann was left with no other op-
tion but to review the book himself. His Short Introduction to the Meaning of Extension 
Theory (“Kurze Übersicht über das Wesen der Ausdehnungslehre”), which was pub-
lished in “Grunerts Archiv” in 1845, remained the only review of Extension Theory in 
scientific literature – the public ignored it. 

Clearly, the book was not going to be a success. But Hermann Graßmann began to 
propagate his ideas by publishing contributions to interesting scientific problems. 1845 
saw the publication of his New Theory of Electrodynamics (“Neue Theorie der Elektro-
dynamik”) in a journal called “Poggendorf ’s Annalen”. In this article, he criticized 
 Ampère’s law for magnetic forces between two small conducting elements and used his 
geometric calculus to simplify it elegantly. 

Surprisingly, the important physicist Clausius, starting from a completely different 
point of departure, reached the same conclusion 30 years later. Clausius, who had been 
misinformed about the content of Graßmann’s work, immediately recognized Graß-
mann’s achievements publicly once Graßmann had explained them to him.  In a letter 
to Graßmann, he wrote: “I can tell you sincerely that I am especially pleased to have had 
the good fortune of encountering you, the son of my beloved and admired teacher, in 
our scientific work.”152 

Apart from this article on mathematical physics, Graßmann began to publish a number 
of texts on the theory of algebraic curves in 1846. In these publications, he elaborated on 
a theorem about the generation of algebraic curves of arbitrary order which he had estab-
lished in passing in Extension Theory.153 His method of generating these curves was im-
pressively simple. Möbius was enthusiastic about Graßmann’s work: “The articles on how 
to generate algebraic curves with lines which turn around fixed points which … you have 
published in Crelles Journal have captivated me completely. I marvel at the extreme sim-
plicity of the symbolism you use.”154 25 years later, when F. Klein discovered these investiga-
tions, he praised them highly in his Development of Mathematics in the 19th Century: “The 
so-called ‘linear constructions’ or the generation of algebraic structures with ‘planimetric 
products’ deserve special attention. This is a theory which unfortunately is quite unknown 
despite the fact that it is especially easy to grasp”155. And Klein went on to say that, with 
this theory, Graßmann had managed to “create the simplest foundation for the theory of 
algebraic curves”.156

However, with only a few exceptions, Graßmann’s contemporaries failed to appre-
ciate the significance of his theory.157

Graßmann’s first, and – for a long time – last, public success was his reply to a 
prize question which the Jablonowskian Society of Science in Leipzig had presented 
to the public. Möbius had informed Graßmann about the call for papers. Möbius saw 
the connection between Extension Theory and the prize question, and he believed 
that this was an opportunity for Graßmann to elaborate on his ideas. In a letter of 
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2  February 1845, Möbius wrote: “Finally, permit me to send you a folder from our 
 Jablonowskian Society of Science, in case you might want to respond to its mathe-
matical prize question.”158   

The prize question referred to fragments of the Leibnizian geometrical characteris-
tic which had first been published in 1833. In these fragments, Leibniz had developed 
ideas which came very close to what Graßmann was working on.161 

It is one of the greatest coincidences in history that, in early 1844, Drobisch had posed 
a prize question – Graßmann’s Extension Theory was still unpublished – for which only 
Graßmann could provide an answer. He also remained the only competitor for the prize.

The prize question of the Princely Jablonowskian Society of Science in Leipzig, which 
had been posed to commemorate Leibniz’s 200th birthday, ran as follows:
“We still possess some fragments of a geometrical characteristic developed by Leibniz … 
in which the respective positions of geometrical loci are determined directly by symbols 
without recurring to the size of lines and angles. This characteristic thus differs from 
our algebraic and analytical geometry. The question is whether this calculus can be re-
constructed and further elaborated, or whether we can find a similar approach which 
seems equally feasible…”159

This fragment of a “geometrical characteristic”, which Leibniz had sent to Huygens on 
8 September 1679, is reprinted in Graßmann’s collected works (in French).160  

Fig. 17. Gottfried Wilhelm Leibniz (1646 – 1716)
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Drobisch and Möbius, who were members of the Jablonowskian Society along with 
scientists such as W. Weber and G. Th. Fechner, were in charge of assessing the contribu-
tions to this scientific competition. Drobisch was quite skeptical of Graßmann’s paper, 
in which Graßmann went beyond what he had written in Extension Theory and focused 
on the inner product of vectors: “Strictly speaking, it [Graßmann’s paper – H.-J. P.] is 
not a reconstruction of the Leibnizian calculus …”162 Drobisch thought that the paper 
lacked practical applications of the theory which might have served to illustrate the 
usefulness of Graßmann’s calculus. Möbius’ opinion, in contrast, was more positive 
and thoughtful. Contradicting Drobisch, he judged: “It seems to me that there can be 
no doubt that the Leibnizian idea as we find it in this paper … has recently been con-
cretized by the mathe matical operations … invented by Graßmann in Stettin. At least, 
a first step has been taken, and who can predict where it will end?”163 Furthermore, he 
emphasized that “the theory of what the author calls inner products proves that the 
author is a perspicacious man”164. 

Nevertheless, Möbius criticized two things. On the one hand, similar to Drobisch’s 
objections, he thought that the paper lacked practical examples of how the theory could 

Fig. 18. Graßmann’s prize-winning treatise
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be applied; on the other hand, he criticized Graßmann’s method. “Intuition is the foun-
dation of geometry”, he explained. Möbius pointed out that, in Graßmann’s paper, “in 
analogy with arithmetic, some objects are dealt with as if they were magnitudes, even 
though – strictly speaking – they are not, and in some cases it is impossible to create a 
mental image of these objects”165.  

Möbius’ criticism was not completely off the mark. Graßmann’s thinking tended to 
be very abstract, and this sometimes led him to formal concepts which could not be inter-
preted geometrically and which Möbius therefore called “pseudo-magnitudes”.166 Despite 
these shortcomings, Graßmann’s prize-winning treatise was much easier to understand 
than Extension Theory.

Thanks to the discerning judgment of Möbius, Graßmann received the prize of the 
Jablonowskian Society on the 200th birthday of Leibniz. Drobisch wrote a letter to the 
winner. This letter must have strengthened Graßmann’s confidence in his mathematical 
ideas: “I hope that your findings”, Drobisch told Graßmann, “will prove their worth in 
useful applications and that this will convince those readers … who have been discour-
aged from studying your treatise by its abstract philosophical foundation.”167

Although intensely focused on mathematics, Graßmann nevertheless found time 
for other projects. Apart from his everyday work at school, he and a colleague put to-
gether a collection of texts for young readers in 1846 (Graßmann/Langbein 1868). It 

Fig. 19. Ernst Eduard Kummer (1810 – 1893)
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was reprinted a number of times and very popular in Stettin. In May 1847, Graßmann’s 
good work as a teacher was rewarded with a promotion in the school hierarchy. 

In 1845, Graßmann spent time working on statutes for the Pomeranian church 
charter. He was also an active member of philanthropic and charitable organizations. 
He and his brother Robert developed statutes for these organizations as well. 

Since his paper on the Leibnizian geometrical characteristic had been a success, 
the two brothers set out on a collaboration in which they intended to reconstruct 
mathematics.168 Hermann Graßmann was now feeling the power of his gift for mathe-
matics. His only wish, by now, was to spend his entire time on mathematics. Therefore, 
Graßmann made an unusually bold move. In May 1847, he sent a letter to the Minis-
ter of Culture and Education, Eichhorn, asking the minister to consider him a candi-
date should a position become available at a Prussian university. He gave the minister 
a brief overview of his career in mathematics, informing Eichhorn that, unfortunately, 
his work as a teacher took up too much of his time and that he was therefore unable to 
develop his new mathematical methods. Referring to his recent work, he wrote: “I also 
realized that this newly discovered branch of science made a fundamental reconstruc-
tion of mathematics necessary. This reconstruction is likely to change the entire field 
of applied mathematics, including the teaching of mathematics in schools. … It is not 
just that I have little hope that my time will permit me to continue even the smallest 
portion of my work. I also lack the possibility of communicating with interested col-
leagues, which I need to feel optimistic about my work. Only in such a state of mind 
could I hope to continue my research and find the perfect form for my theory.”169 
Graßmann also pointed to his age, which was a pressing issue in his plans for a new ca-
reer. He included Extension Theory and the prize-winning treatise, asking the minister 
“to show them to impartial mathematical specialists”170. On 17 May 1847, Eichhorn 
did in fact send the books to E. E. Kummer, who returned them on 12 June – less 
than a month later – along with a written assessment.  Kummer’s assessment of the 
books had catastrophic consequences for Graßmann’s hopes of finding a position in 
academia.

With respect to Extension Theory, Kummer emphasized that Graßmann’s vision of 
representing the position and size of spatial objects in “symbolic formulas” was “nothing 
new”: “It has been carried out in many different ways in the past without anybody see-
ing the need for a new mathematical discipline”171. According to Kummer, Graßmann’s 
project was “in itself neither a good nor a bad one, because the only thing that counts is 
how it is executed, and if we wanted to assess the scientific value of its execution, form 
and content would have to be the decisive criteria”172.

In Kummer’s opinion, the book was a failure from the formal point of view, but he 
admitted that he liked its style. He disliked the book’s general structure and criticized 
Graßmann’s “truly despicable habit being very original in inventing new words, which 
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he then [uses] instead of the traditional terminology … even when there is no good 
reason to do so”173. And, unfortunately, this view would prevail for decades. Accord-
ing to Kummer, there could be no doubt that “mathematicians will continue to ignore 
this book. It takes enormous effort to become familiar with the book, and the insights 
it seems to offer are really not worth such an effort”174. Concerning the content of the 
book, Kummer noted that its form made it hard to judge but that he had encountered 
“new and interesting ideas”175. Kummer’s overall assessment of Graßmann’s potential as 
a university scholar was negative: Firstly, his works lacked clarity. Secondly, Graßmann’s 
education and his field of study were too limited. Thirdly, there were other young mathe-
maticians whose capabilities and achievements made them a better choice for such a 
position. Nevertheless, Kummer believed that Graßmann’s achievements were sufficient 
to grant him the title of professor.

Eichhorn, of course, followed Kummer’s advice. But Graßmann had to wait an-
other five years before he received the title of professor. The school administration in 
Stettin notified the ministry in Berlin that “Graßmann’s current position in the faculty 
makes it seem inappropriate to grant him such authority. Graßmann has the rank of a 
fifth teacher … and none of the higher-ranking colleagues, not even the headmaster, are 
professors”176. 

This episode could have been a decisive turning point in Graßmann’s life. But Graß-
mann had not achieved anything. The minister of culture and education sent him a diplo-
matic and evasive reply, saying that an academic position was “currently not likely to be 
an option”177 and that such an opportunity was unlikely to appear in the near future.

This meant that all of Graßmann’s attempts to disseminate his mathematical ideas 
had failed. 

1.6 The Revolution comes to Germany (1848)

The political conflicts and upheavals announcing the Revolution of 1848 rudely con-
fronted Hermann Graßmann with political reality. When, on 21 April 1847, bakeries, 
butcher stores and a large indoor market in Berlin were stormed by the masses, Stettin 
was ripped from its small-town slumber. On 24 April, parts of the local population, en-
raged by unemployment and inflation, plundered bakeries before the eyes of the helpless 
police force. The military had to intervene. Shots were fired into the mass of protesters. 
Most of the city’s bourgeois population, whose everyday business had ground to a halt, 
supported the military:  “At night, armed citizens stood watch. The following day, there 
were more attempted lootings and violent responses. This ‘potato revolution’ brought 
a persistent feeling of unease over the economic life of Stettin. Shopowners had to be 
protected by the police or the military, fixed prices for potatoes had to be introduced, 
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exports were forbidden and taxes on grain mills temporarily abolished. The agitators 
and protesters were brought to justice.”178 

Hermann Graßmann had been immersed in reconstructing mathematics and ob-
taining a professorship when the political situation in Stettin suddenly got tense. Apart 
from discussions about the roots and possible consequences of the hunger revolts, the 
citizens of Stettin began to pay more attention to the city’s economy. 

Three problems were at the center of the heated public discussions in Stettin in 
1846/47: 

Firstly, there were questions related to political efforts which aimed to facilitate 
commerce among the German states. This issue was extremely important for businesses 
in Stettin.

Secondly, the railway connection to Berlin was an object of debate. It had been 
completed in 1844, and its repercussions on the city’s economy were still unclear. The 
citizens of Stettin feared the competition from Berlin and wondered what effect it 
might have on local trade and industry.

Thirdly, merchants in Stettin disagreed about protectionist customs regulations 
and the issue of free trade. This dilemma split the community of merchants into two 
factions.179 

Fig. 20. The hunger revolt in Stettin. Engraving by G. Nicholls 1847
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During the crisis of 1847/48, interest in economic policies grew, while political de-
mands concerning the nation as a whole were still rare. But, nevertheless, voices in favor 
of a Prussian constitution, which Frederick William III had promised and Frederick 
William IV had violently rejected, were getting louder. Carefully and reluctantly, the 
citizens of Stettin closed their ranks and, in 1847, a democratic journal called “Wächter 
der Ostsee” (“Baltic Guardian”) did what it could to spread its message, always hindered 
by censorship. 

Up to this point, Hermann Graßmann had devoted himself entirely to school and 
science, religion and charitable organizations. The “so-called issues of everyday politics”180 
had left him cold. But now he began to concern himself with what was at stake politically. 
Together with his brother, he studied Dahlmann’s Politics (“Politik”, 1835) and Schleier-
macher’s Theory of the State (“Die Lehre vom Staat”, 1845). 

Both books had been written by liberal bourgeois intellectuals and aimed to find a 
balance between bourgeoisie and aristocracy based on constitutional monarchy. Schleier-
macher and Dahlmann were in favor of a political development that would strengthen 
the political position of the bourgeoisie within the monarchy. Certain elements from 
the Romantic philosophy of nature gave their political theories a philosophical foun-
dation.181 These elements served to explain why it was necessary to unite the contrary 
forces of bourgeoisie and aristocracy. The two works brought forward both anti-despotic 
and anti-revolutionary positions, reminding Germans of their “historical development” 
and “political organism” (implicitly taking Great Britain as a model). National govern-
ment was to reflect these historical and political factors and represent the interests of the 
bourgeoisie.  

In the mid-1830s, these views, which mostly had arisen prior to 1835, could still 
be called progressive in the German context. But they lost more and more of their pro-
gressiveness when a truly revolutionary historical situation began to emerge from class 
conflicts and changes in the distribution of political power. Since the liberal bourgeoi-

In his Politics (1835), Dahlmann wrote: “…revolutions are not just symptoms of grave 
misfortune which has come over the state, and not just a unilateral failure, but revo-
lutions as such are a misfortune and a failure. Therefore, wise and responsible men, 
because it guarantees them freedom from prosecution, will never justify their deeds by 
declaring the revolution a success. Also, they will never engage in criminal activities just 
because it is the only way to escape humiliation. For what initially was directed only 
against the sovereign or the dynasty can easily overthrow the entire social order, and 
even if the new rulers really do try to show better will, can these rulers really remain 
in power? But once a revolution has become inevitable, even the patriot who initially 
opposed it does the right thing to join it because a situation in which there is no govern-
ment, because everybody represents the government, is intolerable…”182 
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sie – of which Dahlmann was a member – remained loyal to these old convictions, it 
violently opposed the Revolution of 1848. Also, in terms of social class, the German 
bourgeoisie was in a completely different situation than the French during the French 
Revolution: “Unlike the French bourgeoisie of 1789, the Prussian bourgeoisie, when it 
confronted monarchy and aristocracy, the representatives of the old society, was not a 
class speaking for the whole of modern society. It had been reduced to a kind of estate as 
clearly distinct from the Crown as it was from the people... From the first it was inclined 
to betray the people and to compromise with the crowned representatives of the old so-
ciety, for it already belonged itself to the old society; it did not advance the interests of a 
new society against an old one, but represented refurbished interests within an obsolete 
society. [It was] revolutionary with regard to conservatives and conservative with regard 
to the revolutionaries.”183

The political views and positions which Hermann Graßmann found in Dahlmann 
and Schleiermacher did nothing to increase his solidarity with revolutionary and demo-
cratic politics. In fact, he was not even completely convinced of Schleiermacher’s and 
Dahlmann’s bourgeois liberalism. 

This mainly had to do with the social and economic underdevelopment of the town 
of Stettin and with Graßmann’s social position as an employee of the Prussian school-
system.184 Despite the fact that in 1847/48 Berlin was economically far more advanced 
than Stettin, Marx and Engels nevertheless chose a different location to publish their 

Fig. 21. Friedrich Christoph Dahlmann 
(1785 – 1860) 

Fig. 22. Title page of Dahlmann’s Politics
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revolutionary and democratic “Neue Rheinische Zeitung”: “The Berlin of that time 
we knew only too well from our own observation, with its hardly hatched bourgeoisie, 
its cringing petty bourgeoisie, audacious in words but craven in deeds, its still wholly 
under developed workers, its mass of bureaucrats, aristocratic and court riff-raff …”185 
This description of Berlin just goes to show that revolutionary and democratic senti-
ment was unlikely to take hold in Stettin, which was much smaller. 

When, in 1848, revolutionary uprisings shook all of Germany, Stettin remained 
calm. Debates in social clubs, political discussions in the newspapers and smaller strikes, 
mostly among young carpenters in shipbuilding186, were the only exceptions.

There is no need to repeat what has been said about the social and political situa-
tion in Stettin. Nevertheless, we should remember that most secondary-school profes-
sors were loyal to the constitution and monarchy.187 Almost all of Hermann Graßmann’s 
colleagues and friends were, as far as we know, conservatives. 

The friendly ties between the Graßmann and Droysen families, which had existed for 
decades, were a typical example. When Hermann Graßmann’s mother and her children 
fled to her mother’s house during the Liberation War of 1813/14, J. G. Droysen’s father was 
the local minister. J. G. Droysen was a leading historian and in favor of the “lesser German 
solution”, that is, of unifying Germany without Austria. He opposed the revolutionary ten-
dencies of his time and became one of the ideological fathers of Bismarck’s political agenda. 
His autobiography tells us many things about the two families: “They had gotten to know 
each other in Greifenhagen, and ever since the Graßmann and Droysen families had been 
on friendly terms. All his life, the minister’s son was thankful to this honorable and loyal 
man [J. G. Graßmann – H.-J. P.], who had been his most important teacher …”188

Carl Gottfried Scheibert, Graßmann’s brother-in-law and headmaster of the 
“Friedrich- Wilhelmsschule” in Stettin, is another important name. He was an ex-
tremely conservative person and despised all liberal and democratic tendencies (see 
Schulze 1939). In 1848/49, he became a conservative representative in the parliament 
of Erfurt. In 1847, in a letter to Suffrian, he raged against the times as being “addicted 
to constitutionalism and drunk with liberalism …”189. In 1855, he became an adminis-
trator for Protestant secondary-schools in the province of Silesia, but gave up this po-
sition for political reasons in 1873.

Hermann Graßmann’s political views were firmly linked to the socio-economic 
situation of Prussia, and especially of Stettin. Graßmann, who brought a revolution 
to mathematics, did not even come close to understanding the true importance of the 
revo lution which shook Germany in March 1848. When, in February 1848, Paris was 
hit by a revolution so violent that it “upset … the very same sort of Government which 
the Prussian bourgeoisie was going to set up in their own country”190, Hermann Graß-
mann became convinced once and for all that revolutions were not a political option. In 
1853, he wrote a letter to Möbius apologizing for being out of touch and explaining that 
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“for an extended period of time, the events of 1848 distracted me from my mathemati-
cal work, drawing my attention to other issues”. And Graßmann went on to say: “Up to 
that date, I had kept my distance from the news of the day, and so-called everyday poli-
tics had been of no interest to me. But the revolutionary movements of that year, which 
I despised deeply, seemed to oblige me to help the small group of people who were 
fighting this uprising. I also believed that I had to help create a healthier, more vigorous 

Fig. 23. A letter to the editor by Hermann Graßmann in the “Vossische Zeitung”
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bureaucratic system to replace the system which, in my view, was mainly responsible for 
this outbreak of democratic fanaticism.”191

On 15 April 1848, Graßmann published an article called The Fruits of the Barricades 
in Berlin (“Die Früchte des Berliner Barrikadenkampfes”) in a Stettin newspaper. In this 
article, Graßmann’s anti-revolutionary views and his blindness to the political situation 
were even more extreme. Writing about a parade honoring the fallen revolutionists, 
which took place on 19 March, Graßmann got carried away by his monarchist convic-
tions: “… the raging mob dragged the bodies of the fallen to the palace, uncovered their 
wounds and, as if all human empathy had left their hearts, aggressively demanded to see 
the king and screamed for revenge. And the citizens of Berlin? They let it all happen and 
did nothing to stop these atrocities. This is what the king got for his trust and uncon-
ditional love. A word from the king, and Berlin would have lain in ruins. … But would 
Berlin awake from its trance? Would it call these agitators by their name, would it call 
them traitors? No, the presumptuous city was and is completely unwilling to do so. 
Instead, it will try to glorify the agitators and build a monument to commemorate them 
for ever. I would like to propose an inscription: To the fallen traitors, in remembrance 
of our shared disgrace, the citizens of Berlin. … I hope that at last all clear-headed people 
will raise their voices and openly condemn the deeds of those who use the holy concept 

Robert Graßmann proudly wrote in his curriculum vitae:

“On a number of occasions during this period of time, the author made positive con-
tributions to political life. When, in 1848, the National Assembly strayed on a danger-
ous path and, in November of 1848, the majority of its members remained in session 
despite the fact that it had been dissolved, the author rushed to Berlin on 11 November. 
… He had a long talk with a number of members of the center-right block and learned 
that the majority of the members of the National Assembly were leaning towards the 
republic. … Therefore, on the following morning, he rushed to see the former president 
of the National Assembly, Grabow, and the minister of the interior, von Manteuffel. He 
also traveled to Potsdam to see members of the Court and Deputy Bassermann from 
Mannheim, … learning more about the state of the nation. These men agreed that the 
National Assembly had to be stopped from what it was up to. Mr. von  Manteuffel was in 
favor of adopting the Belgian constitution. The author pointed out to von  Manteuffel 
that it made much more sense to propose the constitution which the National As-
sembly had voted on as a temporary basic law for the state before gradually improving 
it. Von Manteuffel accepted this argument and acted accordingly. While the author 
was absent, the administrative bodies in Stettin, terrorized by the so-called Party of 
Progress, had come out against the government and in favor of the National Assembly. 
… Now it had become the author’s duty to lead the citizens of Stettin back on the right 
path. The author and his friends successfully did so. The city council of Stettin annulled 
the bill of 16 November and declared itself … loyal to the government and against the 
National Assembly. … The danger was over.”193 
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of Human Rights to justify unrest and aggression. I hope that the most intense feeling 
of disdain for all revolutionary activities will penetrate all social classes. Not before this 
has occurred can there be any hope that Prussia will rise above this internal upheaval and 
return to the secure path of free patriotic development.”192  

Graßmann was very sincere when he declared himself an enemy of the Revolution 
and completely committed to his convictions. In May 1848, Hermann and  Robert Graß-
mann founded the “German Weekly for Politics, Religion and National Life” (“Deutsche 
Wochenschrift für Staat, Kirche und Volksleben”, 1848). Hermann Graßmann spent a 

Fig. 24. Title page of the first issue of the political weekly journal edited 
by Hermann and Robert Graßmann



1.6  The Revolution comes to Germany (1848)  53

large portion of his assets on the project – more than 2000 taler. The journal gave ex-
pression to the brothers’ political ideas: constitutional monarchy, the “free development 
of the nation” and an anti-revolutionary, anti-democratic position somewhere between 
liberalism and conservatism. The journal’s motto was to fight for “true liberty, based on 
morality and respect for the law, to fight for the dynamic forces of liberty and justice … 
and resist revolution and reaction …”194

The Graßmann brothers developed their political ideas together but – unfortunate-
ly – did not sign their articles in the “Deutsche Wochenschrift”. What did their political 
concepts look like?

According to the Graßmanns, the wars of liberation against the Napoleonic occupi-
ers had opened a new chapter in German history. This conflict had forced the monarchy 
to take the middle class more seriously. Reformers had established greater liberties for the 
cities and a national legislation which permitted popular armed resistance.195 The period 
of feudalistic rollback which began in 1820 had been brought about by “incompetent 
princes and government officials”196. “A time of distrust had come over Germany, a time in 
which every free expression of popular sentiment provoked suspicions on the part of the 
fearful rulers. The young tree of free popular institutions which had just been planted was 
cut down from the top and robbed of its crown. Only when the present king [Frederick 
William IV – H.-J. P.] came to power did the work on a national organism continue.”197 
The trust in a “Romantic king” was unbroken in 1848. It was accompanied by enthusiasm 
for “authentic” German values: “… while those who called themselves liberals smirked 
arrogantly when they heard talk of German values and were incapable of understand-
ing what German enthusiasm meant.”198 The philosophy of nature provided the concepts 
which served to reject the political develop ments in France, especially the Revolution of 
February 1848. Germany was compared to a plant and France to a crystal or an inanimate 
mechanism.199

According to Graßmann, “it would be completely contrary to Germanic nature 
should centralization, as we find it in France, be proposed as a goal for Germany, even if 
it were considered the least important goal.”200 True to his anti-revolutionary attitude, 
he said elsewhere: “… if we gave up on organic structures and aimed to replace them with 
mechanisms from foreign nations, this would be a brutish form of vandalism making 
the destruction of Classical art treasures by hordes of barbarians seem insignificant.”201 

What was believed to be the rediscovery of “Germanic nature” led the Graßmanns 
to extreme nationalism: “… Germany must refrain from blindly imitating foreign na-
tions. Germany must understand the mission it has been given, namely to remain true 
to its form of development, unique among the nations and adequate to the highest 
organic spirit. In the history of nations, it will hereby create a new and unique model 
for the world.”202 After a few additional theoretical turns, the Germans appeared as the 
“chosen people” and Prussia as the leading German nation: “In short, if we take Prussia 



54 Chapter 1. Graßmann’s life

as the leading German nation, Prussia will become Germany, and Germany, Prussia. 
The German Reich will be the heart and the hub of Europe.”203 

Pre-Hegelian dialectics served as a foundation for this Romantic interpretation 
of the social reform movement: “If we want its [Prussia’s – H.-J. P.] Constitution to be 
strong, its legislative structures must contain the double preconditions of all life, namely 
the will to maintain its unique form of existence, its unity as a form of life, and the will 
to develop new and fresh forms of life. These two elements, one of which is conservative, 
the other progressive and given to reforms, therefore represent the essential precondi-
tions for vigorous legislation.”204 

This view of society united Romanticism and biological thinking, which led the 
Graßmanns to adopt a pro-aristocratic position: “… the prince represents … the con-
servative element, the organic unity; the parliament, the progressive element, the de-
velopment of life.”205 From a political point of view, the dialectical schema suggested a 
constitutional monarchy with a two-chamber parliament. 

The Graßmanns’ opinions on the ideal electoral system for Germany (and Prussia) 
were a consequence of their political position, which strove for a balance of power be-
tween aristocracy and bourgeoisie and sought to keep the mass of the population away 
from power. Relying on liberal bourgeois political theory, the Graßmanns attempted to 
find a harmonious interpretation for all possible conflicts – whether they arose from a 
clash of feudal and bourgeois interests or from a closing of the ranks against the working 
class. They emphasized that “it is a typical sign of healthy political development when 
oppositions arise on all sides. But, depending on what kind of object these oppositions 
refer to, they must constantly renew and annul themselves, merge in various ways and 
separate from each other, as in a living being. But when all these oppositions are an-
nulled by one single opposition, … then political life is frozen and has been ripped apart, 
the organism of the state has become a skeleton and the thriving life of a free nation has 
been reduced to pathetic, disunited factions.”206

The Graßmanns rejected political parties and partisanship because they believed 
in “natural and fundamentally indelible differences of social rank which only commu-
nism would attempt to wipe out …”207 In their petit-bourgeois intellectual aloofness, 
they felt that a universal and direct right to vote threatened to “annihilate all culture” 
and bring a “tyrannical mob” to power. All “higher interests”, the Graßmanns wrote, 
appeared in a “small number of people”: “In this type of political representation, all 
higher values would be increasingly repressed by the workingman’s material interests. 
One would not get a democracy but the rule of a tyrannical mob, an ochlocracy. It is a 
complete mystery to me how anybody could view this return to mob rule as progress 
or consider this restriction and repression of all higher values by the predominating 
interests of the workers the best foundation for a free constitution.”208 This was an 
expression of contempt for the most important aims of the Revolution of 1848 and 
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the Graßmanns thus denied the people the right to harvest the fruits of their bloody 
struggle.

The Graßmanns also considered ballot voting too mechanical and too impersonal 
a technique. They opted for a hierarchical system with a permanent electoral college. 
Concerning the actual electoral system – on the occasion of elections for the lower 
house of the Prussian parliament – the brothers sympathized with the bourgeoisie. 
They favored the liberal bourgeoisie, stating that “the value of all productive activi-
ties, as it appears to the entire nation, and the political weight the nation grants the 
producers, are directly linked to the producer’s income …”209 Income tax was to justify 
the increased political power of the bourgeois middle class: “The weight of every vote 
in parliamentary elections should correspond directly to the taxes the individual has 
to pay, after the minimum of money the individual needs to survive has been added to 
his tax load. Everybody may feel free to pay a greater amount of taxes than he must.”210 
Graßmann did not forget to tell the ruling class that this electoral system posed no 
threat to its political power. Since the working class was responsible for 45 % of the 
nation’s tax revenue, Graßmann believed that they were at “no disadvantage”211. But 
the workers would also never be able to dominate the political process and the middle 
class kept the upper hand. The Graßmanns believed that local and regional interests 
were highly relevant for the overall political picture. This was yet another expression 
of their petit-bourgeois attitude. According to Engels212, provincial life was where the 
petite bourgeoisie was at home. Political visions from the Middle Ages were part of 
this small-town mindset. They included the administrative independence of towns and 
communities (“The law should permit all citizens to participate in the local administra-
tion …”213) and, as in ancient Germanic traditions, the idea of a council of adult men 
which would meet in the villages and neighborhoods to discuss local issues such as pov-
erty, self-defense, fire brigades, law enforcement, schooling, road maintenance, etc. 

Despite the fact that Hermann Graßmann was a sincere and well-meaning person, 
he nevertheless was an enemy of political progress and supported the counter-revolu-
tionary rollback. He opposed the “bureaucratic system” but accepted the economic 
reality of his time. He believed in a monarchist “popular” political development but 
rejected a democratic and bourgeois state. This is to say that he was completely ignorant 
of what was truly at stake in Germany. 

At the time, Pomerania was economically underdeveloped and class identities were 
yet to arise. There were no classes or social estates to speak of, “but at most … former 
estates and classes not yet born”214. The dominance of Romantic political theory was still 
unbroken, and the 1840s had seen its rise to the status of official ideology in the state of 
Prussia. Pre-Hegelian dialectics served as a useful tool in the natural sciences but offered 
no explanation for historical developments in society, such as the Revolution of 1848. 
These were the historical boundaries which Hermann Graßmann could not cross.
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Even though his worldview formed a relatively coherent unity, it was exposed to 
contradictory historical circumstances and therefore gave rise to two very contrary ten-
dencies. One of these was a progressive approach to the natural sciences and mathemat-
ics, which relied on Schleiermacher’s continuation of pre-Hegelian dialectics. But the 
other, linked to Graßmann’s social identity, was his unprogressive political position, for 
which dialectics provided a philosophical foundation as well.217 Graßmann’s worldview 
mirrored the ambiguous nature of German life at the time, a situation in which progres-
sive and reactionary elements came together. This was the Germany of which Marx said: 
“[I]t is every section of civil society which goes through a defeat before it celebrates vic-
tory and develops its own limitations before it overcomes the limitations facing it, asserts 
its narrow-hearted essence before it has been able to assert its magnanimous essence; 
thus the very opportunity of a great role has passed away before it is to hand …”218

After the counter-revolutionary forces had succeeded and the king of Prussia had 
rejected the imperial crown, Hermann Graßmann began to feel frustrated with poli-
tics.  The “popular” political developments he had hoped for had not materialized. His 
“unpractical” theoretical approach to the events of 1848/49 and the political theory 
accompanying this approach had turned out to be unrealistic. 

The Graßmann brothers published six issues of their “German Weekly of Politics, 
Religion and National Life” between 20 May and 24 June 1848. It was replaced by a 
daily newspaper also edited by the two brothers, the “Norddeutsche Zeitung” (“North-
German Newspaper”), the publication of which began on 1 July 1848. But Hermann 
began to wear down under the additional strain of working for the newspaper. On 

In 1834 Heinrich Heine explained the relationship between the Romantic philosophy of 
nature and political philosophy in his History of Religion and Philosophy in Germany:

“At the same time as Oken, the most genial thinker, and one of the greatest citizens of 
Germany, discovered new worlds of ideas, and inspired German youth about the origi-
nal rights of humanity, about freedom and equality; alas! at the same time Adam Müller 
lectured on the stabling of humanity according to the principles of Naturphilosophie. 
At the same time, Mr. Görres preached the obscurantism of the Middle Ages, according 
to the scientific insight that the state is just a tree, and, in its organic structure, it must 
have a root, branches and leaves, all so nicely found in the corporative hierarchy of the 
Middle Ages; at the same time Mr. Steffens proclaimed the philosophical law accord-
ing to which the peasantry was distinguished from the nobility because the peasant was 
determined by nature to work without enjoyment, the nobleman was entitled to enjoy 
without working…”215

“Alas, Naturphilosophie, which has brought forth the most magnificent fruit in certain 
areas of knowledge, especially in the true natural sciences, has, in other areas, produced 
the most pernicious weeds.”216               
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15 February 1850, he gave up on journalism altogether, leaving his brother in charge. 
Robert Graßmann carried on as the paper’s editor-in-chief and publisher until 1854.219

This is how Hermann Graßmann told the story in 1853: “Shortly after the politi-
cal situation had stabilized and my political vision had not fulfilled itself, I began to 
feel frustrated with politics. Step by step, I took off the political gown, in which I had 
never felt comfortable. Gradually I began to spend more and more time on mathemat-
ics again, until I literally severed my ties to politics. I left the newspaper and everything 
related to it to my brother and once more dedicated my free time, of which my profes-
sional obligations left me very little, to mathematics.”220        

Hermann Graßmann would never make any public statement on politics again. 

Fig. 25. Advertisement for the “Norddeutsche Zeitung”
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1.7 Renewed struggles for recognition as a mathematician

In mid-1849, Hermann Graßmann’s interest in political action and the newspaper was fad-
ing. But there must have been more to this change of heart than political disillusionment 
and his wish to continue his research in mathematics: In April 1849, Hermann Graßmann 
married Marie Therese Knappe. He was almost 15 years older than his bride, who was the 
daughter of Pomeranian landowners. They had become engaged in August 1848. 

Hermann Graßmann and his wife Therese, née Knappe, had eleven children: 
1. Emma Dorothea Johanna (1850 – 1923);
2.  Karl Justus (1851 – 1909);
3.  Max Siegfried (1852 – 1917);
4.  Robert Helmuth (1854 – 1856);
5.  Agnes Klara (1855 – 1925);
6.  Hermann Ernst (1857 – 1922);
7.  Luise (1858 – 1859);
8.  Ludolf Edmund (1861 – ?);
9.  Karl Richard (1864 – 1938);
10.  Klara Marie Therese (1866 – 1881);
11.  Konrad Günther (1867 – 1877).221

Justus, his oldest son, studied mathematics and natural sciences in Göttingen,  Leipzig, 
Königsberg and Berlin. He finished his dissertation in Berlin in 1875 and became a 
teacher a year later. In 1901 he became the headmaster of the “Friedrich-Wilhelm-Re-
algymnasium” in Stettin. 

Hermann studied mathematics and natural sciences in Leipzig and Halle. He graduat-
ed in 1880. He finished his habilitation in 1899 and became a professor at the Univer-
sity of Gießen in 1904. He dedicated his life to continuing and propagating his father’s 
Extension Theory. 

Ludolf studied medicine in Berlin. He finished his dissertation in 1885 and became 
a military doctor. He later returned to Stettin and practiced as an ear, nose and throat 
specialist.

Finally, Richard studied mechanical engineering in Berlin and received a position with 
the government in 1895. After leaving this official position, he supervised the construc-
tion of power plants as an employee of the electric power division of the Berlin-based 
AEG company. He was responsible for “electric power plants in Baku on the Caspian 
Sea, Barcelona, Genoa, Buenos Aires and Santiago de Chile…”222 In 1902 he became a 
professor at the Polytechnic University of Karlsruhe.        
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Hermann Graßmann was forty years old. His marriage was a very happy one. He and 
his wife had eleven children, seven of which were still alive in 1911. Many of his children 
successfully pursued a career in science. Hermann Graßmann, who had many brothers and 
sisters, was a family man and his constantly growing family made him very glad. His children 
loved and respected their father. Thanks to his loving and very supportive wife, Graßmann 
managed to combine family life with professional obligations and his scientific work.  

Friedrich Engel wrote about Graßmann’s wife: “His wife made it possible for him 
to dedicate time, energy and passion to scientific work, in addition to his family and 
professional obligations. She sincerely loved him, and her willpower and straightfor-
wardness contrasted nicely with his relaxed and forgiving character. She bore the wor-
ries of everyday life on her own, and her intelligence, her cheerfulness and practical 
vein made for a warm and harmonious household. She knew how to keep the children 
away from the sacred grounds of his study room. But when, for example, it was time for 
an after noon cup of coffee, she also knew that it was time for the children to see their 
father, and he enjoyed their presence …”223 

Thanks to his wife, Graßmann’s home life permitted him to unfold his enormous 
creative powers. Therese Graßmann helped her husband to accept the persistent lack of 
interest he confronted in the scientific community of mathematicians. Therese Graß-
mann should not be forgotten. 

We will now return to Graßmann’s research activities. In 1849, after he had turned 
his back on politics, Graßmann began to prepare the second part of Extension Theory 
for publication. Together with his brother, he had already begun this project in 1847. 

Relying on these first drafts, Graßmann assembled the first chapters. But his work was 
interrupted when he asked O. Wiegand, the publisher of the Extension Theory of 1844, 
whether he was interested in the second part. O. Wiegand’s answer was so unsatisfactory 
that Graßmann decided to stop the project. In May 1853, he wrote to Möbius: “Also, giv-
en the fact that the first part of the book received so little attention, it seemed quite useless 
to me to keep working on its completion, at least in the original form: I now believed that 
it was better to revise the entire work at a later point in time. I would have to find the sim-
plest form for its principles, which, as I hoped, would also please the mathematicians.”224

Möbius strongly encouraged Graßmann and urged him to revise Extension Theory as 
quickly as possible.225 But years would pass before the project was completed in 1861.

In the meantime, Graßmann published articles in which he applied his extension the-
ory to the theory of algebraic curves and surfaces, as he had already done before the revolu-
tion of 1848. In July 1850, Graßmann published one article (H. Graßmann 1851c), two in 
July 1851 (H. Graßmann 1851a, 1851b), one in December 1851 (H. Graßmann 1852) and 
no fewer than five articles in July 1852 (1855a – 1855e). Graßmann thus hoped to make 
his findings known to a wider public. But apart from two publications in 1854 and 1855 
(H. Graßmann 1855f, 1855g), in which he defended the originality of his work against 
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Cauchy and Saint-Venant and responded to scientific objections expressed by Bellavitis226, 
Graßmann published no further journal articles on mathematics until November 1872.  

As we will see, this 17-year pause in Graßmann’s publications occurred because, 
after 1853, he dedicated his energies to the revised Extension Theory (A2) and his Arith-
metic (LA). But after these two books had been published in 1860 and 1861227 with no 
success to speak of, Graßmann was disillusioned, gave up on mathematics and focused 
completely on philology. 

Fig. 26. First page of a registration form filled out by Graßmann for the 
Stettin “Provinzial-Schul-Collegium”, 1 June 1866
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Graßmann’s renewed interest in scientific research in 1849 was by no means con-
fined to mathematics. Graßmann returned to the Stettin Physics Society, of which he 
had been a member since 1837.228 He had not given any lectures since February 1848, 
but he began lecturing twice a year in 1850. He chose up-to-date topics such as the 
theory of electricity, optics, acoustics, and selected aspects of chemistry. 

Lectures given by Graßmann at the Physics Society were, for example:

in 1850, a lecture on diamagnetism (which Faraday had discovered in 1845),
in 1851, an explanation of the just invented Foucault pendulum, which was supposed 
to furnish proof of the earth’s rotation by creating a seemingly rotating pattern,
in 1862, a lecture on spectrum theory and on Bunsen’s spectroscope (Bunsen and 
Kirchhof 1859),
in 1863, an explanation of Knoblauch’s experiments concerning the diathermancy 
of rock salt and the wave properties of heat rays (Knoblauch 1848ff.).229

After 1849 Graßmann’s work for the Physics Society not only gave him important in-
spiration for his own work but also allowed him to present his own discoveries and 
inventions in physics to a larger audience.

In 1852 Graßmann lectured on his most recent results in the theory of color 
shading. A year later, he published his findings in the journal “Poggendorfs Annalen” 
(H. Graßmann 1853). Graßmann reached a wider audience, and Helmholtz was very 
impressed with Graßmann’s work. 

Graßmann pointed out some errors committed by Helmholtz (1852), which Helm-
holtz then corrected.230 Drawing conclusions from these errors, Graßmann made  Newton’s 
theory of colors more precise (Newton had elaborated his theory in Opticks: or, a treatise 
on the reflexions, refractions, inflexions and colours of light, London 1704). This “emenda-
tion” of Newton’s theory was quite far-reaching. Graßmann replaced Newton’s concept 
of a discrete spectrum with privileged colors with the concept of a continuous spectrum 
with no privileged colors, without saying a single word about this fundamental change in 
Newton’s theory. Just by following requirements of his own mathematical theory, he cre-
ated a new interpretation of the physics of colors.231

The treatise On the Theory of Color-Mixing (“Zur Theorie der Farben mischung”, 
H. Graßmann 1853) begins with the following words:
“Mr. Helmholtz [has] published a number of observations, some of which are new and 
very noteworthy, which have led him to conclude that the essential assumptions of New-
ton’s theory of color-mixing are wrong. According to Mr. Helmholtz, there are only two 
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Graßmann’s achievement was to make the Newtonian empirical laws of color theo-
ry237 “… more precise by using the Graßmannian laws as simple theorems, thereby creat-
ing a basis for other scientists to build on”238. 

Graßmann had found basic theorems, and he used them to reach his original goal of 
deriving a rule for color mixing. He showed that colors could be added, just like vectors, 
and that this form of representation was identical to the Newtonian construction of the 
center of gravity. Ideas from his Extension Theory served as a heuristic for uncovering the 
laws of nature. He sent a letter to Möbius in which he explained: “Recently I have found 
an interesting application for the barycentric calculus in the field of optics … More and 
more relations are beginning to appear between geometrical analysis and the laws of na-
ture. Then again, this was to be expected, assuming this analysis was adequate to nature. 
[emphasis mine – H.-J. P.]”239  

Graßmann’s laws played an important role in the work of Helmholtz (1867) and 
Maxwell (1859). Helmholtz used these laws as a basis for constructing his theory of 
color mixing. Maxwell used Graßmann’s law of color mixing to determine the exact 
position of the spectral colors on the color chart.240

In the following years, Graßmann’s laws went through many revisions. It turned out 
that they only applied to a limited range of color brightness. In recent scientific litera-
ture, Graßmann’s laws have been subsumed under a “basic law of color metrics”, accord-
ing to which “[t]he retinal cone cells, adapted to bright light, linearly and continuously 
discern incoming light rays in three independent and spectrally distinct functional ef-

prismatic colors, namely yellow and indigo, the mixture of which gives white. But we 
should point out that Newton’s theory of color-mixing is correct up to a certain point: 
the theorem that every color possesses a spectral complementary which, when the two are 
mixed, gives white, arises from undeniable mathematical truths. This is one of the most 
secure theorems of physics. I will show that Helmholtz’s positive observations, instead of 
contradicting this theory, can serve to confirm parts of it and complement it.”232

This is how he formulated his laws of color mixing:
1.  “…every color sensation [consists of ] … three variables which can be defined 

mathe matically…: hue, brightness, and saturation.”233

2.  “…when two lights are mixed and one of the two changes continuously … then the way 
we perceive the mixture will also change continuously.”234

3.  “…two colors with constant hue, constant brightness and constant saturation [will 
also give] a constant mixture of colors …, regardless of which homogeneous colors it is 
made up.”235

4.  “…the total brightness of the mixture [equals] the sum … of the brightness of the colors 
which have been mixed.”236      
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fects. The individual effects are combined in an additive and linear way to form a unitary, 
inseparable total, which is called color valency.”241

Graßmann’s work on the theory of color mixing has had a strong influence on the 
development of color metrics. The importance of his scientific achievement is under-
lined by the fact that, 60 years after the publication of Graßmann’s treatise, the impor-
tant German physicist and chemist W. Ostwald made grave mistakes in his color theory, 
which he considered the most important achievement of his career. These mistakes con-
cerned exactly those problems which Graßmann had clarified.242 Today, Graßmann’s 
color laws still carry his name.

In November 1854, Graßmann presented his theory on the physics of vowels. In 
September of that same year, he had published some elements of his theory in an over-
view of the curriculum of the Stettin “Gymnasium” (H. Graßmann 1854). Needless 
to say, specialists did not take notice of this first publication and in 1877 – the year 
of his death – Graßmann republished his theory for a wider readership. Once again, 
 Graßmann and Helmholtz had some points in common. 

Graßmann’s work on the theory of vowels is important because it is considered an 
important step towards Helmoltz’ theory of vowel resonance (1859ff ).243 Like R.  Willis 
(1832) and Ch. Wheatstone (1837), Graßmann (1854) assumed that vowels were char-
acterized by the fact that certain overtones accompany the fundamental tone especially 
strongly due to resonance in the mouth cavity. 

Fig. 27. Hermann von Helmholtz (1821 – 1894)
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But Graßmann’s practical execution of his approach was flawed. Graßmann at-
tempted to conceptualize the theory of vowels in analogy to the theory of color mixing 
by constructing centers of gravity in a “vowel plane”. “If one represents”, Graßmann ex-
plained in 1877, “U, I, A, or any other group of three vowels in which one of the three 
is not situated between the other two [that is, which cannot be sung in a continuous 
sound along with the other two – H.-J. P.], by three points in a plane, then every other 
vowel can be represented by one specific point in this plane.”244

Graßmann committed this error in his theory because, at the time, he could only rely 
on his exceptionally well-trained hearing, but lacked mechanical resonators and  other in-
struments. Only in the 1920s were the resonance theory of vowels and the analysis of the 
corresponding oscillation in the vowel sound generally recognized in science.245

Despite his misjudgments, this theory made Graßmann one of the founders of the 
modern theory of vowels.

Fig. 28./29. The Stettin “Gymnasium” in Graßmann’s day
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Graßmann also improved the design of the heliostat, which he developed for the 
Berlin Physics Society. In the 1870s, he had it built by the important Berlin engineer 
Fuess. 

The Stettin Physics Society fell apart after Graßmann’s death in 1877. This shows 
how important Graßmann was for local scientific life.  

Apart from his research in mathematics and physics, which was back on Hermann 
Graßmann’s agenda after 1849, philology also became an important aspect of his work. 
In the years after 1861, disappointed by mathematics, he turned to philology. Not only 
had he been interested in philology during his student days, he had also begun to lay the 
foundations for philological research in 1849. These preparations enabled him to move 
into this new field of research.

General interest and the need to take time off from his “mind-numbing” work 
in mathematics246 were also reasons to get involved in the new and still developing 
science of comparative philology. Inspired by the works of F. Bopp, the founder of 
historical and comparative philology in Germany, Graßmann began to study Gothic, 

Fig. 30. The teachers of the Stettin “Gymnasium” in the mid-1850s. Pencil drawing by a 
pupil.
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Lithuanian, Old Prussian, Old Persian, Russian and Church Slavic. Also, he enthusi-
astically studied Bopp’s comparative grammar (Bopp 1833 – 1852). By the late 1850s, 
Graßmann was obtaining the first results from his work on this important group of 
Indo-European languages. Philologists immediately took note of the articles which 
Graßmann published between 1860 and 1863.247 Apart from his later work on the 
Rig-Veda, Graßmann was noticed for his law of aspiration, which he published in a 
journal in 1863 (H. Graßmann 1863). The treatise on aspirates “made Graßmann’s 
name an indelible part of the history of philology.”248 He had made an important con-
tribution to understanding the Germanic sound shift.249 Graßmann was over forty 
years old when he became interested in philology and over fifty years old before he 
obtained results in a field that had nothing to do with mathematics. His achievements 
were so noteworthy that he received an honorary doctoral degree from the University 
of Tübingen in 1876.250 These facts remind us of Graßmann’s creativity and energy as a 
scientist, which, with his total commitment to his projects, led to these great achieve-
ments. 

One can hardly imagine how Graßmann managed to work on such a wide variety of 
scientific topics: in 1849/50, in school, he even had to stand in for a colleague who had 
fallen ill for an extended period of time.251 

However, his new start in science was clouded by other problems: On 9 March 1852, 
his father died. This meant that the Stettin “Gymnasium” had lost its professor of mathe-
matics, and the Stettin Physics Society its founder and president. 

That same year, Hermann Graßmann, whose way of thinking and scientific interests 
were very similar to his father’s, became his successor at the Stettin “Gymnasium” and 
in the Physics Society. 

Graßmann’s financial situation had improved: While he had only earned a yearly 
income of 800 taler at the “Friedrich-Wilhelmsschule”, it had now risen to 1250 taler. 
But this also meant that a position at a German university was hardly an option any-
more. Most university professors earned much less. 

Graßmann’s new position affected his scientific studies adversely. While mathe-
matics and physics had not been at the center of Graßmann’s work at the “Fried-
rich-Wilhelmsschule”, he now had to teach mathematics and physics almost full-
time. Graßmann had to spend more time preparing his classes. But he had moved up 
in the hierarchy of teachers and received the title of Professor, which so far he had been 
denied.

Graßmann spent the rest of his life teaching 18 to 20 hours a week. In 1853, he 
became the conductor of the student choir, which gained in popularity and was one of 
Graßmann’s favorite projects. The pupils called Graßmann “the pastor” because of his 
humble and religious temperament. The school choir became known in Stettin as “the 
pastor’s club”.252 
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Graßmann became a member of the Pomeranian Society for the Evangelization of 
China in 1857. This organization, which had been founded in 1850, aimed to train Prot-
estant missionaries in order to convert the Chinese. Hermann Graßmann made first fi-
nancial contributions to the organization in 1853. His younger brother Justus Gotthold 
Graßmann, a military clergyman in Stettin, had been the club’s secretary since 1852. 
When, in 1858, Justus Gotthold Graßmann was transferred to a different location, Her-
mann Graßmann became a member of the club’s organizing committee and replaced his 
brother. In the 1870s, he became the director of the Pomeranian Society. Apart from his 
many other obligations, around Easter 1858, Graßmann also began to help with the pub-
lication of the club’s journal “Reports from China” (1858 – 61). Since the “evangelization 
of China” made little progress, publication of the journal ended in 1861.253                    

Fig. 31. Leaflet accompanying the first issue of the missionary journal “Reports 
from China” (“Mittheilungen aus China”). Professor Graßmann was among the 
organizers of the project.
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Finally, in the mid-1850s, Graßmann also became a leading member of the Pomera-
nian Society for the Evangelization of China and helped publish its little leaflet in 1858.

His many new obligations forced Hermann Graßmann to postpone his plans for re-
vising Extension Theory. He did not even get around to renewing the contact to Möbius, 
which had been interrupted in the mid-1840s and which Graßmann valued very highly.  

Graßmann was far less successful as a teacher than he was as a scientist.259 He lacked the 
necessary authority. His profoundly religious attitude, his straightforward behavior and the 
calmness of a man of science only gave him a certain degree of authority, which few pupils 
felt. All the others misbehaved during his classes, which were not terribly successful from an 
educational point of view. Already during Graßmann’s education at the seminar for teach-
ers, the Provincial School Authority of Brandenburg had pointed to the “peculiarly timid 
personality of Mr. Graßmann”260, which had given rise to doubts concerning his aptness for 
the job. In his first position as a teacher of mathematics at the Berlin School of Commerce 

This is how Graßmann’s former pupils remembered their teacher

A. Müller:
“Graßmann was an infinitely benevolent person and extremely patient with others. 
He was very good at dealing with the somewhat mischievous youngsters.”254

G. Wandel:
“He was an optimist, always on time, always friendly, very forgiving and patient, hardly 
ever angry when pupils wore down his patience, nothing vindictive in his nature…”255

A. Jonas:
“It happened frequently that … in Graßmann’s classes pupils did the homework for 
other subjects. He could not bring himself to intervene and reprimand them sharply. 
…I remember the following incident very well. Some up-to-no-good lads were violently 
disrupting Graßmann’s class, and they paid no attention to his reprimands. Instead of 
making use of what was ultima ratio magistrorum even in higher grades, Graßmann 
suddenly jumped on his podium and said a long and loud prayer. He pleaded to God 
not to count their rowdy behavior as a sin and to enlighten them with His mercy.”256

P. Rusch
“I remember that, in ninth grade, he was our teacher of religion for a semester. He would 
pray at the beginning and at the end of each class. One day a pupil had annoyed him 
very much and, when class was almost over, he said that he could not pray because he 
was too angry. This made a great impression on us, and when the offender approached 
Graßmann after class to apologize, Graßmann forgave him and kissed him.”257

M. Wehrmann:
“His classes in mathematics were quite unusual. Graßmann mostly paid attention to 
the pupils who were especially interested in mathematics and had a gift for it. The oth-
ers misbehaved most of the time.”258   



1.7  Renewed struggles for recognition as a mathematician  69

(1834/35), there had been considerable problems with discipline in Graßmann’s classes. In 
Graßmann’s file, the school’s headmaster remarked: “Discipline has always been one of the 
strong points of this school. But in the last six months, discipline in mathematics classes has 
waned, despite my careful and energetic support. Pupils accustomed themselves to this lack 
of discipline, and it even began to spread to other classes …”261

In later years, many of Graßmann’s pupils remembered him as a man who often left 
the impression that his mind was on something else.262 As a teacher, he represented a 
quite unpopular subject. As a person, he was idealistic and benevolent. 

Only on 22 May 1853 did Graßmann manage to resume his correspondence with 
Möbius, who by then was 63 years old: “As soon as I had returned to my studies in 
mathe matics, I also felt that I wanted to renew our intellectual contact. In literally all of 
my mathematical work and ideas, almost miraculously, I have always encountered you, 
one who understands my approach and for whom I have great esteem”, Graßmann wrote 
in his first letter to Möbius. But Graßmann’s project had been interrupted by the many 
happy and tragic events mentioned above. “My old father’s illness and, finally, his death 
on 9 March interrupted my work and projects and obliged me to think of other things. 
When I acceded to my father’s position at the ‘Gymnasium’, I was very busy preparing 
classes in mathematics and physics, which so far I had only taught sporadically. This ex-
plains why it has taken me until now, our Pentecost vacations, to carry out my plan.”263

This would prove to be a highly valuable and inspirational exchange of ideas for 
Graßmann.

Graßmann informed Möbius about the details of his 1853 theory of color mixing 
and about his 1854 research on the theory of vowels. He told Möbius that he was think-
ing about an apparatus resembling a harmonium which would serve to verify his theory 
experimentally. He and Möbius exchanged thoughts on musical harmony.264 Möbius 
was very interested in discussing all of these questions. He pointed out new ideas, criti-
cized Graßmann and shared results from his own work. 

But the two men mostly discussed mathematical problems. They exchanged recent 
work, and Möbius was very supportive of Graßmann’s mathematical projects.  

In his first letter to Graßmann after 1848, Möbius immediately pointed out that, 
in 1853, Cauchy and Saint-Venant265 had published articles in the “Comptes Rendus” 
which stated exactly what Graßmann had said in § 45 and § 93 of his Extension Theory of 
1844. “I certainly hope”, Möbius wrote, “that you will assert your priority of authorship 
against Cauchy and Saint-Venant. And I also hope that you will dedicate your entire en-
ergy to completing the revised and AMPLIFIED version of your Extension Theory.”266 

This question of scientific priority was a decisive impulse for Graßmann: he began 
to tackle the new version of Extension Theory. In February 1854, referring to Cauchy’s 
and Saint-Venant’s articles, he wrote Möbius: “This whole matter has prompted me to 
begin with the new version of my Extension Theory … I am planning to leave out all of its 
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complicated applications to mechanics and physics and to keep the entire structure as 
simple as possible. I will also skip all difficult and abstract sections as well as those which 
I have not mastered completely. The new book should not run the risk of being ignored 
again, or of only being studied thoroughly by a single reader.”267

In January 1855 he informed Möbius that he was planning to have his revised Ex-
tension Theory published that summer.268 In May he told Möbius that he was spending 
every free minute completing the new book. Nevertheless, he would only complete his 
second great mathematical masterpiece in October 1861. 

In the meantime, the debate with Cauchy and Saint-Venant was underway.269 Graß-
mann had already encountered the work of these two mathematicians before 1853. In 
1847, he had found an article by Saint-Venant in the “Comptes Rendus” of Septem-
ber 1845. In this tract, Saint-Venant had developed the geometrical addition and multi-
plication of displacements. Since Graßmann did not have Saint-Venant’s address, he sent 
a letter to Cauchy, along with two copies of his Extension Theory and a letter to Saint-
Venant pointing out that he had already discovered these structures some time ago. He 
asked Cauchy to pass the letter and a copy of Extension Theory on to Saint-Venant. 

Saint-Venant responded that Extension Theory had not arrived but that he was very 
interested in reading it. In January 1848, Graßmann wrote a long answer to Saint-Ve-

Fig. 32. August Ferdinand Möbius (1790 – 1868)
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nant and also sent him his prize-winning treatise (PREIS) and his On a Purely Geo-
metrical Theory of Curves (“Grundzüge einer rein geometrischen Theorie der Kurven”, 
H. Graßmann 1846).

After this, Saint-Venant stopped communicating with Graßmann. A translation of 
Graßmann’s Geometrical Analysis was found in Saint-Venant’s library after his death, 
which proves his interest in the work of Graßmann. 

In 1853 Graßmann was confronted with two treatises which coincided almost 
completely with his findings in Extension Theory. Since these treatises had been written 
by the only two French mathematicians to whom he had sent his work, he was quite an-
noyed. In early February 1854 he wrote an article in French for “Crelles Journal” which 
appeared in 1855, Sur les différents genres de multiplication (H. Graßmann 1855f ). In 
the article, Graßmann pointed to the fact that Cauchy’s theory did not differ from what 
he had already published in 1844. Graßmann also elaborated on some questions of al-
gebra. In April 1854, Graßmann also sent an official letter to the Academy in Paris in 
which he claimed his rights of authorship. The Academy formed a commission to inves-
tigate Graßmann’s objection. Lamé, Binet and Cauchy himself were on it. The commis-
sion never responded to Graßmann’s claims. 

Fig. 33. Augustin Louis Cauchy (1789 – 1857)
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It would be inappropriate to accuse Cauchy of a conscious act of plagiarism. Graß-
mann also never raised this accusation. Cauchy was an extraordinarily productive and 
original mathematician, and he might have simultaneously developed the same ideas as 
Graßmann. But Engel was right when he remarked: “It is inexplicable and unacceptable 
that Cauchy never reacted to Graßmann’s concerns.”270

In 1853 Graßmann had once again become painfully aware of the fact that his 
mathematical works had remained unknown in Germany and France, but an English-
man had discovered his writings and could hardly contain his enthusiasm.

The brilliant Irish mathematician and physicist W. R. Hamilton had stumbled upon 
Graßmann’s Extension Theory while doing historical research for the introduction to 
his Lectures on Quaternions (Hamilton 1853). He immediately recognized how closely 
related his work on quaternions was to Graßmann’s book. A letter from Hamilton to 
his friend De Morgan, dated 31 January 1853, shows how impressed he was by his first 
encounter with Graßmann’s work: “I have recently been reading … more than a hundred 
pages of Graßmann’s Ausdehnungslehre, with great admiration and interest. Previously I 
had only the most slight and general knowledge of the book, and thought that it would 
require me to learn to smoke in order to read it. If I could hope to be put in rivalship with 
Des Cartes on the one hand, and with Graßmann on the other, my scientific ambition 
would be fulfilled!”271  

Despite his initial enthusiasm, Hamilton’s admiration for Graßmann lost some of 
its force after he had studied the text more closely. Hamilton did not hide his satis-

Fig. 34. Sir William Rowan Hamilton (1805 – 1865)
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faction that Graßmann had not discovered quaternions: “Graßmann is a great and 
most German genius; his view of space is as least as new and comprehensive as mine of 
time; but he has not anticipated, nor attained, the conception of the quaternions …”272, 
Hamilton – carefully – praised Graßmann, who in Germany had no readers. It is un-
fortunate that Graßmann never saw Hamilton’s Lectures on Quaternions (1853). In 
the preface, on page 62, Hamilton mentioned his German colleague and expressed his 
admiration for Graßmann’s scientific achievements. It could have soothed Graßmann’s 
disappointment. 

It is interesting and quite ironic that Hamilton and Graßmann both overestimated 
the importance of their mathematical discoveries and developments and, in doing so, in-
creasingly isolated themselves from the mathematics of their time.  Hamilton believed 
that the discovery of quaternions was “… as important for the middle of the nineteenth 
century as the discovery of fluxions (the calculus) … for the close of the seventeenth.”273 

Fig. 35. Hamilton’s Lectures on Quaternions
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He dedicated 22 years of his life to research on quaternions. In turn, Graßmann be-
lieved that the entire structure of modern geometry, including the theory of invariants, 
was encompassed by his Extension Theory. 

Without knowledge of Hamilton’s Lectures, Graßmann continued his mathemati-
cal work. In 1854/55, Hermann and Robert Graßmann resumed their collaboration.274 
Hermann Graßmann summarized the results from this period of time in the Textbook of 
Arithmetic (“Lehrbuch der Arithmetik”, LA) of 1860 and the revised version of Exten-
sion Theory (A2), which he completed in 1861. 

In 1855, during a period of intense mathematical research, Graßmann’s ambition to 
become a professor of mathematics awoke once more. At the time, the Berlin Trade In-
stitute (which later became the “Technische Hochschule”) was searching for a professor 
of mathematics. Graßmann immediately asked a brother-in-law who lived in Berlin to 

Fig. 36. Title page of Hermann Graßmann’s Arithmetic
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inquire about the job. But since Graßmann took no official steps to apply and nobody 
suggested him as a candidate for the job, the dream quickly dissolved.275

Graßmann’s Textbook of Arithmetic for Secondary Schools (LA) is among his most 
important works. Not only is it remarkable because it appeared before the new version 
of Extension Theory, but also because its form of presentation served as a model for 
the second Extension Theory. The Textbook of Arithmetik is also a clear expression of 
Robert Graßmann’s intellectual influence on his brother Hermann. In the introduction, 
 Hermann Graßmann wrote that collaboration with his brother had been an impor-
tant factor in the genesis of the book. Even the introduction’s somewhat arrogant tone 
points to Robert’s influence. One does not find it in Hermann Graßmann’s other texts: 
“The present treatment of arithmetic … brings forward the conviction that it represents 
the first strictly scientific discussion of this discipline, with the even more far-reaching 

Fig. 37. The revised version of Extension Theory
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requirement that its method, however far it may stray from the common paths, should 
not be seen as one among many, but as the only possible option for a strictly coherent 
and adequate discussion of this discipline.”276

Compared to the Extension Theory of 1844, this book used a quite different mode 
of presentation. In earlier works, Graßmann had developed mathematical ideas from 
concepts. This procedure had made some of his conceptions quite imprecise. Now, in 
the Textbook of Arithmetic, he rigorously applied the Euclidean mode of presentation, 
with conceptual abstractions – even though the introduction emphasized their impor-
tance – disappearing almost completely. The book presents a string of definitions, theo-
rems and proofs. Graßmann contextualized every new conclusion by referring to pre-
ceding theorems. The book was not suited for teaching purposes in secondary schools, 
but it was impressively rigorous and concise.  

Influenced by his brother, Hermann Graßmann stopped viewing mathematics as 
a theory of forms and returned to mathematics as a theory of quantity in the Leib-
nizian line of thinking.277  The scientific importance of the Textbook of Arithmetic is 
linked to the fact that the book relies on insights from the Extension Theory of 1844, 
especially its general theory of forms.278 In the first paragraphs, Graßmann presented 
a foundation of arithmetic which was highly influential for subsequent research in 
mathematics. 

The “completely revised and rigorously structured” Extension Theory (A2) brought 
this period of mathematical work to a brilliant conclusion. 

Hermann Graßmann had 300 copies of the book printed at his own expense in his 
brother’s printing shop and distributed them via the publisher T. C. Enslin. The Exten-
sion Theory of 1862 was a great step forward compared to its predecessor of 1844. The 
range of its content was more diverse, mathematical concepts were more precise, and 
Graßmann had given up on the unrealistic goal of remaining completely independent 
of analysis. At the same time, the book had a decisive and grave disadvantage: its strictly 
Euclidean form.

Robert Graßmann had been in favor of this change in the Extension Theory’s formal 
structure, but Hermann had also received a letter from the mathematician Grunert in 
which he had suggested the Euclidean form.279

This was a methodological mistake which was prefigured in the Textbook of Arithme-
tic. Graßmann jumped from one extreme to the other. On the one hand, mathematicians 
could no longer accuse him of being overly philosophical. On the other, Graßmann’s 
very exotic approach now appeared in the most inaccessible mode of presentation there 
was. Readers could not fathom the potential usefulness of Graßmann’s developments. 
There was absolutely no reaction to the publication of the book. Scholars ignored it, 
and its impact on the scientific community of mathematics was even smaller than in 
1844. But Graßmann placed all his hopes in these two publications. He immediately 
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sent them to the Prussian minister of culture and education von Bethmann-Hollweg, 
along with the following note:

“Your Excellency,
please allow me to humbly present to you these mathematical works. I also kindly 

ask you to consider me a candidate should a professorship in mathematics become avail-
able at a Prussian university.”280

Graßmann received the following answer on 11 February 1862: “I will gladly take 
your wish to become a university professor into account, should the occasion present 
itself. But I would like to remind you that university professors normally are paid con-
siderably less than what you are presently earning.”281

This was an elegant way of saying no. For the third time, 53 year-old Graßmann 
was being denied the possibility to free himself from the heavy workload of secondary-
school teaching in order to commit himself completely to his mathematical ideas.

After this setback, firmly convinced of the importance of his ideas for the future 
development of mathematics, Graßmann completely turned his back on his mathemati-
cal research and focused exclusively on philology. Philologists welcomed him with open 
arms. Graßmann had not found acclaim in mathematics, which was partly his own fault, 
but his success in philology would make up for past disappointments.

1.8 Farewell to mathematics, success as a philologist and late acclaim  
in mathematics

After the second version of Extension Theory had met with complete silence, Graßmann no 
longer had the energy to publish further articles and hope for recognition. “In my profes-
sion [as a school teacher – H.-J. P.] it is my duty”, Graßmann wrote to H. Hankel in late 
1866, “to avoid efforts which, if they do not provoke fruitful discussions and do not create 
the smallest intellectual community, lead to loneliness and provoke a feeling of fatigue, I 
might even say, frustration. … Since then my independent and serious projects have been in 
a different field, namely comparative philology …”283

Graßmann withdraws from mathematical research
“And therefore, ever since the publication of my second Extension Theory, I have pub-
lished nothing on mathematics except a textbook on trigonometry (1865). I have kept 
my silence even when, which has occurred quite frequently, I have read about new in-
sights which are already in my works, completely elaborated and usually in a more com-
plete and extensive manner.”282 
Letter from H. Graßmann to H. Hankel, 8 December 1866       
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Nevertheless, particular circumstances in the early 1870s would lead Graß-
mann – who by then was over 60 years old – back to mathematics. These circumstances 
will be discussed below.

But first, Graßmann focused his entire attention on philology, which up to this 
point he had only used to clear his mind from the strain of mathematical thinking. In 
the early 1860s, Graßmann’s results in historical and comparative philology found great 
acclaim among philologists. Graßmann felt that he had been successful in getting a new 
start and he spent many happy hours on his new projects. 

We already know that Graßmann was very meticulous in everything he did, and 
his study projects followed an elaborate plan. He always strove to find the most gen-
eral structure of a problem and always chose a unitary underlying principle as his point 
of departure. This also was the case in his philological research, in which Graßmann 
turned to the oldest sources of the Indo-European languages. Sanskrit was considered 
one of the most original and authentic languages of the Indo-European family and phi-
lologists had begun to concentrate on the oldest documents of Indian literary history, 
the Vedas. Hermann Graßmann chose the oldest of these texts, the Rig-Veda, as his ob-
ject of study. 

When, in the early 1860s, Graßmann began to translate these almost 3000-year-old 
Indian hymns, he had hardly any scientific literature to rely on. Gradually he received 
useful publications from other researchers.284

Graßmann’s will to concentrate on the smallest details and his extraordinary com-
mitment to the project were extraordinary. This is how a former pupil of Graßmann’s 
described this period: “Except for the time he spent with his family, he dedicated eve-
ry free minute to his work. Assiduously, in his fine handwriting, he wrote word after 
word, number after number in those enormous collections of texts which gave us his 
dictionary and translation of the Veda.”285

Total commitment
“He never went out in the evening to have a glass of beer. When in 1863 the German 
Association of Natural Scientists met in Stettin and Virchow asked Graßmann to show 
them a beer tavern, he did not know where to take them.”286                                    

After ten years of hard work, which took up literally all of his free time287, he finished 
the manuscript for his Dictionary of the Rig-Veda (H. Graßmann 1873 – 75) in 1872. It 
was published in six parts between 1873 and 1875 by F. A. Brockhaus in Leipzig. 

It found immediate acclaim among Sanskrit specialists. Respected Veda researchers 
such as T. Benefey288 gave the book excellent reviews. The American Oriental Society 
made Graßmann a member in 1876, and on 13 July of that same year, the University 
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of Tübingen granted him the title of Doctor philosophiae et artium liberalium magister 
 honoris causa, following the suggestion of the important philologist R. Roth.289 Graß-
mann was finally receiving the recognition which the scientific community had persist-
ently denied him in mathematics.  

Although many passages of Graßmann’s work on the Rig-Veda quickly became out-
dated due to exceptional progress in Vedaic research, which soon developed into true 
“Vedology”290, Graßmann nevertheless remains an important figure in this field of phi-
lology. His achievements, brilliant at the time, guaranteed him a position among the 
most respected Veda researchers of the late 19th century. 

Graßmann’s dictionary is still in use today as an important reference. It was reprint-
ed for the sixth time in 1996 (H. Graßmann 1996).

Vedaic research was not Graßmann’s only philological project in the 1860s. To-
gether with his brother Robert and his brother-in-law C. Heß, Graßmann worked on 
a book called German Plant Names (“Deutsche Pflanzennamen”, H. Graßmann 1870). 
The process of publishing it extended from 1867 to 1870. This was a work of critical 

Fig. 38. Graßmann’s honorary doctorate from the University of Tübingen, dated 
18 July 1876
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comparative philology. Graßmann mined 56 works on botany to compile a book of “sci-
entifically established German designations”291.  

“Every science aims to become a popular science. A science can only reach this goal 
if it also uses a popular language.”292

“… the introduction of German designations is important for science, if it is not to 
remain confined to small circles of people who have learned these two languages [Greek 
and Latin – H.-J. P.] and, in this isolation, become an inanimate formalism [emphasis 
mine – H.-J. P.].”293

This is how Graßmann justified the need for his tract, apart from his project of sup-
porting the subject of botany in elementary schools and schools for girls. The book was 
part of the Graßmann brothers’ Germanophile agenda. 

Fig. 39. Title page of German Plant Names by  
Hermann Graßmann
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Even though this throws a shadow on Graßmann’s reasons for writing the book, 
it still does not say anything about the book’s philological value. Philologists praised 
Graßmann’s work on the etymology and linguistic structure of German plant names.294 
A number of textbooks for elementary schools relied on Graßmann’s insights. But the 
book did not usher in purely German biological nomenclature for plants. 

While Graßmann found satisfaction in his philological studies, he also realized in 
November 1866 that his mathematical work was finally beginning to have an impact. 

Graßmann received a letter from the young mathematician Hermann Hankel, who 
unfortunately died at age 34. This letter renewed Graßmann’s old wish that someone 
might connect his thinking to recent developments in mathematics “and thereby make 
a positive contribution to their further development”295.

In the 1860s, Hankel, an ambitious pupil of Riemann, wanted to publish a systematic 
textbook on Riemann’s theory of the functions of complex magnitudes. While working 
on the first and regrettably only volume of his Lectures on Complex Numbers and their 
Functions (“Vorlesungen über die komplexen Zahlen und ihre Funktionen”), which bore 
the title Theory of Complex Number Systems (“Theorie der komplexen Zahlensysteme”, 
Hankel 1867), Hankel had turned to Hamilton’s Lectures on Quaternions to study the 
characteristics of complex and hypercomplex numbers and had encountered Hamilton’s 
admiring comment on Graßmann’s achievements. Hankel decided to study Extension 
Theory and was electrified by Graßmann’s ideas.

On 24 November 1866, Hankel wrote Graßmann: “After having read them [Hamil-
ton’s Lectures on Quaternions – H.-J. P.], my attention was drawn to both of your ‘Exten-
sion Theories’. To my delight, I realized that these two books treat and use the concept 
of complex numbers – this is how I designate your extensive magnitudes – so adequate-
ly and universally that they helped me a great deal in understanding the matter I was 
concerned with.”296

Unlike many German mathematicians before him, Hankel was not dissuaded from 
studying Extension Theory by its mode of presentation and high level of abstractness. 
This had to do with at least four different reasons: 

Firstly, Hamilton’s Lectures on Quaternions had introduced Hermann Hankel to 
Graßmann’s works. At the time, Hamilton was quite unknown in Germany. In Great 
Britain, however, he was a much respected mathematician, and he was knighted for 
his scientific achievements.297 Hamilton’s and Graßmann’s theories had many points in 
common, and therefore Hankel was well-prepared to study Extension Theory and quick-
ly became familiar with Graßmann’s concepts.  

Secondly, since childhood, Hankel had been especially interested the history and 
philosophy of mathematics. His general mindset was close to Graßmann’s, and Hankel 
was fascinated, not discouraged, by the combination of philosophy and mathematics in 
the first Extension Theory.
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Thirdly, Hankel was a pupil of Möbius’299, who was one of the few mathematicians 
in Germany whose thinking was closely related to Graßmann’s and to whom Graßmann 
himself felt a strong intellectual bond. 

Fourthly, Hankel was also a pupil of Riemann’s. Riemann was uniquely capable 
of finding the abstract and universal aspects of a problem. Combined with Riemann’s 
profound way of thinking, which in his philosophy of nature followed Herbart, 
 Hankel had received important insights which allowed him to understand Graß-
mann’s thinking.

Hankel’s exchange of letters with Graßmann was linked to his project of complet-
ing the Theory of Complex Number Systems. Hankel asked Graßmann for explanations 

Fig. 40. Hermann Hankel (1839 – 1873)

Hankel as a secondary-school student:
“His achievements in this subject [mathematics – H.-J. P.] were extraordinary. During 
his last year at school, the headmaster gave him special permission to study the writ-
ings of ancient mathematicians in the original language instead of classical literature. 
This was meant to satisfy both the philological requirements of the curriculum and his 
enormous interest in mathematics.
This must have awoken keen interest in such a universally gifted student. Meticulously, 
he always strove to understand the general structure of the insights he had gained and 
was not satisfied until he had not found the higher principle behind these insights.”298              
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of his approach to the theory of determinants: Hankel was planning to use Graßmann’s 
extensive magnitudes in his book as an example for hypercomplex numbers. 

After Hankel had received an answer from Graßmann, Hankel sent him a copy of 
his book in late 1867, explicitly asking Graßmann for a review: “In order to make my 
book known … it is extremely important that knowledgeable readers write reviews”, he 
told Graßmann. “Since you have already published articles in Grunerts Archiv, I kindly 
ask you to review it there. I would hope that this review, despite the critical comments 
you might make on some aspects of the book, would nevertheless show the readers that 
an important branch of mathematics [has been] systematically treated there. I would be 
infinitely indebted to you … if you did this for me, and you would be doing a great favor 
to one of your admirers.”300

Graßmann sent Grunert a review of the book, but apparently the text got lost and 
unfortunately it was never published.301 

The following excerpt from one of Hankel’s letters to Graßmann shows very clear-
ly how highly Hankel valued Graßmann’s opinion: “You are the only person who, in 
my opinion, is capable of making a competent judgment, for you are the only one to 
have dealt with these questions from a point of view which allows us to approach them 
without bias and carelessness. Your only rival is Hamilton, who is no longer among us. 
If my book receives your approval, I will stoically accept the arrogant ignorance and 

Fig. 41. Johann August Grunert (1797 – 1872)



84 Chapter 1. Graßmann’s life

silence I will be confronted with, as you have been. Your approval would tell me that I 
have objectively contributed to scientific progress.”302

When Hankel had finished his book, the two mathematicians ceased to commu-
nicate. 

Unfortunately, Hankel’s book initially did very little to popularize Graßmann’s 
approaches: Hankel was 28 years old when his Theory of Complex Number Systems 
 appeared. He was still at the beginning of his career in mathematics and did not have 
the kind of scientific authority that might have helped draw attention to Graßmann’s 
Extension Theory. Another four years would pass before A. Clebsch used his influence 
to make Graßmann known in the mathematical community. 

Even though Graßmann had not worked in mathematics for years, at heart he al-
ways remained a mathematician. In late 1868, for the fourth time, he hoped to become 
a professor of mathematics.

Königsberger had left the University of Greifswald at Easter 1869. This left a profes-
sorship of mathematics vacant. Grunert, who was one of the university’s two  professors 
of mathematics, proposed Baltzer and Graßmann for the job. But Grunert was quite 
isolated in his faculty and Königsberger proposed Fuchs, Dedekind and Schwarz. In a 
letter to the Ministry of Culture and Education, the faculty opted for L. Fuchs. Grunert 
was the only member to oppose this decision and added a memorandum to the letter in 
which he proposed Graßmann and Baltzer, but expressed a clear preference for Baltz-
er.303 In the end, L. Fuchs replaced Königsberger on 20 February 1869.

In December 1868, Grunert had told Graßmann about the job opportunity in 
Greifswald. He assured Graßmann of his support and gave him advice on how to react 
and with whom to talk, should he be interested.

It is quite unclear why Grunert decided to support Graßmann. Grunert’s conflicts 
with his faculty must have played a part in this. All of his previous assessments of Exten-
sion Theory had made it clear that he did not think highly of the book’s scientific value. 
A letter to Graßmann from 1862 is just one example: “… I do not believe that your 
Extension Theory or your works on so-called extensive magnitudes make a contribution 
to scientific progress and I do not expect them to do so in the future. Nevertheless, they 
prove that you are a very perspicacious man.”304  

Graßmann had not published anything in mathematics for seven years. Graßmann’s 
review of Hankel’s book, which Graßmann had sent Grunert, had probably reminded 
him of Graßmann. Grunert was probably trying to make up for his strict judgments 
on Graßmann’s mathematical achievements by giving him a slim chance of becoming 
a professor.305 

Almost sixty years old, Graßmann immediately jumped at what seemed a realistic 
opportunity, despite the financial disadvantages. In December 1868 he told Grunert: 
“Should my application for the professorship of mathematics be successful, my income 
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would be significantly reduced... But this is a sacrifice I would gladly make, for this is a 
position which very much suits my wishes and interests. In fact, it completely suits my 
whole intellectual development.”306

To begin with, the situation at the University of Greifswald was very unfavorable to 
Graßmann’s plans. Unfortunately, Grunert’s tactical moves left Graßmann with a feel-
ing of bitterness which would remain with him for the rest of his life.

But despite this personal disappointment, by early 1869 the scientific community 
was beginning to react favorably to Extension Theory.

Firstly, Victor Schlegel, who had been a colleague of Graßmann at the Stettin 
“Gymnasium” from 1866 to 1868, had begun to work on a book called System of Geo-
metry. According to the Principles of Graßmann’s Extension Theory and an Introduction 
Thereto (“System der Raumlehre. Nach den Prinzipien der Graßmannschen Ausdeh-
nunglehre und als Einleitung in dieselbe”), the first part of which was published in au-
tumn 1872. Victor Schlegel had spent much of his free time studying Extension Theory 
after he had taken up a position as a teacher in the small town of Waren. Schlegel’s book 
is the first attempt by another mathematician to explain Graßmann’s approach. But 
Schlegel was not the right propagator for Graßmann’s ideas. Schlegel was incapable of 
creating a synthesis between Graßmann’s work and the mathematical thinking of his 
time.

Schlegel’s 1878 biography of Graßmann was much more influential than his book 
on Extension Theory. Schlegel often blindly and uncompromisingly defended his revered 
colleague from Stettin, thereby contributing to the cultish admiration of Graßmann in 
later years. But his biography raised interest in Graßmann and expressed Schlegel’s sincere 
admiration for him.

Secondly, 1869 was also the year in which broader scientific recognition of Graß-
mann’s achievements began to take root. In January 1869, Hankel’s book drew Felix 
Klein’s attention to Graßmann. And Graßmann’s oldest son, Justus Graßmann, began 
to study mathematics. Surprisingly, Justus Graßmann played a part in introducing one 
of the most important mathematicians of the time to his father’s work. 

At Easter 1869, Hermann Graßmann proudly said goodbye to his oldest son, who 
had decided to study mathematics at the University of Göttingen. Alfred Clebsch and 
Moritz Abraham Stern were the leading mathematicians at the University of Göttingen. 
Via his son, Graßmann sent both professors a copy of Extension Theory, which they hap-
pily accepted. Apparently, up to this point, Clebsch and Stern had not been aware of 
Graßmann’s writings. But this time Graßmann’s work had fallen into the right hands. 
According to Engel307, it was probably the silent but well-read Stern who reminded 
Klein twice of Graßmann’s writings between 1869 and 1871, telling him: “This is all 
very interesting.”308
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Stern had been previously interested in Graßmann’s research, but Grunert did not ac-
cept him as a scientific authority. In a letter to Graßmann of 6 November 1862,  Grunert 
remarked: “… I do not accept the algebraic analysis brought forward by Prof. Stern in 
Göttingen …”309 

Felix Klein, however, who at the time was working on his Erlangen Program 
(Klein 1974), realized that Graßmann had been a pioneer in investigating mathemati-
cal problems which were decisive for the development of modern mathematics.310

Felix Klein belonged to the school of mathematicians around Alfred Clebsch, and 
Klein urged Clebsch to study Graßmann. For his birthday on 19 January 1872, Klein 
gave Clebsch a device showing the linear generation of third-order curves after Graß-
mann’s method (movable needles bound to certain constellations of intersections by a 
system of threads).311

Clebsch began to realize how important Graßmann’s achievements were. He did 
not hesitate to introduce a wider public to the noteworthy insights he had found in 
Graßmann’s writings. On his initiative, Graßmann was appointed a member of the Göt-
tingen Science Society on 2 December 1871. At this meeting of the Science Society, 

Fig. 42. Felix Klein (1849 – 1925)
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Clebsch also held a commemorative speech for the mathematician and physicist Julius 
Plücker, who had died recently. F. Klein, a pupil of Plücker’s, contributed to the speech, 
and Clebsch repeatedly mentioned Graßmann’s achievements.312

For the first time in a quarter century, not since Graßmann received the prize for 
his Geometrical Analysis in 1846, had a renowned German mathematician publicly 
recog nized the value of his work. And a few remarks from Clebsch were enough to 
arouse general interest in Graßmann. Thanks to considerable progress in mathematics, 
Graßmann’s works could now be grasped more easily.313 Beginning with Clebsch’s fol-
lowers, mathematicians began to discuss Graßmann’s findings.314

Graßmann’s heart was still in mathematics, and colleagues were finally recogniz-
ing his achievements. Clebsch’s warm words and his appointment as a member of the 
 Göttingen Science Society stimulated Graßmann to turn to mathematics once more, 
even though he was in the midst of publishing his Rig-Veda dictionary. 

Fig. 43. Inauguration of a commemorative plaque for 
H. G. Graßmann on the wall of the Institute of Mathe-
matics of Szczecin University on 28 May 1994, 150 years 
after the publication of Extension Theory.
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Unfortunately, Clebsch died on 7 November 1872. Only ten days earlier, Graß-
mann had written his first mathematical treatise in ten years and had sent it to Clebsch. 
Clebsch could no longer propagate and elaborate Graßmann’s thinking. But nothing 
could stop Graßmann now.  

Sophus Lie was a close friend of Klein, and Klein informed him about Graßmann’s 
treatment of the Pfaffian problem. Lie traveled to Stettin to meet Graßmann and learn 
about his approach to the problem, which Lie had been working on for a longer time. But, 
apparently, after having abandoned mathematical research for many years, Graßmann no 
longer felt at ease in mathematics. He had a hard time finding a useful interpretation of 
his classificatory approach to the problem, which at the time was groundbreaking and 
uniquely concise.315

Graßmann was becoming increasingly aware of the growing interest in his work. 
The obituary for Clebsch (Clebsch 1874) written by his friends also mentioned Graß-
mann with great admiration.316 In 1873, V. Schlegel and Graßmann began an intense 
exchange of letters. Klein also began to send letters and, after Graßmann’s death, he 
initiated the publication of Graßmann’s collected works. As a sign of his admiration, the 
Strasbourg mathematician K. T. Reye sent Graßmann a copy of his Geometry of Position 
(“Geometrie der Lage”, Reye 1877) in 1877. 

Late in life, Hermann Graßmann had the satisfaction of seeing that mathematicians 
had finally begun to take note of his mathematical insights.

Public recognition came too late for Graßmann’s career as a mathematician. Marked 
by illness, Graßmann continued his work in philology and dedicated whatever addition-
al time he had to research in physics and mathematics. During the last year of his life, 
immobilized by serious heart problems, he wrote a large number of scientific articles in 
which he defended his discoveries in physics317 and propagated older insights by linking 
them to the newest developments in mathematics.318 But when Graßmann attempted to 
do so, his views often lacked the necessary  objectivity. 

Graßmann had not worked on mathematics for a long time. Relying on limited 
and insufficient information from libraries in Stettin, he attempted to include all new 
mathematical theories in his Extension Theory. By doing so, he was overestimating the 
scope of Extension Theory. New methods had arisen in mathematics, some of which 
were superior to his. There was no way his system could remain intact in the most recent 
developments of mathematics. It had to be disassembled into single approaches, ideas 
and methods, which could then be integrated into the living structure of contemporary 
mathematics. 65 year-old Graßmann was not aware of this – but it would be unjust to 
criticize him for this understandable inflexibility. 

Graßmann was a great scientist. For a long time, nobody had understood the im-
portance of his works. He had lived in intellectual isolation, fighting for progress in 
mathematics. But he had achieved great things in his life, which was now coming to an 
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end. When he died on 26 September 1877, he was considered a great philologist, was 
a respected physicist and had witnessed first indications that his insights, which he had 
developed in small-town seclusion, were having an impact on mathematics.

His wish to become a professor of mathematics and create a school of like-minded 
followers had remained unfulfilled. Shortly before his death in 1877, he had the joy of 
learning that a second printing of his Extension Theory of 1844 was underway. The pub-
lisher had prematurely destroyed the unsold copies of the first printing.

Graßmann’s last publication (H. Graßmann 1878) was a treatise in which he at-
tacked materialism and atheism and called for a return to true Christian faith. Graß-
mann completed the foreword to this text shortly before his death. In many points it 
contradicted what had been his approach to scientific thinking. It was a last expression 
of Graßmann’s diffuse path of development.  

Notes

 1 Quoted from Wehrmann 1906, p. 199.
 2 See Wehrmann 1911.
 3 Wehrmann 1911, p. 363.
 4 Friedrich Engels: North- and South-German Liberalism (12 April 1842). MECW, vol. 2, 

p. 265.
 5 See Wehrmann 1906, p. 241. 
 6 See in this context: Wehrmann 1894, Runze 1910, Rühl 1887, p. 18 – 23.
 7 See also Wehrmann 1911, p. 404.
 8 See Wehrmann 1906, p. 268.
 9 Friedrich Engels: The State of Germany (8 November 1845). MECW, vol. 6, p. 23.
 10 König 1972, p. 323.
 11 See Wehrmann 1911, p. 451.
 12 In 1822, the “Chamber” had 226 members. By 1872, the number increased to 728. – See 

Wehrmann 1911, p. 451.
 13 See Wehrmann 1911, p. 468.
 14 See Wehrmann 1911, p. 465.
 15 See Wehrmann 1911, p. 464. 
 16 See Altenburg 1936, p. 160sqq. 
 17 See Wehrmann 1906, p. 270.
 18 Friedrich Engels: The Constitutional Question in Germany (March – April 1847). MECW, 

vol. 6, p. 79.
 19 Ibidem, p. 82.
 20 See Wehrmann 1911, p. 476.



90 Chapter 1. Graßmann’s life

 21 Mehring 1973, p. 105.
 22 See Scherwatzky 1939, p. 201.
 23 See Löwe 1870, p. 81. 
 24 See Wandel 1888, p. 228. 
 25 Ibidem, p. 156. 
 26 See Geschichte der Grossen National-Mutterloge 1903, p. 512sq.
 27 See Wehrmann 1911, p. 490sqq.
 28 See Runze 1910.
 29 Ibidem.
 30 Runze 1907 lists some of the school’s most noteworthy pupils. 
 31 H. Müller 1926, p. 15. See also A. Müller 1878 and M. Wehrmann 1911, p. 489sqq. 
 32 See also Klein 1926, p. 173.
 33 Today, this formerly Prussian town is the Polish city of Gorzów Wielkopolski. It is situated 

in western Poland, about 45 kilometers from the Polish-German border.
 34 R. Graßmann 1876c, p. 21/22.
 35 G. L. Graßmann 1868 and the Allgemeine Deutsche Biographie, vol. 9, p. 593 – 594, give 

a list of his other publications.
 36 See G. L. Graßmann 1868 and R. Graßmann 1876c, p. 19sqq. 
 37 R. Graßmann 1876c, p. 26. See also: Curriculum vitae, by Justus Graßmann, reprinted in 

Scheibert 1937, p. 33sqq.
 38 See in this context J. Graßmann’s discourses for the “akademische Erinnerungsfeste” 

(1846).
 39 See in this context and on the influence on J. Graßmann of the Romantic philosophy of 

nature Heuser 1996. J. Graßmann probably did not appreciate the fact that Klügel’s pre-
sentation of combinatorics in Halle followed the Hindenburg school. Later he rejected 
this approach and relied directly on Leibniz. See KRY, p. 175.

 40 See, for more details, Wehrmann 1911, p. 415sqq.
 41 See, for more information, chapter 2, section 3. 
 42 See Runze 1910.
 43 Karl Marx: Introduction to A Critique of Hegel’s Philosophy of Right (1844). MECW, 

vol. 3, p. 177.
 44 For more information on the “Turnverein” movement, see “The life of Schleier macher” in 

chapter 2, section 3.
 45 König 1973, p. 41.
 46 See Rühl 1887, p. 56.
 47 These are J. Graßmann 1817, 1824, 1835.
 48 See, for more details, chapter 2, section 1. 
 49 Scheibert 1937, p. 36.
 50 See chapter 2, section 1.



Notes  91

 51 Scheibert 1854, p. 160/161.
 52 See Scheibert 1937.
 53 Becker/Hofmann 1951, p. 327/328.
 54 These are, on the one hand, the “Curriculum vitae et studiorum ratio” from 17 De-

cember 1831, submitted to the Berlin commission for the first examination for teachers 
(25 half-folios) and, on the other, a curriculum vitae in German from 23 March 1833. 
Graßmann submitted the latter when he took theology exams in Stettin (15 half- fo lios). 
Both texts (Graßmann 1831, 1833) can be found in the Pomeranian Library Szczecin. 
Engel mentions scientific documents left behind by Graßmann (BIO, p. 373) 
which the author of the present book has been unable to uncover. Gert Schubring’s 
search for additional Graßmann manuscripts was likewise unsuccessful (see Schub-
ring 1996c). The Möbius archive in Leipzig, which possessed letters of Graßmann’s, 
was completely destroyed during the Second World War. Therefore the present 
book must largely rely on the extensive documentation of Graßmann’s life in (BIO). 
Recently discovered material on Graßmann and his family will be published in autumn 
2009 in a book of Graßmann sources.   

 55 Graßmann 1831, translation from Latin.
 56 Graßmann 1833.
 57 Ibidem.
 58 Ibidem.
 59 Ibidem.
 60 Ibidem.
 61 Justus Graßmann is reputed to have said that “Hermann was more given to study than 

Robert, but Robert was more talented” (Scheibert 1937, p. 68).  
 62 H. Graßmann’s secondary-school diploma, quoted from BIO, p. 17.
 63 See BIO, p. 19.
 64 Heinrici 1889, p. 49. 
 65 See, for more details, Wirzberger 1973.
 66 See BIO, p. 20. 
 67 See the entry on Neander in Lenz 1910a, 1918.
 68 See Wirzberger 1973, p. 78. For more information on Schleiermacher, see chapter 2, section 3.
 69 See the entry Hengstenberg in Lenz 1910a, 1910b, 1918, and Ziegler 1921, p. 166sqq.
 70 See the entry G. A. Strauß in Lenz 1910a, 1910b, 1918.
 71 See Wirzberger 1973, p. 78. 
 72 Letter to Robert Graßmann on 26 November 1836. Quoted from BIO, p. 21.
 73 See BIO, p. 21.
 74 BIO, p. 24. 
 75 For details on the excellent standards of philological research at Berlin University, see 

Wirzberger 1973. 



92 Chapter 1. Graßmann’s life

 76 See the entry F. v. Raumer in Lenz 1910a, 1910b, 1918.
 77 See the entry Zeune in König 1972, 1973.
 78 See Wirzberger 1973, p. 78. 
 79 Ueberweg 1923, p. 274. – See also the entry H. Ritter in Lenz 1910a, 1910b, 1918. 
 80 At the time he attended Schleiermacher’s classes on dialectics and on the Gospel of 

Matthew.
 81 Graßmann 1833. 
 82 For more information on Schleiermacher’s philosophical positions, see chapter 2, section 3.
 83 Chapter 4 offers more on this.
 84 For Schleiermacher’s ethics, see chapter 2, section 3. 
 85 Graßmann 1833.
 86 Quoted from BIO, p. 150.
 87 Ibidem, p. 150.
 88 Justus Graßmann, Hermann Graßmann’s oldest son, confirmed the following  information. 

– See BIO, p. 29.
 89 See chapter 2, section 1.
 90 Graßmann 1833.
 91 Ibidem.
 92 On 18 April 1847 Graßmann wrote the following letter to Saint-Venant, clarifying the 

rights to his discoveries by claiming that he had conceived the basic concepts of his Exten-
sion Theory as early as 1832: “Comme je lisais l’extrait de votre mémoire sur les sommes et 
les différences géométriques publié dans les Comptes rendus, je fus frappé par la ressem-
blance merveilleuse, qu’il y a entre les résultats, qui y sont communiqués et les découvertes 
faites par moi-même depuis l’année 1832 …”. (Quoted from BIO, p. 42/43).    

 93 See chapters 3 and 4.
 94 See BIO, p. 39. 
 95 BIO, p. 40. 
 96 Graßmann’s diploma, issued on 31 December 1831; quoted from BIO, p. 41.
 97 Quoted from BIO, p. 41.
 98 See Engel’s explanations in BIO, p. 44. 
 99 Biermann 1973, p. 39. 
 100 BIO, p. 46. 
 101 Report of the director of the School of Commerce K. F. Klöden to the school’s administra-

tive committee, dated 17 October 1834; quoted from BIO, p. 46.   
 102 Contract between the director of the trade school Klöden and J. Steiner, dated 14 October 

1834; quoted from BIO, p. 48. 
 103 Biermann 1973, p. 38.
 104 Quoted from BIO, p. 49. 
 105 BIO, p. 49.



Notes  93

 106 In a letter to his father of 25 January 1835, Graßmann wrote the following on his correc-
tions in the textbook: “ …I noted a few misspellings in some formulas, which I immediate-
ly, though apprehensively, corrected …”. Quoted from BIO, p. 51.

 107 Letter from Hermann Graßmann to his father, 24 January 1835. Quoted from BIO, p. 53.
 108 Letter from Hermann Graßmann to his father, 9 March 1835. Quoted from BIO, p. 53.
 109 Ibidem, p. 54.
 110 Letter from Hermann Graßmann to his brother Robert, 9 March 1835. Quoted from 

BIO, p. 54/55.
 111 Letter from Hermann Graßmann to his brother Robert, 24 February 1836. Quoted from 

BIO, p. 60/61.
 112 Petition to the Stettin city council by Hermann Graßmann, concerning a teaching positi-

on at the Ottoschule, dated 5 January 1836. Quoted from BIO, p. 58. 
 113 See BIO, p. 59. 
 114 Letter from Hermann Graßmann to his brother Robert, 24 February 1836. Quoted from 

BIO, p. 61. 
 115 See chapter 3, section 6.
 116 For more on this, see chapter 2, section 1.
 117 Letter from Möbius to H. Graßmann, 17 June 1854. Quoted from BIO, p. 66.
 118 Graßmann’s diploma, issued 12 July 1839. Quoted from BIO, p. 69.
 119 This was the position Graßmann was hoping to obtain at the “Friedrich-Wilhelmsschule”, 

which was to be established in October 1840 – the following year. See BIO, p. 67 (foot-
note).

 120 Graßmann’s request to the Berlin scientific examination commission, 28 February 1839. 
Quoted from BIO, p. 67/68.

 121 Quoted from BIO, p. 69.
 122 Letter of Graßmann’s accompanying his examination thesis, 20 April 1840. Quoted from 

BIO, p. 69.
 123 Graßmann’s diploma, issued 1 Mai 1840. Quoted from BIO, p. 70.
 124 Ibidem.
 125 See BIO, p. 79.
 126 Graßmann’s diploma, issued 1 Mai 1840. Quoted from BIO, p. 70.
 127 Graßmann’s letter to the Prussian minister of culture and education Eichhorn, May 1847. 

Quoted from BIO, p. 124/125.
 128 See: H. Graßmann 1878, p. 5.
 129 This is how his brother Robert Graßmann remembered it. – See BIO, p. 73 (footnote).
 130 See also chapter 4, section 1.
 131 For more information, see chapter 3, section 2, and chapter 4, section 1.
 132 See F. Engel in: GW11, xii.
 133 For more information on Conrad (1796 – 1861), see BIO, p. 68.



94 Chapter 1. Graßmann’s life

 134 See BIO, p. 75 (footnote).
 135 The text is structured along the lines of unfolding symmetrical oppositions. The theory of 

language splits up into a theory of forms and a theory of concepts. Graßmann viewed the 
theory of concepts as a system of representations and defined it as the double opposition 
of sign and cognitive form on the one hand, and cognitive form and external reality, on the 
other. He described language as the totality of forms and ideas. At the same time, language 
was also the subject’s construction and a representation of reality. See in this context Erika 
Hültenschmidt (1995), the first analysis of this text.  

 136 Schlegel 1878, p. 10.
 137 See BIO, p. 90.
 138 See BIO, p. 90 (footnote).
 139 See the index of H. Graßmann’s writings in BIO, p. 356. 
 140 See chapter 3, section 3.
 141 M. Cantor and A. Leskien: “Hermann Graßmann”. In: Allgemeine Deutsche Biographie 

1875sqq., vol. 9, p. 596.
 142 Concerning Barycentric Calculus (Möbius 1827), see Wußing 1984, p. 35 – 44.
 143 Letter from Graßmann to Möbius, 10 October 1844. Quoted from BIO, p. 99.
 144 Letter from Möbius to Graßmann, 2 February 1845. Quoted from BIO, p. 100. 
 145 Letter from Apelt to Möbius, 3 September 1845. Quoted from BIO, p. 101.
 146 See the letter from Baltzer to Möbius, 26 October 1846. Quoted from BIO, p. 101sq.
 147 Letter from Gauß to Graßmann, 14 December 1844. Quoted from GW12, p. 397/398, 

editor’s note.
 148 Letter from Grunert to Graßmann, 9 December 1844. Quoted from BIO, p. 103.
 149 Letter from Gauß to Graßmann, 14 December 1844. Quoted from GW12, p. 397/398, 

editor’s note.
 150 See Stanke 1974, p. 18sq.
 151 See Jaworski/Detlaf 1972, p. 413. For more information on Graßmann’s theory of electro-

dynamics, see Sturm/Schröder/Sohncke 1879, p. 33sq. See also Müller/Pouillet 1932, 
p. 403, and Reif/Sommerfeld 1898sqq, p. 462.

 152 Letter from Clausius to Graßmann, 15 May 1877. Quoted from BIO, p. 105. Clausius’ 
“beloved and admired teacher” was Justus Graßmann, who had known Clausius as a pupil 
during his time at the Stettin “Gymnasium”. – See also GW22, p. 255sqq. 

 153 See chapter 3, section 3.
 154 Letter from Möbius to Graßmann, 9 June 1853. See BIO, p. 106. Möbius was referring to 

the following texts: H. Graßmann 1848a, 1851a, 1851b, 1851c, 1852.
 155 Klein 1926, p. 180.
 156 Klein 1926, p. 181. – See also Klein 1928, p. 132sq.  
 157 See Scheffer’s remarks on Graßmann’s theory of curves in GW21, especially on p. 383.
 158 Letter from Möbius to Graßmann, 2 February 1845. Quoted from BIO, p. 109.



Notes  95

 159 Quoted from GW11, p. 415/416, editor’s note.
 160 See GW11, p. 417 – 420.
 161 See chapter 3, section 4.
 162 Quoted from BIO, p. 111.
 163 Expert opinion on Graßmann’s contribution to the prize question by Möbius. Quoted 

from BIO, p. 112.
 164 Ibidem, p. 113.
 165 Ibidem, p. 114.
 166 In an appendix to Graßmann’s treatise (Möbius 1847), Möbius attempted to give a geo-

metrical interpretation of these “pseudo-magnitudes”. In subsequent works, Graßmann 
himself dropped some of these “pseudo-magnitudes”. – See chapter 3, section 4.  

 167 Letter from Drobisch to Graßmann, 8 July 1846. Quoted from BIO, p. 115/116.
 168 See chapter 2, section 2.
 169 Letter from Graßmann to the Prussian minister of culture and education Eichhorn, 

Mai 1847. Quoted from BIO, p. 125.
 170 Ibidem, p. 125.
 171 “Written assessment by Prof. Kummer on the mathematical writings of secondary-school 

teacher Hermann Graßmann from Stettin and his intentions of carrying out academic 
research”, 12 June 1847. Quoted from BIO, p. 126.  

 172 Ibidem, p. 126.
 173 Ibidem, p. 127.
 174 Ibidem.
 175 Ibidem.
 176 Communiqué from the Stettin school administration to the ministry of culture and edu-

cation, 31 July 1847. Quoted from BIO, p. 130.
 177 Letter from Eichhorn to H. Graßmann, 4 September 1847. Quoted from BIO, p. 130.
 178 Wehrmann 1911, p. 471/472.
 179 See Wehrmann 1911, p. 470sqq.
 180 Letter from Graßmann to Möbius, 22 May 1853. Quoted from BIO, p. 160. 
 181 See Dahlmann 1835, p. 80sq.
 182 Dahlmann 1835, p. 179/180. Concerning his rejection of democracy and despotism, see 

Dahlmann 1835, p. 13sqq.
 183 Karl Marx: The Bourgeoisie and the Counter-Revolution (December 1848). MECW, 

vol. 8, p. 162. 
 184 See chapter 1, section 1.
 185 Friedrich Engels: Marx and the Neue Rheinische Zeitung (1848 – 49). MECW, vol 26, 

p. 123.   
 186 See Altenburg 1936, p. 160sqq.



96 Chapter 1. Graßmann’s life

 187 For more information, see Bartholdy 1907, Heintze 1907, Ilberg 1885, Runze 1907,  Runze 
1910, Schulze 1939. 

 188 Droysen 1911, p. 34sq.
 189 Schulze 1906, p. 40.
 190 Friedrich Engels: Revolution and Counter-Revolution in Germany (1851/52). MECW, 

vol. 11, p. 34.
 191 Letter from Graßmann to Möbius, 22 Mai 1853. Quoted from BIO, p. 160.
 192 H. Graßmann, “Die Früchte des Berliner Barrikadenkampfes”. In: Königlich privilegierte 

Stettinische Zeitung, 15 April 1848. Quoted from BIO, p. 138/140.
 193 R. Graßmann 1890a, p. xxi/xxii (footnote).
 194 Deutsche Wochenschrift 1848, number 5, supplement.
 195 See Deutsche Wochenschrift 1848, p. 23/1.
 196 Ibidem, p. 2/1.
 197 Ibidem, p. 23/1.
 198 Ibidem, p. 2/1.
 199 See ibidem, p. 2/2 and number 5, supplement. 
 200 Ibidem, p. 2/2.
 201 Ibidem, p. 23/2.
 202 Ibidem, p. 2/2.
 203 Ibidem, p. 10/1.
 204 Ibidem, p. 17/1.
 205 Ibidem, p. 18/1.
 206 Ibidem, p. 21/2, 22/1.
 207 Ibidem, p. 28/2.
 208 Ibidem, p. 27/1.
 209 Ibidem, p. 29/1. 
 210 Ibidem, p. 30/2.
 211 Ibidem, p. 30/2.
 212 See Friedrich Engels: The Constitutional Question in Germany (1847). MECW, vol. 6, 

p. 78.
 213 Deutsche Wochenschrift 1848, p. 23/2. 
 214 Marx/Engels: The German Ideology (1845/46). MECW, vol. 5, p. 195.
 215 Heine 2007, p. 114. 
 216 Ibidem.
 217 For more information on Schleiermacher’s Dialectic, see chapter 2, section 3.
 218 Karl Marx: Introduction to A Contribution to the Critique of Hegel’s Philosophy of Right 

(1844). MECW, vol. 3, p. 185. 
 219 See R. Graßmann1890a, p. xxi, footnote.
 220 Letter from Graßmann to Möbius, 22 May 1853. Quoted from BIO, p. 160/161.



Notes  97

 221 See Scheibert 1937, p. 45 – 50.
 222 Ibidem, p. 49. 
 223 BIO, p. 248.
 224 Letter from Graßmann to Möbius, 22 May 1853. Quoted from BIO, p. 161.
 225 See the letter from Möbius to Graßmann, 9 June 1853. Extracts in: BIO, p. 162/163.
 226 Bellavitis believed to have shown that Graßmann’s methods for generating third-order 

curves (H. Graßmann 1848a) were not generally valid. But Graßmann gave the uncondi-
tional proof of their generality and, at the same time, uncovered Bellavitis’ mistakes (see 
H. Graßmann 1855g). Bellavitis only learned about Graßmann’s article in August of 1859. 
He immediately reacted publicly to his mistake and informed Graßmann in a letter on 26 
March 1860. – See BIO, p. 106.

 227 According to Engel, Arithmetic and the second Extension Theory (A2) were published in 
1860 and 1861. For editorial reasons, the dates were changed to 1861 and 1862. – See 
BIO, p. 225 and 230. 

 228 See chapter 1, section 4.
 229 Knoblauch had proposed Graßmann for full membership in the Society for Natural Sci-

ence Research (“Naturforschende Gesellschaft”) in the town of Halle. Graßmann was 
made a member on 6 February 1864. – See BIO, p. 267, footnote. 

 230 See Helmholtz 1855.
 231 See, for more details, Turner 1995.
 232 H. Graßmann 1853, p. 161.
 233 Ibidem, p. 162.
 234 Ibidem, p. 163.
 235 Ibidem, p. 168.
 236 Ibidem, p. 171.
 237 See also Wußing 1977, p. 41sqq.
 238 Friesler 1953, p. 93.
 239 Letter from Graßmann to Möbius, 22 May 1853. Quoted from BIO, p. 162.
 240 Concerning the importance of Graßmann’s approach for Helmholtz’ theory of sensation, 

see Lenoir 2004. 
 241 Friesler 1953, p. 105. 
 242 See Rodnyj/Solowjew 1977, p. 163. 
 243 See Trendelenburg 1961, p. 179sqq. 
 244 H. Graßmann 1877d, p. 231.
 245 See Trendelenburg 1961.
 246 See the article by M. Cantor and A. Leskien in Allgemeine Deutsche Biographie, vol. 9, 

1875sqq, p. 597.
 247 See Junghans 1978, p. 251sq.



98 Chapter 1. Graßmann’s life

 248 BIO, p. 244/245. This section also offers more information on Graßmann’s law of compa-
rative philology. 

 249 See also Elfering 1995.
 250 See Junghans 1978, p. 252. See also Reich 1995.
 251 See BIO, p. 154sq.
 252 See BIO, p. 159, Wandel 1888, p. 241sq.
 253 See BIO, p. 209sqq.
 254 Müller 1909, p. 344.
 255 Wandel 1888, p. 254.
 256 Quoted from BIO, p. 262.
 257 Quoted from BIO, p. 265.
 258 Quoted from BIO, p. 265.
 259 G. Schubring (1991) has written a very noteworthy introduction to what it meant to be a 

teacher of mathematics in the 19th century. 
 260 Quoted from Schubring 1991, p. 169.
 261 Ibidem.
 262 For more information on Graßmann as a teacher and on the Stettin “Gymnasium”, see 

BIO, p. 255sqq, Bartholdy 1907, Delbrück 1877, Heintze 1907, Müller 1909, Runze 
1907, Runze 1910, Schlegel 1878, Wandel 1888, Wehrmann 1894. See also the summary 
in Schwartze 1996. 

 263 Quoted from BIO, p. 161.
 264 See the selected texts from the correspondence between Graßmann and Möbius in BIO.
 265 Möbius was referring to the following articles: 

“Sur les clefs algébriques”. In: Comptes Rendus 36 (1853), p. 70 – 75 and p. 129 – 136. 
“Sur les avantages que présente, dans un grand nombre de questions, l’emploi des clefs 
algébriques”. In: Comptes Rendus 36 (1853), p. 161 – 169. 
And Möbius was also thinking of Saint-Venant’s text: “De l’interprétation (géométrique) 
des clefs algébriques et des déterminants”. In: Comptes Rendus 36 (1853), p. 582sqq.

 266 Letter from Möbius to Graßmann, 2 September 1853. Quoted from BIO, p. 175.
 267 Letter from Graßmann to Möbius, 19 February 1854. Quoted from BIO, p. 182.
 268 See the letter from Graßmann to Möbius, 7 January 1855. The section in question has 

been reprinted in BIO, p. 192.
 269 The following lines on Cauchy and Saint-Venant rely on Engel’s work in BIO, p. 120 – 122 

and p. 195 – 201.
 270 BIO, p. 203.
 271 Graves 1889, p. 441sq.
 272 Letter from Hamilton to De Morgan, 2 February 1853. In: Ibidem.
 273 Quoted from Bell 1986, p. 360/361. 
 274 See chapter 2, section 2.



Notes  99

 275 See BIO, p. 202sq.
 276 LA, p. v.
 277 See LA, p. 1.
 278 See chapter 3, section 6.
 279 See the letter from J. A. Grunert to H. Graßmann, 9 December 1844. In: BIO, p. 103.
 280 Note from Graßmann to minister of culture and education von Bethmann-Hollweg, 14 

January 1862. Quoted from BIO, p. 232.
 281 Letter from minister of culture and education von Bethmann-Hollweg, 14 January 1862. 

Quoted from BIO, p. 232.
 282 Letter from H. Graßmann to H. Hankel, 8 December 1866. Quoted from BIO, p. 272.
 283 Ibidem.
 284 See BIO, p. 302sqq.
 285 Müller 1878, p. 346.
 286 BIO, p. 254.
 287 In Robert Graßmann’s recollection. – See BIO, p. 303.
 288 See BIO, p. 304.
 289 See Wandel 1888, p. 250, and Reich 1995.
 290 See Toporov 1960, p. 235.
 291 H. Graßmann 1870, p. 1.
 292 Ibidem.
 293 Ibidem, p. iii.
 294 See Bezzenberger 1873.
 295 Letter from Graßmann to Hankel, 8 December 1866. Quoted from BIO, p. 271.
 296 Letter from Hankel to Graßmann, 24 November 1866. Quoted from BIO, p. 270.
 297 See Bell 1986, 340sqq.
 298 Zahn 1874, p. 583/584.
 299 See Zahn 1874, p. 584.
 300 Letter from Hankel to Graßmann, 4 June 1867. Quoted from BIO, p. 276.
 301 See BIO, p. 278.
 302 Letter from Hankel to Graßmann, 4 June 1867. Quoted from BIO, p. 276.
 303 See BIO, p. 285/286.
 304 Letter from Grunert to Graßmann, 1 June 1862. Quoted from BIO, p. 242.
 305 In the context of Robert Graßmann’s examinations as a teacher in 1839/40, G. Schubring 

has pointed to the fact that Grunert was friendly with the Graßmann family. See Schubring 
1996d, p. 65.

 306 Letter from Graßmann to Grunert, January 1869. Quoted from BIO, p. 280.
 307 See BIO, p. 312.
 308 BIO, p. 312. 
 309 Letter from Grunert to Graßmann, 1 June 1862. Quoted from BIO, p. 244.



100 Chapter 1. Graßmann’s life

 310 See chapter 3, section 7.
 311 See BIO, p. 312, footnote.
 312 See Clebsch 1871, p. 8 and p. 28.
 313 See chapter 3, section 7.
 314 For more information on the reception of Graßmann by Clebsch and his school, see To-

bies 1995.
 315 See BIO, p. 318sq.
 316 See Clebsch 1874, p. 12, 31 (footnote).
 317 See Graßmann 1877b, 1877d.
 318 See Graßmann 1877e.



2 Graßmann’s sources of inspiration

2.1 Justus Graßmann: Father and precursor of his son’s mathematical 
and philosophical views

As we have already learned in previous sections, Hermann Graßmann and his father 
shared a common approach to scientific research. Unfortunately, this relationship has 
received little attention in scientific literature. Apart from the author’s dissertation 
from 1978 (Petsche 1979a), on which we will largely rely here, recent publications have 
discussed the influence of the Romantic philosophy of nature on Justus Graßmann 
(Heuser 1996) and the influence of Justus Graßmann’s vector algebraic approaches 
on the work of Hermann Graßmann (Scholz 1996). An analysis of  Justus Graßmann’s 
ideas concerning the structure of mathematics and the foundations of arithmetic, and of 
the subsequent impact of these ideas on his son, has also been published (Radu 2000). 

All of these scientific texts show that Hermann Graßmann’s creativity and its spe-
cific characteristics can only be fully understood when Justus Graßmann’s theoretical 
positions are taken into account as well. Only by analyzing his father’s ideas may we 
reach deeper insights concerning the many points of contact between father and son. 
We will also have to analyze the intellectual micro-climate in which  Hermann Graß-
mann’s scientific positions developed. We will begin with a short overview of Justus 
Graßmann’s scientific achievements and pay special attention to the elements relevant 
to the work of Hermann Graßmann.

The mathematical and philosophical positions of J. Graßmann developed gradually. 
His textbooks for a basic education in mathematics of 1817 and 1824 ( J.  Graßmann 
1817, 1824) were a first step, followed by his 1827 treatise On the Concept and Extent of 
the Pure Theory of Number (ZL), the publication of his work on the geometric theory of 
combinations (KRY) in 1829 and the textbook of trigonometry of 1835.1
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Inspired by Joseph Schmid’s Lessons on Forms (“Formenlehre”, 1809), J. Graßmann 
attempted to achieve an elementary synthesis of combinatorics and geometry in 1817 
and 1824. In the process, he discovered an elegant way of approaching simple crystal-
line structures mathematically. Taking thoughts from Kant and Leibniz as a point of 
departure, the new approach to geometry inspired him to undertake a philosophical 
analysis of the object of mathematics and to develop his ideas on a “geometrical theory 
of combinations”, investigating its usefulness in the context of crystallography. 

Point for point, we get the following overall picture: 
The establishment of a number of elementary schools for the poor, for which 

J. Graßmann and his friend, school councilor Bartholdy (himself a close friend of 
 Schleiermacher2), had volunteered to provide teaching material (for teachers “lacking a 
truly scientific education”3 and their pupils), provided the occasion for the publication 
of two textbooks for basic education in mathematics.4  

From J. Graßmann’s Geometry (1817): 
“General preliminaries. How to focus on the teacher’s words and acts by speaking 
in chorus correctly.”

“The children have assembled calmly in front of, or around the teacher. The teacher and 
the pupils can see one another well: the children’s hands are on the table, side by side, 
or loosely hanging by their hips. 
Teacher.  (from now on T) Children, pay attention to what I do and say! (while lifting his 

right hand) ‘I am lifting my right hand.’

T.  Now do as I do. But wait until I tell you to and give you the sign.

  – Lift your right hand! (The teacher gives the sign by lifting his hand slightly, 
without lifting his arm. This we will designate by ‘S!’). There should be a short 
pause between the teacher’s telling the children what to do and his giving the 
sign, for the children will have to think about what they are supposed to do. 
(This short pause will be designated by ‘P!’: therefore the whole paragraph 
could be reduced):

T.  Right hand up! – P. – S!  
The children do as told. (from now on ‘Ch. d.’)

  If a child should lift the hand before the teacher has given the sign, or if it lifts the 
left hand instead of the right, the mistake will be corrected lovingly. 

T.  Pay attention and do what I tell you to! – Right hand back! – P. – S. – Ch. d.”5

Next, we practice a rhythmical chorus, conducted by the movements of the teacher’s 
hands. Then the children learn to answer the teacher in complete sentences: “From now 
on, when you answer me, tell me every time what you are referring to and what you have 
to say about it!”6

“Only now the children have gained full awareness for everything they are doing…”7  
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Influenced by the pedagogical school of Pestalozzi, especially after the War of Libera-
tion of 1813/14, Justus Graßmann’s views on the teaching of mathematics took shape. 
He finally expressed them in his Geometry for Elementary Schools (“Raumlehre für Volks-
schulen”, J. Graßmann 1817, 1824). This textbook, which was reviewed favorably by the 
progressive pedagogical theorist Diesterweg8, took up ideas from a similar textbook, the 
Lessons on Forms (Schmid 1809) by Pestalozzi’s collaborator Joseph Schmid. In the intro-
duction to his book, J. Graßmann explicitly referred to basic ideas from Schmid’s book, 
despite his reservations concerning Schmid’s practical way of applying these principles. 

Joseph Schmid submitted traditional Euclidean geometry to a critique, questioning 
its pedagogical and philosophical value.9 Schmid rejected the Euclidean way of repre-
senting and teaching geometry, which – according to him – was “worthless as a manner 
of educating human nature” because it lacked an “internal organic connection to the way 
in which human capabilities unfold [emphasis mine – H.-J. P.]”. According to Schmid, 
the development of human capabilities did not “parallel it”10. Instead, Schmid claimed, 
Euclidean geometry tended to lose its explanatory value by “working on isolated and 
fragmentary geometrical problems”11. 

Therefore, J. Schmid arranged Euclidean problems in a pattern. This pattern was 
structured along the lines of form (constructions using the compass and/or the straight-
edge) and magnitude12. J. Schmid developed his geometry following the ideas of a 
mathematician he was “friendly with”: “One should begin geometry by dealing with 
everything that has to do with one straight line, then, with two, etc.”13. Therefore, the 
theorem one was using should not seem to be an “arbitrary concoction of problems”. In-
stead, “the problems … should necessarily follow from the idea which formed the point 
of departure”14. From this combinatorial and synthetic perspective, geometry, which to 
him was a “formal theory of intuition”15 in Pestalozzi’s sense, therefore did not begin 
with definitions. Definitions had to appear in the conclusion – “for how could a form 
[be grounded in] an intellectual concept … before … we have even seen it”16.

We can find J. Schmid’s views in the basic principles on which J. Graßmann relied 
in writing his textbooks on geometry17:

Geometry begins with 1 intuition, not concepts, and it therefore must also be 
based on intuition. That is to say that, primarily, geometry is an act of construc-
tion in pure intuition. The subsequent conceptual analysis is built on this first 
step.
Geometry consists of two elements: Linear and angular-magnitudes (lines 2 
and angles). Geometry has a larger number of elements than arithmetic, which 
only begins with one. Methodologically, this means that one must begin with 
the first element, then go on with the second, and finally analyze the relation-
ship between the two. Therefore, according to J. Graßmann, one can easily un-
derstand and arrange truths, which is not the case in the Euclidean approach.
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The material is organized in analogy with the structure of an 3 organism. There-
fore, at first, we attain smaller, connected entities, which are the components of 
a larger whole. The representation of this structure, J. Graßmann said, is a kind 
of artwork. 

J. Graßmann began his reflections by generating geometrical objects through move-
ments18 and by considering the point the “limit of all extension”19. He investigated 
lines “in relation to the number and position of … ensuing points of intersection and 
angles”20. This approach of incidence-geometry was, essentially, a combinatorial ap-
proach to geometry. The second part of Geometry was an “application of conjunctions 
from the general theory of magnitudes to spatial objects”21. 

This “kind of intuitive geometry with no strict mathematical foundation”22 (Moritz 
Cantor) developed, step by step, the “addition of lines”, the “subtraction of lines”, the 
“multiplication of lines”23 etc. and conceptualized its theories in a peculiar German ter-
minology: for example, to multiply = “veröften”, the multiplicand = “Oeftstoff ”, prod-
uct = “Geöft”, factors = “Veröfter”, dividend = “Theilstoff ”, divisor = “Theiler”, quotient 
= “Theilfund”, etc. 

We should take note of three essential aspects of J. Graßmann’s fundamental prin-
ciples in his Geometry for Elementary Schools:

The first principle, which arose from Pestalozzi’s theories1 24, shares fundamental 
traits with the Kantian concept of mathematics, especially of geometry25. The 
procedure of constructing geometrical objects from “pure intuition”, which then 
gives rise to geometrical truths, is completely in the Kantian tradition. But, just 
as in Pestalozzi, J. Graßmann did assume that “pure intuition” was the whole 
picture: to him, the constructions of the world (as a kind of organism) remained 
in place, side by side with the reconstructive efforts of the human mind.
The second principle led to a combinatorial approach to geometry. It inspired 2 
J. Graßmann to analyze the fundamental principles of the theory of combi-
nations. But this brought him under the sway of the scientific and theoreti-
cal program begun by Leibniz, who – as one of the creators of the theory of 
combinations – had applied it methodically to all fields of scientific thought26, 
submitting its foundations to a logical and philosophical analysis.

In a later treatise, On Physical Crystallonomy and the Geometrical Theory of Combina-
tions (“Zur physischen Krystallonomie und geometrischen Combinationslehre”), Justus 
Graßmann explicitly emphasized the fact that his approach to the theory of combina-
tions had been inspired by Leibniz and that he disliked the clumsy mode of presentation 
of the Hindenburg school.27
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The third principle brings forward the view that science is an “organism”, an 3 
“artwork”, which identifies J. Graßmann as a follower of the German Romantic 
philosophy of nature (Schelling, Steffens, Schleiermacher, and others). This 
philosophy was especially important for the dialectical parts of his view of 
mathematics.

J. Graßmann believed in many of the essential elements of bourgeois German national 
education and participated actively in the German patriotic movement. Therefore, fur-
ther reflections on the object and essence of mathematics led him to classical bourgeois 
philosophy and pedagogy, especially Leibniz, Schelling, Pestalozzi and Schleiermacher. 
Joseph Schmid also made decisive contributions here. He wrote: “When a mathemati-
cian is a great mathematician, but merely a mathematician …” this mathematician does 
not participate “in the freedom, liveliness and independence of all spiritual life in nature 
and human existence”28. “The well-educated mathematician will … necessarily have to 
be aware of himself, and of the external and internal nature of his surroundings; he will 
become a physicist, a philosopher.”29  

The reconstruction of mathematics for elementary schools and the establishment 
of new elements, obtained through sense-perception and synthesized in inner intuition 
to form a stringent mathematical structure, created new principles for the foundation of 
mathematics. These principles would probably never have arisen from purely mathematical 
problems. Therefore, in the introduction to the Geometry of 1817, J. Graßmann wrote: 

“This is not the place to present my views on mathematics, and I will have to do 
this some other time. Nevertheless, I would like to note that, just like the synthesis of 

Leibniz on the “combinatorial method”:

“There are two methods, the synthetic, aided by the science of combinations, and the 
analytical. Both methods are capable of showing the origins of constructions; this is 
not exclusive to the analytical method. The difference between the two lies in the fact 
that combinatorics, by taking the simpler elements as its point of departure, is capable 
of forming an entire science, or at least a series of theorems and problems, among them, 
the problem one was trying to solve. Analysis, in contrast, takes the problem back to a 
simpler level. 
…The most complete scientific method, though, will not begin with what naturally 
comes later, with combinations and the particular, available for sense-perception, but 
with the simplest and most general concepts and truths, which show us first from where 
they gradually descend towards the particular and towards combined concepts. It obeys 
the laws of synthesis or of the science of combinations, which shows how the different 
species arise systematically from the highest, mixed classes… Once we possess it, the 
synthetic method will be the clearest and the simplest we can possibly have.”30        
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sameness generates the magnitude, the conjunction of different elements generates the 
combination, this difference may manifest itself in the distinctness of the elements, or in 
their succession in time and space. Therefore, geometry also possesses its theory of com-
binations, and the present booklet is an attempt at presenting its points of departure.”31 

This already hints at Justus Graßmann’s dialectical schema, which he developed 
 later on and which Hermann and Robert Graßmann took up in their project of finding 
a new foundation for mathematics. In 1827, Justus Graßmann published a text called 
On the Concept and Extent of the Pure Theory of Number32 (“Über den Begriff und Um-
fang der reinen Zahlenlehre”, ZL). It was yet another expression of his intense interest 
in the foundations of mathematics and in the search for their philosophical essence. Its 
foundation of the theory of number from the perspective of a philosophy of mathemat-
ics went far beyond what Kant brought forward during his “critical” phase. It would 
prove to have a decisive influence on Hermann Graßmann’s views.

In the book, Justus Graßmann assumed that the increase of knowledge in mathe-
matics raised the risk that its presentations might become “blind instruments that one 
can only apply, as it were coincidentally, to the appearances of nature, rather than their 
attending the explanation of nature in an orderly way, or rather, since they are inde-
pendent of it, their being a model and standard for its presentation.”33 J. Graßmann had 
realized that it was necessary to develop a coherent and applicable theory for the inves-
tigation of the phenomena of nature. This realization – tightly linked to his religious be-
liefs – prompted him to look for structures in raw information, “thus to elevate the raw 
information to a genuinely ordered knowledge”.34 This was to say that “the function of 
every part is distinctly perceived relative to the whole, and so that this latter can appear 
as an organism, as manifestation of an infinite intellect [emphasis mine – H.-J. P.].”35 

Fig. 44. The first lines of Pure Theory of Number
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This task, which showed all the signs of Romantic philosophy and its concept of nature, 
apart from strong religious overtones, made it necessary to explicate the “elements of 
science” and present “the inner connections of the operations and constructions, allow-
ing each step occasioned by the nature of the subject to enter as such, and, granting the 
intellect a resting point in the results achieved, simultaneously use them as a starting 
point for higher developments.”36

The Romantic philosophy of nature in Germany:

“The most important contribution of the so-called Romantic philosophy of nature … 
consisted in its confidence in science, which was to serve as a tool for gaining certainty 
about nature and mankind. The laws of reason and the phenomena of nature served as a 
model for human life. An Enlightenment utopia, this philosophy ignored the Hegelian 
oppositions and promised to create a harmony between worldview and life. Placing its 
trust in science and in the potential of science for providing a kind of harmony, this 
movement favoring the study of nature compensated for the difficult German reality 
and the scientific and technological underdevelopment which plagued Germany…”37    

J. Graßmann then went on to offer a “constructive” and genetic foundation of mathe-
matics, which brought him into the intellectual vicinity of Kant38, by determining the 
essence of mathematics as the process of generating “its first concepts by a synthesis char-
acteristic of it (which we call a construction in the broader sense)”39. But J. Graßmann 
drew a line between himself and Kant when he rejected the connection between mathe-
matical synthesis and “synthetic judgments” in the Kantian sense. He gave an example by 
demon strating the synthesis of the number (1 + 1): “ …but nothing can be said here about 
the objective validity of this synthesis – that is, whether one unit really amounts to an-
other –, the conjunction can take place unconditionally, and the concept created thereby, 
the product of this synthesis, is the number two.”40

We could very well call this view of the content of mathematical theorems a modern 
one: “Now mathematics establishes theorems in which a subject is conjoined to a predi-
cate, not in an arbitrary way, to be sure, but rather with respect to their content; but 
this content is precisely only such as is laid down by the synthesis as equal or unequal. 
Thus these theorems are only expressions of the nature of that characteristic mathemati-
cal synthesis, and that which is given along with it.”41 Because of his intense interest in 
the theory of combinations – J. Graßmann had already begun to work on his treatise 
of 1829 (KRY)42 – he reached a generalized understanding of the object of mathemat-
ics which went beyond the concept of magnitude. Differing from logic, the object of 
mathematics was something that was posited without any prior assumptions about its 
content. With the fundamental synthesis in mind, the object then had to be posited as 
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“identical” or “different”. But J. Graßmann maintained: “No equality can be imagined 
without inequality. … Equality and inequality are only factors with respect to those to 
be conjoined, and it is only a question of which of the two applies in the fundamental 
definition of the synthesis, although both are always at hand.”43  

Later, Hermann Graßmann took up and extended his father’s dialectical develop-
ments, which Justus Graßmann had used to create the principles for structuring the 
mathematical disciplines.44 

Justus Graßmann’s analysis of the foundations of the theory of number, which fol-
lowed these general lines of inquiry and began by discussing the “origin of the number 
concept”, giving its “genetic interpretation”45, is relevant from a philosophical point of 
view. According to J. Graßmann, only the “opposition between the one and the many”46 
could create the concept of number. “The concept of a number therefore comes to the 
point, that this specific multiplicity [that is, a plurality of things in thought – H.-J. P.] is 
conjoined in a unit of consciousness. – Each of the conceptions imagined as similar one 
calls the unit in relation to number.”47 

But, concerning concepts, J. Graßmann made a clear distinction between explain-
ing why they arose, and their scientific definition. “The preceding interpretations”, he 
wrote, “are genetic, i. e. they establish the possession of the concept and incidental rea-
sons for its origin. However, number as such must be regarded as the specific quantity 
of the setting of the unit.”48

His concept of concrete and abstract numbers is remarkable in this context, because 
it has lost nothing of its relevance today. “Now a number”, he remarked, “is called con-
crete or ‘named’ if the unit is a specific conception; if however it is only the conception of 
a general given, without specific content (the conception of a conception [“die Vorstel-
lung einer Vorstellung” – H.-J. P.]), then the number is called abstract or unnamed.”49

Therefore, in Graßmann’s view, the pure theory of number had to be disconnected 
from all objects in experience, which represent the content of specific conceptions.

Opposing the view – which we can also find in Kant – in which the unit is con-
ceived as a “continuous magnitude”50, J. Graßmann explained that pure arithmetic, even 
if this were the case, had to be an abstraction. He also argued that, after all, indivisible 
units existed in nature and in thought, such as three persons or three concepts. This, he 
believed, justified his view. 

In this context, J. Graßmann made a sophisticated argument in favor of atomism 
in physics, interpreting this as an attempt to subject “nature to whole numbers, thus to 
encompass its evolutions within the relations of the theory of number and so under-
stand them.”51 In today’s terminology, this amounts to saying that the model of natural 
numbers serves to express certain elements of the regularities in the laws of nature.

J. Graßmann conceptualized the arithmetical operations with natural numbers, ad-
dition, multiplication and exponentiation, and their inverse operations, along the lines 
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of a single principle of development as three orders of enumerating or resolving: “The 
intellectual activity of the production of a number from the unit one calls enumeration, 
and this consists in the comprehension of given units in a unit of consciousness. … Enu-
meration and decomposition are the two fundamental intellectual activities in numeri-
cal arithmetic; all arithmetic construction must ultimately be reduced to them.”52 

To J. Graßmann, this conception meant that multiplication was the enumerating 
of equal numbers (equal numbers are the new units). “The product of this enumeration 
is a number of numbers, but of specific ones, e. g. 4 nines, the so-called multiplicative 
conjunction.”53

Furthermore, he conceptualized a power – in accord with his guiding idea – as the 
enumerating of equal factors (factors, again, are the new units), for example 4 * 4 * 4 * 1. 
The exponent is the “third-order” number resulting from this conjunction, the unit which 
is enumerated the root.54

For J. Graßmann, there were no further ways of enumeration. The conjunctions 
mentioned so far were synthetic conjunctions, the inverse operations, the decomposi-
tions, analytical.55

P. Lorenzen on the operative foundation of mathematics

“For ‘enumerating’ is the meaning of numbers – and enumerating is an important 
part of those actions which lead the mathematician to make statements on schematic 
operations.”56                  

Finally, we will have to focus on Graßmann’s remarks on the possibility of interchang-
ing elements of conjunctions in arithmetic: “In addition”, he wrote, “the nature of the 
constituents of a composition are not distinguished at all, in multiplication they are 
distinguished by the concept, but as numerical values they are mutually indifferent; 
for exponentiation however the distinction is fully developed, root and exponent are 
distinguished, not only as concepts, but in addition one can no longer interchange 
them.”57 

He even went a step further in his Trigonometry (1835). Here he explained that 
not just the interchangeability of the constituents of a conjunction presented a prob-
lem, but that the product itself had a different quality to it than the constituents of 
the synthesis. Not only did this mean that negative numbers could not be part of a 
pure theory of number, but also that, strictly speaking, the multiplication of numbers 
did not simply give a number, but “a number of a higher order”58. Therefore, while 
the pure theory of number left no room for negative numbers, and the multiplication 
of numbers still gave numbers, for the first time, the subtraction of displacements in 
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geometry had become possible.59 The product (of points/lines) led to new elements 
(lines/bodies).

Justus Graßmann created a framework for the pure theory of number by present-
ing a system of different orders of arithmetical conjunctions: pointing to his interest in 
the philosophy of nature, he had wished to call them60 the mechanical (addition), the 
chemical (multiplication), the organic (an exponentiation), but he did not dare to do so 
(and therefore he designated them as mechanical, chemical and dynamic conjunctions). 
The field of the pure theory of number “[i]n its length … is defined by the three orders of 
enumeration, in its breadth by the pure unit, as the notion of a simple given. … Its depth 
is unlimited, as every organic entity, which is indeed externally defined, and assumes an 
easily graspable form, but conceals within an infinite depth, whereby it is a subject of 
never-ending investigation.”61

J. Graßmann considered this internal perspective on the theory of number to be, 
generally speaking, a desirable ideal. In a way, it had to represent “the prototype of pure 
scientific thought”.

“But every interior understanding is simultaneously an understanding with nature, 
whose law of exterior development cannot be more manifest to us than we have devel-
oped the law of the interior synthesis within ourselves”62. Graßmann wanted to under-
line the view that the human mind played an active role in the process of recognition. 
He also insisted on the importance of theological and constructive ways of thinking 
when it came to understanding empirical reality. 

Summing up, we can say that Justus Graßmann, inspired by the Romantic philoso-
phy of nature and critical of Kant, managed to create an independent, truly philosophi-
cal analysis of the foundations of mathematics with his Pure Theory of Number. The 
Romantic philosophy of nature had taught him to consider the sciences from an all-
encompassing perspective, and this perspective led him, while he was trying to find a 
logical solution to conceptual and dialectical contradictions, to a deeper understanding 
of mathematics. His views were imbued with the optimistic attitude the Romantic phi-
losophy of nature maintained towards scientific work.

In his Pure Theory of Number, J. Graßmann repeatedly pointed to the structural 
similarities which, as he saw it, existed between the theory of combinations and arith-
metic. Thanks to his analysis of the foundations of mathematics, he now possessed the 
heuristic tools he needed to develop his geometric theory of combinations.

A reader of the 1829 treatise On Physical Crystallonomy and the Geometrical The-
ory of Combinations. First booklet. will feel that J. Graßmann truly considered himself 
the founder of a new mathematical discipline. “The sheer quantity of treatises and their 
topics”, he wrote in his introduction, “ – which confuse us as they come to us every 
day – makes it easy to overlook things, even when they are truly innovative and useful, 
as long as they do not catch our attention with insolence and shrewdness. Here, we are 
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dealing with the presence and pertinence of a new, independent mathematical science, 
which aims to create simple and complex structures, to show their interrelationships 
and which claims to grasp all crystalline structures in one single approach.”63

Even though J. Graßmann massively overestimated the weight of his achievements 
when he declared himself the founder of a new science64, his methodological technique 
was exemplary and served as a model for his son. Instead of obscuring the path towards 
his theoretical developments, he explicitly aimed to make his points of departure as 
clear as possible. “While I am patiently waiting  … to hear from the specialists”, he wrote, 
“I nevertheless feel obliged to give a brief explanation of how my approach to this sub-
ject arose and slowly developed. I will also say some things about the content, the scope 
and the form of the present and the following booklets, especially since the process of 
their development might be important to readers trying to evaluate my work [emphasis 
mine – H.-J. P.].”65

He explained how his research on the theory of combinations, which was not built 
on the concept of magnitude, showed him that the old concept of mathematics was too 
limited and how this insight inspired him to redefine the essence of mathematics, on the 
one hand, and to reassess the theory of combinations, on the other. 

Referring to ideas from Geometry (1817) and Pure Theory of Number (1827), 
J. Graßmann went on to say that the theory of combinations was founded upon the 
“differences of the given”, which created “a direct contrast with arithmetic, and … com-
pletely disconnects the deepest essence [of the theory of combinations] from arithmetic. 
Therefore it becomes a particular, completely independent science, which nevertheless 
maintains a certain parallelism with arithmetic and permits similar syntheses.”66 

At a time when mathematics was evolving rapidly, he nevertheless emphasized the 
need for basic research in this field. “The mathematician should not just increase the 
size of his scientific field by increasing the complexity of his theories, while he neglects 
the traditional inventory of his science or merely passes through it on the old beaten 
paths. Instead, he should investigate it from a new perspective, classifying and extend-
ing it …”67 The achievements of Hermann Graßmann made it clear how important this 
demand was.

J. Graßmann vigorously defended the “ideal of purity” in mathematics. But this 
position was not a consequence of a lack of appreciation for empirical research. For 
only when the result of mathematical development “is a perfect representation of the 
synthesis of the spirit”, J. Graßmann wrote, “[will it] approach the synthesis of nature 
and its manifestations all by itself, … just as, inversely, the deeper understanding of na-
ture can give the mathematician a hint about where he must still improve, innovate and 
construct his system.”68 

His motivation was religious in nature. To J. Graßmann, the conscious representa-
tion of the “concordance of nature and spirit” was the “process of liberating the human 
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mind from the torture of empty abstractions and raw empirics.”69 His epistemological 
optimism was based on the belief that God had created man and the external world in 
His image, following a coherent plan. All “the external appearances of nature can and 
must be the manifestation of something hidden inside. They must be approached like 
a hieroglyph which nature has given us to read and which confronts us with the task of 
deciphering”70. This is how J. Graßmann put it in his Crystallonomy (1829), and he went 
on to say: “Mathematics can only regain the position it deserves, it can only unveil its 
secret depths if we understand that it is the internal complement to the external laws of 
the world, even though we may never grasp the latter completely.”71 

His claim that philosophy, the natural sciences and mathematics had to join forces 
was groundbreaking and remains so today, apart from inspiring his son: “May an en-
lightening and healthy philosophy, committed to clarity and not fearful of intellectual 
depth, build a bridge between speculation and observation, showing why they both de-
serve our appreciation …”.72 

By explaining the genesis of his approach to a geometrical theory of combinations, 
J. Graßmann uncovered first elements of a way of treating geometry without metrics. It 
had become possible to conceptualize spatial objects as combinations, if one left “all ideas 
concerning proportion of magnitude”73 aside. “We have a method”, he wrote, “to create 
relations between lines and surfaces in such a way that, automatically, a large number of 
simple and regular objects develop from them …”74 This, J. Graßmann announced, was 
the method he was presenting in his book. The determination of “lines by their position 
and direction”75 was to form the basis of his science, a science which he claimed was not 
dependent on the theory of magnitude. As Scholz pointed out, his way of describing 
crystalline objects with “complexions”, possessing “exponents of repetition” (“Wieder-
holungsexponenten”), showed him the way to a three-dimensional vector calculus with 
integer coefficients.76 Without getting too involved in the mathematical details of his 
treatise, we should name some of J. Graßmann’s concepts, which nevertheless had to 
wait for Hermann Graßmann before they became more precise. 

Firstly, J. Graßmann stated that the “product of a combination of two lines”77 was 
their point of intersection, that is to say, a view which would later reappear in Hermann 
Graßmann’s planimetric product.78 Secondly, we will have to mention the peculiar ap-
plication of the concepts of addition and multiplication to the theory of combinations, 
even though it never provoked any reaction from the mathematical scientific commu-
nity. 

While, according to J. Graßmann, there was one specific way of adding “complex-
ions”, he stated explicitly that there were different ways of multiplying “complexions”, 
depending on what one considered a “unit” to be.79 This thought had clear repercussions 
on the work of Hermann Graßmann. It gained precision in exterior vector-algebra, espe-
cially in the many multiplicative conjunctions which were developed in this context.80 
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The geometrical theory of combinations represented the mathematical, philosophi-
cal and theological center of J. Graßmann’s scientific universe. By understanding and 
teaching it, J. Graßmann proposed a provocative set of ideas which led to a conceptual 
and methodological reassessment of mathematics: as Radu81 has shown, this reassess-
ment left ontology, arithmetic and axiomatics behind, presenting a synthetic, construc-
tive, dialectical and comprehensive approach instead.

“I am convinced”, he wrote in a footnote to his Pure Theory of Number (1827), “that 
the theory of combinations will be to the history of nature and chemistry what the 
theory of magnitude is to physics.”82

The theory of combinations was supposed to be the key to a new synthesis of spirit 
and nature, of man and God: “One day, [it will be], if I may say so, the connecting link 
in the galvanic chain between the extremes of mathematics and the science of nature. 
It will make the chain complete, stimulate the other two links and, thereby, bring com-
pletely new phenomena to light.”83 

Justus Graßmann on the formation of crystals:

The Romantic world between analogy in the natural sciences and speculation in the 
philosophy of nature

When a crystal forms “…this is more than just a manifestation of opposing forces, but 
a constant oscillation of contraction and expansion, permeating the crystal in certain 
directions and pulsating in these directions. This equilibrium of fundamental forces 
… is not motionless and dead, but vibrant and alive. One could even say that it never 
really exists. Rather, it constantly strives to reproduce itself, and thereby, just like an 
oscillating pendulum, constantly crosses a certain limit until the counter-reaction be-
comes strong enough to propel it in the opposite direction, searching for equilibrium. 
Every element is in continuous undulation. It exists in this movement and, therefore, 
the whole crystal is in a constant state of becoming. … It is not dead, but a beating heart 
through and through! – We can remark a similar pulsating motion, a similar exchange 
of contraction and expansion not only in all living beings, but also in the way light, 
sound, etc. travel. – Its presence is not limited to the formation of the crystal, but it lives 
on permanently along with the crystal…”84.                        

Justus Graßmann was planning to keep up the work in the following years. In case 
his findings provoked a reaction, he wanted to publish four such booklets per year and, 
if possible, assemble a group of collaborators around him.  

“The second volume”, he informed his readers, “should it ever see the light, would 
not remain confined to such a specialized topic. Rather, in this book, the author is 
determined to explain his views on the general theory of combinations and its appli-
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cations in the natural sciences, especially concerning their systematic order. This task 
would parallel the development of the concept of mathematics, which gave rise to my 
views.”85 

Unfortunately, since the publication of the first booklet went unnoticed, Graß-
mann never continued his project. The British mineralogist W. H. Miller was the first 
to recog nize the achievements of J. Graßmann in crystal physics. Without the slight-
est connection to W. Whewell (1825), J. Graßmann (1829) had used his geometrical 
method to designate the crystal faces with indices. This method, which became known 
in the scientific world as the “law of rationality”, was rediscovered by Miller (1839).

As an inventor of new theories in mathematics and the natural sciences, J. Graß-
mann remained an unknown figure.

But, by inspiring and accompanying his son’s brilliant scientific achievements, 
J. Graßmann made a lasting contribution to the development of mathematics. There-
fore, his name should not be forgotten. 

Closing this section, the table below offers a brief comparison of Justus and Her-
mann Graßmann’s positions and shows some of the similarities, differences and con-
tinuities. 

Scientific continuities and discontinuities

Justus Günther Graßmann Hermann Günther Graßmann

 
I. Approaches and concepts in the  

Geometry for Elementary Schools ( J. Graßmann 1817, 1824)

Geometry is a construction in “pure intuition” Geometry is an application of pure cognitive 
constructions on exterior spatial relationships, 
1844 (A1)

Geometry for Elementary Schools possesses two 
elements: linear and angular magnitudes. The 
methodological work begins with lines, contin-
ues with angles and, finally, the combination of 
the two. 

Plan for the structure of the first and second part 
of Extension Theory:
Part 1: treats affine n-dimensional geometry 
without metrics, based on oriented displacements 
and exterior products.
Part 2: treats the relationship arising from a 
generalized concept of angle and rotation, basing 
them on the inner product of vectors in the 
framework of n-dimensional Euclidean geom-
etry. 1844 (A1). 
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Justus Günther Graßmann Hermann Günther Graßmann

Demands a unitary, stepwise structure for the 
representation of mathematics.

Presents a stepwise structure for his Extension 
Theory, gradually extending the concept of prod-
uct and implicitly relying on group theory and 
the principle of permanence. 1844 (A1).

Rejects the Euclidean way of teaching and repre-
senting geometry.

Shares this view, 1844 (A1).

Combines geometry and combinatorics. Combines n-dimensional geometry and com-
binatorics. Considers vectors and multivectors 
“continuous complexions”. 1844 (A1).

Uses the principle of movement to generate 
geometrical objects, begins with the point as the 
“limit of all extension”.

Uses the principle of movement to generate geo-
metrical structures of arbitrary (finite) dimen-
sionality through “continuous change of the 
element” with one fixed direction. 1844 (A1).

Transfers concepts from algebra to geometry; 
e. g. surface of a rectangle as the product of two 
adjacent sides.

This was the direct point of departure for 
Hermann Graßmann in developing vector ad-
dition and the exterior product of vectors. 1840 
(EBBE).

Peculiar German mathematical concepts. Same tendency. 1844 (A1).

 
II. Approaches and concepts in the treatise  

On the Concept and Extent of the Pure Theory of Number (ZL) of 1827

Philosophical reflection on the foundations of 
mathematics.

Philosophical introduction to the Extension 
Theory of 1844. 1844 (A1)

Mathematics must be adequate to its object and 
serve as a model when applied to the natural 
sciences.

Expresses the same demand as early as the gradu-
ation thesis on the theory of low and high tides. 
1840 (EBBE).

Believes that mathematics leads to an under-
standing of the divine and is a religious practice.

Hermann Graßmann does not express this view 
explicitly in his work on mathematics and the 
natural sciences.

Generates mathematical objects constructively 
by mathematical synthesis in “pure intuition”.

Generates mathematical objects constructively 
by mathematical synthesis in “pure thought”. 
1844 (A1).

The point of departure of mathematical synthe-
sis is something that is simply “given”, abstracted 
from all real content.

The point of departure of mathematical synthe-
sis (or construction) is something “posited” by 
thinking, the “particular as such”, abstracted 
from all real content. 1844 (A1).

Mathematical synthesis may be continuous or 
discrete, the given may be equal or unequal.

Shares this view. 1844 (A1).
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Justus Günther Graßmann Hermann Günther Graßmann

Division of the mathematical disciplines:

discrete continuous

equal theory of  
number

geometry

unequal combinatorics ?

Division of the mathematical disciplines:

discrete continuous

equal theory of 
number

function theory

unequal combinatorics extension theory

Geometry as a mathematical discipline and 
a representative of the theory of continuous 
magnitudes.

Geometry as the theory of physical space. Its 
mathematical correlate is extension theory. The 
theory of continuous magnitudes is independent 
and does not rely on geometry. 1844 (A1).

Natural numbers as the product of a type of 
mathematical synthesis with no corresponding 
truth-value.

Direct constructive generation of whole num-
bers in the treatise on arithmetic. 1860 (LA).

The concept of number is directly connected to 
the concept of unit.

The concept of vector is an aggregate of n inde-
pendent units. 1861 (A2).

Conceptual differentiation of two elements of a 
conjunction. Base and exponent in a power are 
non-commutative.

Factors in the exterior product of vectors are 
non-commutative. 1840 (EBBE).

 
III. Approaches and concepts in the treatise On Physical Crystallonomy and the Geometrical 

Theory of Combinations (KRY) of 1829

Founder of a new, independent science, the “geo-
metrical theory of combinations”.

Founder of a new, independent science, “exten-
sion theory”. 1844 (A1).

Feels the necessity to explain the genesis and 
development of the theory, and its content, 
extent and form.

Same approach in the Extension Theory of 1844. 
1844 (A1).

Begins the “geometrical theory of combinations” 
without relying on metrics.

Founds extension theory without relying on 
metrics. 1844 (A1).

“Length and orientation” of lines as the basis for 
the “geometrical theory of combinations”.

“Length and orientation” of displacements as the 
basis of extension theory. 1844 (A1).

“The point of intersection is the product of a 
combination of two lines.”

The point of intersection is the regressive product 
of two straight lines in a plane. This is one of the 
foundations of the “purely geometrical” theory 
of curves. 1844 (A1).

The theory of combinations implies the possibil-
ity and presence of a large number of multiplica-
tive conjunctions in the “geometrical theory of 
combinations”.

Develops large number of exterior, inner and 
formal (tensor) products of vectors and multi-
vectors in extension theory. 1844 (A1), 1847 
(PREIS), 1861 (A2).
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Justus Günther Graßmann Hermann Günther Graßmann

Takes the theory of combinations of Leibniz as a 
direct point of departure.

Modifies and develops Leibniz’ “geometrical 
characteristic”. 1847 (PREIS).

Demands a critique of the foundations of mathe-
matics and a new, better philosophy.

Works on a critique of the foundations of 
mathematics together with his brother Robert 
Graßmann, especially in 1847/48 and 1856/57.

2.2 Robert Graßmann (1815 – 1901): Brother and collaborator

From the early 1840s to the early 1860s, Hermann Graßmann was very busy with his 
research in mathematics and the natural sciences, apart from his political activities. This 
was a period of intense collaboration with his brother Robert Graßmann (1815 – 1901). 
Robert was among the people Hermann Graßmann felt closest to, along with Friedrich 
Schleiermacher and Justus Graßmann. All three played an important part in shaping 
Hermann Graßmann’s worldview, as well as his political and scientific development. It 
is impossible to understand his life and achievements without also understanding the 
relationship between the two brothers.

As in the cases of the von Humboldt or the Grimm brothers, Hermann and 
Robert Graßmann – leading their lives in Stettin and quite isolated from scientific 
life – were partners, inspiring and criticizing one another while each brother devel-
oped his worldview, his political and scientific positions. Concerning their characters 
and temperaments, they were completely different. Hermann was persistent, diligent, 
 timid,  modest, completely immersed in scientific work and not a good socializer. 
 Robert was very aware of outer appearances, a practical personality, very involved in 
political and economic life, sure of himself and not exactly a modest person. Never-
theless, for the most part of their lives, both brothers were united in friendship and 
scientific collaboration. 

As early as 1835, during his days as a student in Berlin, Hermann Graßmann wrote 
the following lines to his twenty year-old brother, referring to a disagreement between 
the two: “And therefore we  … will learn from each other and adopt what we have to 
offer to one another intellectually, but without agreeing to something outwardly when 
we are not completely convinced inwardly.”86 

This mindset, which expressed the potential and the limits of a collaborative re-
search effort, was to become the foundation for subsequent studies in the natural sci-
ences, mathematics, philosophy and politics. This is how Robert Graßmann remem-
bered the collaboration in 1896: “The two of us were intimate friends, and for a number 
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of years we spent hours working together, every day, in the fields of philology, philoso-
phy, mathematics and physics.”87 

Robert Graßmann, born in 1815, spent the first years of his life with his uncle, 
school councilor Friedrich Heinrich Graßmann, whose marriage had been childless. 
Later,  Robert claimed to have already spent two to three hours every day studying mathe-
matics and physics when he was an advanced secondary-school student. After having 
graduated from “Gymnasium”, he took up university studies in Bonn in 1834. The results 
from his first semester were so promising that he was made a member of “Seminar for the 
entire natural sciences”.88

We may assume that the death of his sister Alwine in November of 1834 affected 
him strongly, for he radically turned his back on the natural sciences and concentrated 
almost completely on theology. Only in the third and fourth semester did Robert Graß-
mann slowly focus on other subjects again, attending classes in the history of philosophy, 
logic, psychology and anthropology. In contrast to his brother, who traveled little, and 
thanks to financial support from his uncle, Robert went on long trips through Germany, 
Switzerland, Italy, Austria, Belgium, the Netherlands and France. After having completed 
his studies in Bonn, he spent another two semesters at Berlin University, studying almost 
exclusively theology and mostly attending lectures by August Wilhelm Neander. 

According to documents left behind by Robert Graßmann, he studied mathematics 
with Carl Dietrich von Münchow, the natural sciences with Ludolph Christian Trevi-
ranus and Heinrich Wilhelm Dove. He also learned about philosophy from Christian 
August Brandis and Immanuel Hermann Fichte, while also attending theology classes 
by Neander, Friedrich Bleek and Karl Immanuel Nitzsch.

In 1838, he passed his first examination in theology and returned to Stettin.
Back home, now working as a teacher, he concentrated on mathematics and the nat-

ural sciences and got in touch with J. A. Grunert, who was the president of the recently 
established Pomeranian scientific examination commission in Greifswald.  Grunert ad-
vised Graßmann on further reading for his autodidactic studies of mathematics:  Lacroix, 
Ettinghausen and Cauchy for analysis, Biot for analytical geometry, Francoeur for me-
chanics and Lagrange for the theory of analytic functions. 

While he resumed his studies, he taught for three months at the Stettin seminar for 
teachers, standing in for another colleague and then, during another three months in 
1839, for the director of the seminar. He also served in a military division of engineers 
(1838/39), where he invented a galvanic fuse for mines.89

After his release from the army – his brother had been exempted from military draft 
due to his weak physical condition – as an engineering corps officer, he tackled the ex-
aminations he had to take in order to become a teacher. His brother Hermann intro-
duced him to the work of Lagrange. Robert Graßmann was in a hurry and had many 
other obligations. 
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On 28 December 1839, Grunert presented Robert’s application for an examina-
tion in mathematics, physics and philosophy to the commission.90 Ernst Stiedenroth, 
professor of philosophy at the University of Greifswald, was responsible for the exami-
nation in philosophy. He asked Robert Graßmann to specify and criticize the reasons 
supporting the view that mathematics could not be a philosophical science.

Robert Graßmann immersed himself completely in this problem. He had to ask the 
commission for additional time twice, and his final paper, over a hundred pages long, 
remained unfinished. Robert submitted his examination theses on 24 July 1840. Unfor-
tunately, they have been lost. Stiedenroth was enthusiastic about Robert’s originality as a 
philosopher and his general competence. Even though Grunert still remarked certain gaps 
in Robert’s philosophical knowledge, he gave him full permission to work as a  teacher. 
Robert Graßmann had been the fifth candidate of the newly founded commission, and 
he had passed brilliantly, receiving the unconditional permission to teach mathematics, 
physics, philosophy and theology. Following his brother, he became a teacher in 1841. 

He began his teaching career at the “Friedrich-Wilhelmschule”, before receiving a 
permanent position at the “Höhere Töchterschule” in Stettin, where he would remain 
until his retirement in 1852. 

Even though both brothers had felt very close to each other since their childhood 
days – we have already seen how hard it was for Hermann Graßmann to leave his friends 
and family to work at the trade school –, scientific collaboration began only around 
1840. At this point in time both brothers had become teachers and turned to scientific 
work in their free time. 

All in all, it was a surprisingly asymmetric situation.
In his first examination on the way to becoming a teacher in 1831, Hermann Graß-

mann had not received full permission to teach mathematics in all grades. Concern-
ing philosophy, the diploma said that he had “incomplete knowledge about the results 
of philosophical investigations” and that he therefore was “still incapable” of “teaching 
philosophical propaedeutics”. Nevertheless, the document stated, he possessed “the kind 
of philosophical education necessary for developing general concepts methodically”91. 
He had to submit himself to a second round of examinations (1839/40) in order to at-
tain the unconditional permission for teaching physics and mathematics. This time, he 
passed the tests so brilliantly that his graduation paper, Theory of Low and High Tides, 
became the cornerstone of a new mathematical discipline. 

Robert, in contrast, did not have to try twice. While his knowledge of mathematics 
was incomplete, his philosophical graduation thesis on the relationship of mathematics 
and philosophy was highly praised. 

In 1840, the scientific paths which both brothers were destined to take were slowly 
materializing: on the one hand, Hermann, the philosophizing mathematician, on the 
other hand, Robert, a philosopher inspired by mathematics.
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In 1839, Schleiermacher’s Dialectic (DIAL) was published posthumously. Even 
though both brothers were very busy teaching, they immediately began to read the 
book in 1840, studying it together. After all, Hermann had been fascinated by Schleier-
macher ever since his days as a student.92 By reading Schleiermacher with his brother, 
Hermann added philosophical and methodological knowledge to his mathematical 
abilities. He acquired the tools he needed and, at Easter of 1842, he began working on 
Extension Theory.93 

Robert Graßmann felt equally inspired by Schleiermacher’s thoughts. Dialectic 
prompted him to begin working on a philosophical Theory of Thinking during the 
winter of 1844/45. This theory was supposed to provide a foundation for all scientific 
activities.

In the following years, the two brothers continued their philosophical studies. In 
1846 they worked on Hegel’s dialectics, but remained skeptical of its speculative na-
ture.94

Robert Graßmann on Hegelian philosophy (Theory of Thinking 1875)

“The Hegelian school of thought is the summit and, as it seems, also the end of these 
chaotic groupings and systems. Uniquely presumptuous, it rejects the procedures and 
results of the exact sciences. Only modern philosophers could be so blind to believe 
that the empty babble of their school captures the essence of things. With arrogance 
bordering on madness, they scoff at the Revelation and divine teachings, only to create 
God through formulas from the nothingness of their thinking. This school of thought 
has perpetrated unspeakable evil and is the reason why so many people are skeptical of 
philosophy. This has had dubious consequences for recent intellectual developments, 
and it has strengthened the rule of half-truths and empty talk.”95 

After having read Hegel, Robert was convinced once and for all that a new philoso-
phy, even a reconstruction of the entire edifice of knowledge, was necessary. “[W]orking 
almost daily for 4 to 8 hours”96, he invested over half a century of efforts into this ency-
clopedic project.

Hermann Graßmann’s discoveries formed the basis for their brotherly mathematical 
discussions. Hermann composed the first (and only) part of his Extension Theory (A1) 
in a short period of time, ranging from Easter 1842 until autumn 1843. Even though he 
was under a considerable strain due to his daily work as a teacher, he created different 
versions of his masterpiece, “now in the Euclidean form for the greatest rigor in demon-
strations and theorems, now in the form of a narrative development for the greatest 
clarity of arrangement, again with both woven together”97. In 1843, he presented his 
findings to a circle of close friends.98 Of course, Robert Graßmann also participated in 
the discussions.
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In 1844, Hermann Graßmann published Linear Extension Theory. Contemporary 
mathematicians ignored him almost completely. The philosophical nature of Graß-
mann’s approach probably also played a part in this lack of appreciation. Obviously, this 
raises a number of questions.

Did Robert urge his brother to choose this particular philosophical form for Exten-
sion Theory?

Had Robert been the philosophical mastermind during the genesis of Extension 
Theory?

Had the main inspiration not come from Schleiermacher, as some remarks by Her-
mann Graßmann might make us believe, but from Robert and his philosophical exami-
nation thesis?

We might go even further and ask the following question: Even though Robert’s 
paper on the philosophy of mathematics was highly praised, the most important con-
temporary philosopher of mathematics was Jakob Friedrich Fries. Did Fries influence 
the style of the first Extension Theory?99

We will explore these questions briefly.
In his “Picture of my Life”, which appeared in the introduction to the Edifice of 

Knowledge (“Gebäude des Wissens”), Robert Graßmann explained that he had dedi-
cated the greatest part of his studies to philosophy. “Among the ancients, he studied 
Aristotélēs and Plátōn, and among the moderns, mainly Hegel and Schleiermacher.”100 
If Robert Graßmann had read Fries, he probably was not overly impressed. R. Graß-
mann supplemented his Edifice of Knowledge with a “History of Philosophy”, the struc-
ture and contents of which confirm this assumption. 

“The following history of philosophy, which I offer as an introduction to the theory 
of knowledge, aims to outline the teachings of individual philosophers in reference to 
the theory of knowledge”, he wrote there, “ …whereas the latter will mostly ignore the 
fictions and illusions of the philosophers, which only served to fill the gaps created by 
incomplete knowledge and which were mostly worthless for the theory of knowledge 
and philosophy.”101

R. Graßmann continued by giving a selective recapitulation of the historical devel-
opment of philosophy, and of knowledge in the natural sciences and mathematics. This 
section probably contains elements from the lost examination treatise. Again, Fries is not 
mentioned in this history of philosophy. There is, however, a section on Schleiermacher. 
R. Graßmann called him “the most important critic … we have seen in recent times.”102

“Schleiermacher’s great merit”, he explained, “is that he was the first to truly grasp 
and introduce into science a theory of scientific discovery or speculation as the highest 
branch of the science of logic. He has this merit even though his idea remained stuck in 
a theoretical stage and even though Schleiermacher did not yet know how to use it to 
reorganize the sciences.”103
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And Robert went on to say: “According to his ‘Dialectic’ Berlin 1839, only two 
academic fields can show us the idea of knowledge. Both of these fields deal with the idea 
of knowledge, that is to say, the mutual relationships between thinking and the exist-
ent. Dialectics, which deals with the oppositions within unity, does so in the concep-
tual frame of the general, whereas mathematics, which only deals with equal and un-
equal magnitudes, does so in the conceptual frame of the particular. According to him, 
every real thought contains as much science as it contains dialectics and mathematics 
(§§ 344 – 346). Mathematics is closer to the empirical, dialectics closer to the speculative 
form. The empirical process always precedes the speculative process, contextualizing it. 
Schl. is completely on the mark in these theorems; but, as he remarked himself, he lacked 
knowledge of mathematics …”104

These extensive quotations prove that Schleiermacher was a major influence on 
Robert Graßmann’s concept of philosophy. In turn, his brother Hermann had been 
responsible for this. He had been the one who had inspired Robert to study Schleier-
macher’s Dialectic.

In their understanding of mathematics and philosophy, both brothers relied di-
rectly on Schleiermacher, though they both took up different aspects. It seems as if one 
sentence could sum up the decisive difference between the brothers’ views: “The empiri-
cal process always precedes the speculative process, contextualizing it.”

Hermann would probably not have approved. In Hermann’s view, going back to his 
father, both processes interlocked. By synchronizing the methods of representation and 
research, both processes ensured the organic wholeness of the generated knowledge and 
the subject’s sovereign overview of his object.

Robert relied on Leibniz and followed his own interpretation of Schleiermacher: 
he founded his philosophy on what was given and an empirical precondition, language; 
then he continued with mathematics (as a theory of forms) and logic, constructing an 
atomistic monadology on this foundation and finishing his system with the realm of 
God and His angels.

Philosophically and methodologically, the Extension Theory of 1844 essentially re-
lied on Schleiermacher’s and Justus Graßmann’s philosophical and dialectical intentions. 
Only after the mathematical public disapproved of the work did Hermann seem to have 
accepted his brother’s concept.

In his memoirs, Robert wrote the following on the collaboration of the two brothers:
Hermann “was working on his treatise on low and high tides during the winter of 

1839 and 1840. … [He found] a number of laws concerning the addition and multi-
plication of lines or displacements. During the following years, he kept working on 
this and published ‘Die lineale Ausdehnungslehre’ in Leipzig in 1844. In this work, he 
mostly relied on geometrical magnitudes, or static elements, and tried to use these to 
elaborate the laws of this new science. …
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In 1847, the two brothers Hermann and Robert Graßmann joined forces to derive 
extension theory, independently from geometry and following the strict procedure of 
the development of forms, as an independent branch of pure mathematics and to extend 
it until it reached the limits of its validity. … Each one of the two brothers felt that, 
alone, he did not have the strength to think every idea through for every single opera-
tion, and that the whole affair could only be mastered by two minds. … Robert Graß-
mann’s merit is to have contributed to the general validity of the approach and the rigor 
of form, thereby also contributing to the solution of the problems in question.”105    

Obviously, Robert did not want to take responsibility for the form of presenta-
tion of the Extension Theory of 1844. In fact, he remained skeptical of its form, while 
subsequent mathematical works, such as the textbook of arithmetic (LA) published by 
Hermann, clearly bore the mark of his conception of formal rigor. 

Carl Gottfried Scheibert, Hermann’s brother-in-law who had published a Textbook 
of Arithmetic and Plane Geometry for secondary schools in 1834 and who was “totally in 
accord”106 with Justus Graßmann’s textbook of trigonometry (1835), wrote the follow-
ing words when Hermann Graßmann’s textbook of arithmetic was published in May of 
1861:

“But I am not at all inclined to learn more about the way mathematics has been 
developing recently, for it is a path leading away from school. The textbook written 
by my brother-in-law, Professor Graßmann in Stettin, is a typical example. I will try 
to put it mildly: This way of thinking seems to turn a mind into dried fruit, … while 
I consider systematical learning, which progresses along the lines of dialectically de-
veloping concepts, to be the pedagogical approach to mathematics. I take the ability 
of solving mathematical problems to be utterly insignificant in intellectual education 
and utterly inappropriate when it is supposed to show that somebody has received this 
education.”107 

Apart from the conceptual transformation of what was considered to be the es-
sence of mathematics and of the mathematical method, just the work of restructuring 
mathematics and founding extension theory was an immense achievement for the two 
brothers.

In 1890, Robert characterized their collaboration in the following way: “In 1847, 
the two brothers Hermann and Robert Graßmann joined forces to derive extension 
theory, independently from geometry and following a strict development of forms, as 
an independent branch of pure mathematics and extended it until it reached the limits 
of its validity. The two composed a booklet of 132 pages, which the author still has 
among his possessions. They began this collaboration by treating the theory of domains 
until reaching domains of n-th order and proving their independence from the original 
units. At this early stage, they found the theorem which stated that the sum of the or-
ders (“Stufenzahl”) of two domains is equal to the number of orders of the sum-domain 
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(“umfassendes Gebiet”), plus the number of stages of the intersection domain (”beiden 
gemeinschaftliches Gebiet”).

Then they derived the different kinds of multiplication and found the three types of 
multiplication: flattening (“Flachung”), which they called exterior multiplication, shad-
owing (“Schattung”) or inner multiplication, and additive (algebraic) multiplication.

In flattening, or exterior multiplication, they began by establishing the laws of flat-
tening, namely the laws concerning the change of sign when the flats (“Flache”) or fac-
tors are interchanged, as well as the laws of linear change. Then they treated the product 
of two higher-order magnitudes or the flats of the flats and the sum of these flats and 
developed the laws of relational flattening (“bezügliche Flachung”), as well as the laws 
of the complement to the principal domain and the laws of reduction to a domain.

In inner multiplication (shadowing), they established the relationship between in-
ner multiplication and the multiplication of the complement, as well as the theorems 
stating under which conditions the inner product will equal zero and the theorem on 
the equality of inner squares, or, in other words, the theorem which introduces angles. 

Finally, concerning additive multiplication or weaving (“Flechtung”), they devel-
oped the corresponding laws, introduced quotients, derived the laws for division, for 
the affinity and multiplication of quotients. They also discovered the powers of quo-
tients, as well as products with one or multiple gaps and a polynomial theorem for this 
kind of product.”108

Robert Graßmann’s explanations, which even outdo Hermann Graßmann’s peculiar 
German terminology, show very clearly how much progress H. Graßmann had made in 
1847 in his new mathematical discipline and how closely the two brothers were con-
nected – at least until 1848 – in their common scientific work. 

The scientific collaboration of the two brothers was not a unilateral affair. Hermann 
Graßmann inspired his brother by pointing him towards Schleiermacher (and towards 
the unity of the natural sciences and philosophy). He raised Robert’s awareness for the 
necessity of an analysis of the foundations of mathematics, especially of geometry, by 
developing his Extension Theory. Robert, in turn, paid his brother back by uncovering 
logical fallacies in mathematical definitions and by checking his brother’s mathematical 
reasoning. Robert always strove for the highest possible level of generality in mathe-
matical thinking.

The political upheavals of 1847 suddenly intruded on the two brothers’ research 
projects. Just like other parts of the country, Stettin was affected by violent protests 
against food shortages, while the bourgeoisie demanded more constitutional rights. 
They reacted by reading Schleiermacher’s Theory of the State (“Lehre vom Staat”, 1845) 
and Dahlmann’s Politics (“Politik”, 1835). By founding their own newspaper, in support 
of the monarchical and conservative side, the two brothers actively took part in the 
political struggles of 1848.
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Eight years later, the Graßmann brothers returned to scientific collaboration, which 
by then had become more sophisticated. Robert Graßmann later explained that they 
“gave up on their method of working together”. He went on to say: “They limited them-
selves to brotherly conferences. One of the two would come up with a draft and give a 
presentation; the other would quiz him critically and make objections. This method was 
extremely fruitful and inspiring. It quickly led them to the strictly scientific method in 
the individual branches of the theory of forms or mathematics, as well as logic. This work 
method quickly brought to light Hermann’s preference for the mathematical branches, 
for the theory of numbers and extension theory, while Robert, the other brother, was 
more interested in the philosophical branches, in logic and the theory of connections 
or combinations. Therefore, by late 1856, the two brothers practiced a division of labor. 
Hermann dealt with the theory of numbers and extension theory, Robert with logic and 
the theory of combinations.”109

The collaboration showed results with the Textbook of Arithmetic (LA), published 
in 1860 by Hermann Graßmann, and the second version of Extension Theory (1862, 
A2), which followed a strictly Euclidean form.

Robert, who in the following years concentrated on politics, waited until 1872 be-
fore publishing his summary of their collaboration in the book The Theory of Forms or 
Mathematics (“Die Formenlehre oder Mathematik”, R. Graßmann 1872). These three 
books are manifestations of Robert Graßmann’s ambition of attaining the highest pos-
sible level of generality and, in his results, of formal and symbolic abstraction. Unfor-
tunately, explicit explanations concerning the philosophical and dialectical aspects of 
the objects in question had fallen by the wayside. By 1872, both brothers had made 
major progress. Robert Graßmann’s book The Theory of Forms or Mathematics (1872) 
made him a pioneer of mathematical logic110 and a precursor of the reconstruction of 
elementary mathematics.111 In contrast, his enormous, ten-volume encyclopedic and 
philosophical Edifice of Knowledge (“Gebäude des Wissens”, R. Graßmann 1882 – 90) 
remained insignificant from a scientific point of view.

Even if we left aside Extension Theory, Hermann Graßmann’s achievements in the 
Textbook of Arithmetic (LA) are simply groundbreaking. Leaving M. Ohm112 far behind, 
H. Graßmann presented a concise and new foundation for arithmetic.113

Even though Robert Graßmann had become an indispensable partner in  Hermann 
Graßmann’s scientific development, he still could not make up for Hermann’s lack of 
contact and interaction with the most important contemporary mathematicians. In 
fact, Robert Graßmann was one of the factors hindering the public recognition of 
Hermann Graßmann’s mathematical ideas because he supported Hermann’s peculiar 
German terminology, even surpassing him in this scientific nationalism and thereby in-
creasing their isolation from mathematics at the time.

In this context, some remarks on Robert Graßmann’s worldview are appropriate. 
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As we have already seen, the interests of the two brothers began to diverge slight-
ly in the 1850s. The political events of 1848/49 certainly played a part in this. While 
 Hermann Graßmann limited his focus on mathematics and the natural sciences,  Robert 
Graßmann increasingly turned towards politics, philosophy and logic. Nevertheless, 
they kept up their discussions for many years.

Even though it is impossible to measure Robert’s philosophical influence on his 
brother point by point, Robert’s convictions often reappeared in a more moderate form 
in the writings of Hermann Graßmann. 

Concerning Robert Graßmann’s worldview and political positions, an essay on 
Ernst Moritz Arndt, written by Friedrich Engels in 1841 (Engels 1967b), is especially 
interesting. What makes this essay so useful is the fact that Arndt, in his opinions and 
his territorial, social and economic surroundings, had much in common with the Graß-
mann brothers. 

Friedrich Engels explicitly highlighted the connection in Arndt’s views between 
theological orthodoxy, German nationalism and political theory in late Romanticism. 
Engels interpreted this connection as a petit-bourgeois reaction to the War of Libera-
tion of 1813 – 1815. Engels emphasized that German nationalism was mainly directed 
against French cultural hegemony, but he also pointed out that its fascination for the 
“primeval German purity”114 also favored a reactionary mindset. Concerning Robert 
Graßmann, this certainly was the case. In his 1875 Theory of Thinking, he wrote: “When 
the French language came to Germany, so did French carelessness and immorality, ruin-
ing our aristocracy and princes.”115 For R. Graßmann, extreme nationalism was the only 
possible consequence:

“…for the schools, we demand German teachers, who have been touched by the 
truly German spirit and moved by the wind of German enthusiasm. We demand men 
who speak German, who think German and who are capable of introducing the chil-
dren to the German language and the German temperament.”116

When he went on to say that “[i]n German, we can find a German word for every 
concept imaginable, and it is the duty of scholars and teachers to find these German 
words and establish them in the language”117, this was the root of his obsession of ex-
punging foreign terms from scientific writing. It was this tendency which made it ex-
tremely hard to study the works of Hermann and Robert Graßmann and which, in the 
end, was responsible for the lack of public appreciation they both had to accept.

How could these tendencies become so influential in R. Graßmann? The answer 
lies in the economic underdevelopment of his surroundings and the scientific and ideo-
logical narrow-mindedness of the petite bourgeoisie, which, in this context, was deter-
mined to demonstrate its social weight by celebrating its “inertia”118.

Apart from R. Graßmann’s political views, his studies in mathematics and the nat-
ural sciences also resonated in his philosophical constructions. Firstly, R. Graßmann 
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transferred a mindset influenced by mathematics and the natural sciences to philosophy. 
This showed itself in elements of empirical realism, extracted from the natural sciences: 
“The path we will have to follow … is no other than the path which the great natural 
scientists, Copernicus and Kepler, Galilei and Newton, took. Once we have chosen this 
path, it will lead us to our goal, and necessarily so, for it is the path on which theorems 
from the natural sciences, obtained by empirical observation, become part of the reflec-
tive process of the mind. Just like every natural scientist, we begin with experience, ob-
taining theorems reflecting this experience through observation and testing, we correct 
errors, and then we compare our theorems and laws and look for patterns. In every one 
of these steps, we are completely in accord with the procedures of the modern natu-
ral sciences, and this is the only possible way to attain reliable and generally accepted 
knowledge. Therefore, we demand of every philosopher that he must follow this path if 
he wants to gain knowledge. And every theorem that has not arisen from experience is 
an unscientific theorem, a product of fantasy and devoid of all scientific value.”120 

Secondly, R. Graßmann gave an orthodox and theological interpretation of 
 Schleiermacherian – and, to a lesser extent, Hegelian121 – dialectics. This interpretation 
sought to connect dialectics to the natural sciences through a certain kind of mathe-
matical idealism: “The human mind must retrace the spiritual forms and laws which it 
finds in nature, recreating them in order to understand them. Every natural scientist 
must therefore know the theorems of the theory of space and of numbers, in short, of 
mathematics, just to be able to perceive and understand the laws of nature in the first 
place … [emphasis mine – H.-J. P.]”122.

Taking Schleiermacher123 as a point of departure, R. Graßmann defined God as the 
“deepest origin of all being and becoming … the deepest origin of all knowledge and 
understanding …”124: “All change, all life in the universe arises from the one and only 
God. All oppositions and chiasmata, which transform unity into diversity, arise from 
Him. …God creates from his free, immaterial will … creatures whose essence in the ex-

Robert Graßmann and the Germans

“The German Reich is a centrally located country and nevertheless, cut up by mountain 
ranges, it is at the same time the land of diversity and free progress. The Germans are 
tall and strong, diligent and well-organized, loyal and trustworthy, interested in their 
inner lives and therefore good-natured and mild. The German nation represents deep 
spirituality, classical music, and Germans are also men of science. In both respects they 
are the teachers of foreign nations, the true keepers of scientific and religious progress, 
a nation of thinkers and scientists, unrivalled by any other nation in the depth of their 
research, the universality of their knowledge, the sternness with which they struggle to 
solve the holiest of questions. No other nation equals their intimate spirituality and the 
melodies and harmonies of their music…”119      
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ternal world is divine, which obey His laws in their movement through empty space and 
therefore are external manifestations of His laws …”125 But Robert Graßmann’s concept 
of God was not merely pantheistic or deistic. Rather, in an orthodox and theistic sense, 
he declared God to be the active, guiding hand of all worldly events:

“So, at a given moment and at a given place, God intervenes”, R. Graßmann pointed 
out. “He is not the inert, passive idol of the philosophers’ fictions, but He is active, 
creative and in motion. He is a living and spiritual God, who gives the things their es-
sence and their movement, who gives us humans spirit and life, and gives all other, sim-
pler things the force of existence and causality, an eternal, immortal and inalienable 
heritage.”126 Even though R. Graßmann was a theoretical thinker with a great gift for 
logical coherence, he also strayed into irritating and simply weird fantasies about the 
current activities of God on earth.

Leibniz had been one of the key figures for Justus Graßmann’s theory of combina-
tions, Hermann Graßmann’s Extension Theory and Robert Graßmann’s logic. From a 
mathematical point of view, the insights of Leibniz had been useful and also sparked a 
number of ideas in different academic fields. Now, Robert Graßmann created his ontol-
ogy from a monadological point of view. According to R. Graßmann, God, a simple 
point-creature or monad, had created all other creatures – mass-creatures, ether-crea-
tures and spirit-creatures. Mass-creatures, which were more or less identical to contem-
porary concepts of particles in physics, belonged to the realm of necessity. Spirit-crea-
tures – human souls or “angel souls” – participated in the realm of freedom and chance. 
This is how R. Graßmann tried to unite mechanical determinism and personal freedom. 
At the same time, he modified Newtonian general laws and applied them to the spirit-
creatures, the immortal souls. Physicalism and speculation became intertwined in a spe-
cific way, and R. Graßmann had to give up on his initial principles of scientific work.

Robert Graßmann and the theory of the Divine world

In the introduction to his Edifice of Knowledge, R. Graßmann gave the following ex-
planations of his version of a science of God: “The science of God is a strictly scientific 
introduction to the Divine teachings and the Divine world. … The theory of the Divine 
world proves the existence of God, explains His general characteristics and then leads us 
into the realm of ether-creatures and ether-spirits in heaven. …the theory of the Divine 
world will be the theory of the heavenly life of mankind and will offer strict proof of 
our immortality.”127

“Every second, on all the different earths, God creates 30.000 million spirited creatures 
or humans, every year a trillion humans, and He has been doing so for thousands of 
years”, he wrote in a different section, meditating on the creation of millions of earth-
like planets and even more human beings. “But even before this epoch, God was not 
idle, but created innumerable stars and creatures.”128
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But this monadology also gave rise to an impressive case of hypothetical construc-
tion in the philosophy of nature: in 1862, Robert Graßmann published his and his 
brother’s ideas on atoms and the ether.129 Unfortunately, Hermann Graßmann’s specific 
contributions to this model are hard to discern.130 Two aspects of the brothers’ concept 
of the ether and atoms are worth mentioning in this context: 

The ether is an imponderable particle-gas. The ether particles consist of a 1 
positively and a negatively charged electric elementary particle, which revolve 
around each other. 
Atoms are not the smallest elements of nature. They consist of a nucleus (mass 2 
particle) and orbits of positively and negatively charged electric elementary 
particles. The orbits determine the chemical and electric properties of the at-
oms, that is, the molecular properties of bonds and dissociation behavior. The 
orbit determines the spatial dimensions of the atoms.

Friedrich Kuntze made the following remarks on this point: “Here we can see that, in 
1862, about twenty years before Helmholtz’ speech on Faraday, the Graßmann brothers 
taught the atomistic structure of electricity. And we can also see that, according to the 
Graßmanns, atoms were not the smallest elements in chemistry, but also that they did 
not recur to the traditional explanation which stated that atoms consisted of hydrogen 
atoms or particles of such atoms, or – generally speaking – of material elementary parti-
cles. Instead, they used elementary quanta of electricity to explain the structure of atoms 
and their chemical properties.”131 

In many ways, the Graßmanns’ hypotheses on atoms were decades ahead of similar 
models in physics, but they went unnoticed in physics at the time.

Finally, we will have to remark that R. Graßmann’s eclecticism is unsettling and fasci-
nating at the same time. On the one hand, he gave extremely strange explanations on the 
physical properties of “angel souls”, on the other he developed fascinating atomic models. 

Despite speculations about the high number of worlds created by God and the 
corresponding number of Saviors, R. Graßmann also expressed interesting dialecti-
cal thoughts: “We call two concepts or things, which are fundamentally different and 
form two elements of a unity, an opposition”, he wrote in 1875. “Therefore we can say 
that it is the task of philosophy to search for the oppositions in unity, and the unity in 
oppositions.”132 R. Graßmann even brought forward a type of realism which bordered 
on materialism, as in the following statement: “ …if we call space and time, in which 
beings interact, reality, then we can also say that beings are real, interacting things. In 
contrast, concepts are intellectual representations of these real things, and they exist only 
in the mind, not in space, only in thinking, not in reality.”133

In philosophy and the theory of science, Robert Graßmann clearly opposed every 
perspective favoring a purely subjective construction of the world in the human mind. 



130 Chapter 2. Graßmann’s sources of inspiration

He rejected this position for its arrogance and because, in his view, it meant rivaling 
God’s creation of the world: “It certainly is a sublime task”, he wrote, “when the mod-
ern theory of science aims to create the entire world of spirit and reflection from the 
nothing ness of thought. In the domain of thinking, this is as if, in the domain of ex-
ternal action, man aimed to create from his bodily nothingness without any material, 
without any tools and strength, the entire world of physical objects: suns, planets, and 
earthly creatures.”134

Robert Graßmann’s philosophical views arose from a confusing synthesis of spon-
taneous materialism, inspired by the natural sciences, the Romantic dialectics of na-
ture, Fideism and classical bourgeois philosophy. A provincial flower on the tree of 
knowledge, this philosophical position turned to the past in order to find answers for 
the present. Nevertheless, in a limited context, it was capable of exerting considerable 
influence on research in mathematics and the natural sciences. 

2.3 Friedrich Schleiermacher’s impact on Graßmann  
and fundamental thoughts from his lectures on dialectics

Friedrich Daniel Ernst Schleiermacher was one of the most remarkable personalities of 
early 19th century Germany. He was a theologian, philosopher, pedagogue and politi-
cian. His historical epoch was one of gradual political changes, implemented by the 
German bourgeoisie. The bourgeois Revolution in France (1789) and the Industrial 
Revolution in England announced the end of feudalism and the triumph of capitalism. 
As a consequence, a unique historical period of change shook the intellectual realm of 
ideas in which the greatest minds of the Enlightenment, of Classicism, Romanticism 
and Neo-Humanism were fighting for supremacy. 

Even though Schleiermacher’s philosophical work is as abundant as his theological 
writings, his achievements were received very differently. He was hailed as a “19th century 
Father of the Church”135, but, as Fischer remarked, his philosophical work remained “as-
tonishingly ineffective”136, even though Schleiermacher’s system of the sciences “was as 
sophisticated as any other concept from German Idealism”137. 

But the Graßmann brothers reacted very differently to Schleiermacher.
“As a man of feeling, Schleiermacher was pious. As a man of thought, he was 

godless”138, Robert Graßmann wrote in his “History of Philosophy”: “Needless to say, his 
theory of God therefore turned out to be an incoherent, unscientific structure …”139 

In contrast, both brothers valued Schleiermacher as a philosopher. As we have al-
ready seen, in his curriculum vitae of 1833, Hermann Graßmann claimed that he owed 
Schleiermacher infinitely in matters of the spirit, because Schleiermacher had taught 
him “to approach every branch of science competently. He did this not by giving posi-



2.3  Friedrich Schleiermacher’s impact on Graßmann  131

tive elements, but by showing how it was possible to approach every investigation cor-
rectly and continue it independently, thereby enabling the scientist to find the positive 
elements on his own”140. Generally speaking, though with less biographical enthusiasm, 
Robert Graßmann shared this view.141

Surprisingly, the words of Herman Fischer, one of the editors of the German edi-
tion of Schleiermacher’s collected works, capture the Graßmanns’ position concerning 
Schleiermacher’s philosophical views very well: 

“His dialectical style of thinking”, Fischer says, “enabled him to relate every phe-
nomenon to something else, to contextualize phenomena scientifically and interpret 
them as parts of a larger whole. He rejected all radical alternatives and absolute op-
positions. Every theorem potentially contained its opposite. Schleiermacher’s dialectics 
was not an exclusive, but an inclusive method, and he made it into the foundation of 
an impressive structure in the theory of science. By connecting recognition and action, 
or, as Schleiermacher also put it, symbolic and organizational action, the categories of 
the individual and the general, of speculation and empirics, he showed the reader how 
problems were connected. Schleiermacher used the process of relating speculation to 
empirics as a guiding principle of philosophical reflection. In the movement of German 
Idealism, this was exceptional. Schleiermacher’s way of solving problems remained in-
fluential even after the epoch of speculative philosophy had ended …”142 

Schleiermacher was a fascinating personality. Not only Hermann Graßmann, even 
the young Friedrich Engels was impressed. Schleiermacher was not simply an excep-
tional personality at a time of groundbreaking changes, “he embodied an intellectual 
and cultural position, he stood for an entire epoch.”143

The life and works of Schleiermacher are like a complement, like a contrasting al-
ternative to Graßmann’s provincial lifestyle. Nevertheless, Graßmann felt that he could 
relate to Schleiermacher, and this feeling was one of brilliant inspiration. 

Schleiermacher’s career is like “the other side” of Hermann Graßmann’s life. In 
his work, Schleiermacher had been moved by many feelings and trends: the Roman-
tic philosophy of nature, the resistance against Napoleonic foreign rule, the movement 
for school reform, individualism and intimate religious feelings, to name just a few. 
 Schleiermacher’s thinking had already been closely intertwined with the work of Justus 
Graßmann. It changed Hermann Graßmann’s views of life and influenced Robert in his. 
The brothers were inspired by Schleiermacher’s self-confident Neo-Humanistic liberal-
ism, which maintained a connection to the natural sciences through dialectic thinking 
without severing its ties to a deep feeling of religiosity.

Schleiermacher is an integral element of Graßmann’s biography. Therefore, we will 
begin by giving a rough sketch of Friedrich Schleiermacher’s life and works. 

Then, we will have to determine why Schleiermacher’s dialectics was predestined 
to exert a substantial influence on Hermann Graßmann’s concept of mathematics. The 
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point is that we are dealing with a unique historical case: a direct influence from philoso-
phy on the reconstruction of a scientific discipline.

The life of Schleiermacher

Friedrich Schleiermacher was born in Breslau on 21 November 1768. He was the oldest 
son of a Prussian Reformed military chaplain. From age 14 to 19, he and his brothers were 
educated by the Moravian Church (“Herrnhuter Brüdergemeinde”), a religious move-
ment which had arisen from Pietism and the Bohemian Reformation. In 1787, Schleier-
macher left this theological community, revolting against its dogmatic rigidity and strict 
system of surveillance. He began studying theology at the University of Halle, where En-
lightenment thought was very much alive. After having completed his two years of stud-
ies, Schleiermacher had to prepare his examinations in theology and search for a teaching 
position in a private household. Since such a position was nowhere in sight, he stayed 
with his uncle S. E. T. Stubenrauch. After having passed his examinations in theology in 
1790, he became a private teacher in the aristocratic von Dohna household, in the small 
town of Schlobitten. Initially, Schleiermacher and the family got along well. But, in 1793, 
his pedagogical methods first provoked a conflict, and finally an open disagreement with 
Count Dohna. Schleiermacher had to return to his uncle’s house in Dresden and began to 
prepare his second theological examination. In 1784, he became a minister’s assistant in 
Landsberg144 and resumed his work as a private teacher. His pedagogical work “was partly 
inspired by the new methods of Rousseau and the teachings of the French revolutionary 
movements …”145 In 1796, he took up a job at the Berlin Charité, becoming the hospital’s 
chaplain. The following years in Berlin influenced Schleiermacher strongly.

In Berlin, Henriette Herz, wife of the renowned medical doctor Marcus Herz, intro-
duced Schleiermacher to the city’s cosmopolitan and wealthy Jewish circles. These were 
private meetings in which brilliant bourgeois minds met: people like Schiller, Fichte, 
Jean Paul, W. von Humboldt, the Schlegel brothers, Arndt, Mirabeau, Steffens and Mme 
de Staël. Schleiermacher became a close friend of Friedrich Schlegel, and the two shared 
an apartment for a while. Friedrich Schlegel’s personality fascinated Schleiermacher and, 
for a longer period of time, he was strongly attracted to German Romanticism. In 1799, 
he published On Religion. Speeches to its cultured despisers (“Reden über die Religion”), 
reacting to the great “Controversy of Atheism”, which in the late eighteenth century con-
cerned the allegedly subversive philosophical views of Johann Gottlieb Fichte. A year 
later, the Soliloquies followed (“Monologe”, Schleiermacher 1914a). Since his theologi-
cal superiors disapproved of his connections to the Romantics, attacked his atheistic 
tendencies and frowned on his friendship with a colleague’s wife, Schleiermacher ac-
cepted a position as a preacher in the town of Stolp in 1802. In this state of isolation, 
Schleiermacher worked on his first, strictly scientific piece of writing, the Foundations 
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of a Criticism of Traditional Moral Doctrine (“Grundlagen einer Kritik der bisherigen 
Sitten lehre”, 1803). But since, in the long run, being a preacher in rural surroundings was 
not enough, Schleiermacher applied for a teaching position at the universities of Würz-
burg and Königsberg. As a consequence, the Prussian government made him a professor 
and preacher at the University of Halle. He quickly became an intimate friend of the 
natural scientist and philosopher of nature Henrik Steffens. When the Napoleonic army 
shook the foundations of the Prussian state in 1806, Schleiermacher became politically 
active. His sermons took on a political tone and, when Halle came under Napoleonic 
rule, Schleiermacher returned to Berlin. Based in Berlin, he got in touch with Stein, 
Scharnhorst and Gneisenau, and in 1808 he traveled to Rügen and Königsberg with 
secret missions. He met Bülow and fought to rejuvenate Germany by bourgeois means, 
hoping to shake the Napoleonic rule and spark a national uprising. He began giving se-
cret lectures in Berlin, along with Fichte, Wolf and Schmalz. For the first time, political 
theory became part of his repertoire. 

A year later, he became a member of the commission managing the foundation of 
the University of Berlin. Schleiermacher married Henriette v. Willich, who had been 
widowed by the early death of his friend. In 1810, W. von Humboldt invited him to 
participate in the Scientific Deputation on the Committee for Public Schooling, and 
Schleiermacher worked on carrying out Stein’s reforms. That same year, at the newly 
founded University of Berlin, he became the first dean of the Faculty of Theology. In 
1813, he participated in the “Landsturm”, which mobilized the population against the 
French. He founded and edited a journal, the “Preußischer Korrespondent”, and was 
accused of high treason due to his courageous opposition to reactionary movements. 
For the rest of his life, Schleiermacher was observed by the police and under attack 
from reactionary political groups. In 1815, he was removed from the Committee for 
Public Schooling. Two years later, his lectures on the theory of state were censored. In 
1819, Schleiermacher vigorously opposed state interventions in university affairs and 
supported Professor de Wette. De Wette had lost his job as a consequence of the turmoil 
created by the politically motivated murder of the dramatist August von Kotzebue. In 
1823, he was interrogated by the police under the accusations of having offended the 
crown and of being involved in the gymnastics movement. At the time, gymnastics pos-
sessed a political dimension. During the Napoleonic occupation of Germany, Friedrich 
Ludwig Jahn conceived the idea of restoring the spirits of his countrymen by developing 
their physical and moral powers through the practice of gymnastics. Jahn opened the 
first open-air gymnasium in Berlin in 1811. The movement spread rapidly and, after the 
Napoleonic regime had ended, it was watched closely by the authorities. 

Schleiermacher publicly demanded a free press and democratic rights for the uni-
versities. The authorities also reacted aggressively to these provocations. In 1824/25, 
in an ecclesiastical dispute, he spoke against the “despotism of the church”. After many 
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years of hard work, he died on 12 February 1834, with many of his scientific manu-
scripts unfinished. 

These quite formal facts sufficiently illustrate Schleiermacher’s life, but they tell us 
little about his general importance. We will therefore highlight two aspects which will 
serve to explain the development of Schleiermacher’s worldview and political positions: 
1. Schleiermacher’s struggle for a philosophical and political position during his time at 
the Charité hospital in Berlin (1796 – 1802). 2. Schleiermacher’s path towards political 
maturity and the Napoleonic occupation. These two aspects will help us understand the 
social and intellectual conditions under which Schleiermacher’s views developed. We can 
only understand his lectures on dialectics if we also take this context into account. We 
will be in the position to judge the greatness and the limitations of his role in history.

Schleiermacher’s struggle for a philosophical and political position during his time at 
the Charité hospital in Berlin (1796 – 1802)

In 1796, Schleiermacher accepted a position as a chaplain at the Charité hospital in 
 Berlin. A year later, he became close friends with Friedrich Schlegel and became involved 
with the early Romantic movement in Berlin. In earlier years, he had already read Kant, 
Leibniz, Shaftesbury, Spinoza, Aristotle, Plato, Rousseau and Montaigne. Now he was 
looking for philosophical conversations in the cosmopolitan company of the Berlin Ro-
mantics. 146 This close contact lasted for five years, until Schleiermacher abruptly severed 
his ties and became a preacher in Stolp in the summer of 1802. During the Berlin period, 
Schleiermacher wrote two treatises, which are usually considered his most important 
works: On Religion (1799) and the Soliloquies (1800). Both were written under the sway 
of early Romanticism.

The young movement of Romanticism was inhomogeneous and full of contradic-
tions, and Schleiermacher’s relationship to the Romantics was a special one. For one 
thing, most of the early Romantics were writers with no fixed income.147 Schleier-
macher’s professional situation was more secure. He was able to help out Friedrich 
Schlegel, who was often short of money and trying in vain to obtain a position at the 
university. In this point, Schleiermacher’s financial situation differed from the situation 
most early Romantics found themselves in.

Like the early Romantics148, Schleiermacher had hailed the French Revolution 
enthusiastically. In 1791, he had declared his sympathy for that “good nation”149, the 
French, and in 1793 he had written in a letter to his father that “all in all, I love the 
French Revolution very much. Of course, … I cannot approve of the consequences of 
human zeal and exaltation.”150 But Schleiermacher rejected the revolutionary terror in 
France, which most early Romantics did not, and brought forward the humanistic po-
sition “that politics can never serve as a justification for murder”151. Therefore he also 
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hoped that Germany “may never fall for the harmful fantasy of imitating it [the French 
Revolution – H.-J. P.]”152. Here, Schleiermacher was closer to the bourgeois and na-
tionalist tendencies in German political life, which hoped that reforms could achieve 
in Germany what the Revolution had done for France. 

Schleiermacher’s way of seeing Antiquity and the Middle Ages also deviated from 
the Romantic mainstream. Early in life, he began reading Plato, Aristotle, Lucian, and 
others. In Berlin, Friedrich Schlegel, who was constantly planning new projects, urged 
him to collaborate on a translation of Plato. But the two never got far in their joint 
project because Friedrich Schlegel never stuck to long-term plans and discovered Ca-
tholicism through Indian philosophy. Eventually, Schlegel joined the conservative roll-
back.153 But Schleiermacher, for his entire life, remained true to the ideals he had found 
in Antiquity. From 1802 until 1809, he worked on the five volumes of his translation of 
Plato, which would prove to be extremely influential in 19th century Germany.154 When, 
at a later point in time, he had become a professor at the University of Berlin, he gave 
lectures on Greek philosophy. Schleiermacher profoundly believed in Protestantism 
and was a great admirer of the Reformation. The upswing of interest in the Middle 
Ages, which was inspired by Catholicism, left him cold. As opposed to his Romanticist 
friends, Schleiermacher did not end up rejecting dialectics155, but committed himself to 
reinterpreting and reconstructing dialectics, drawing on Plato. His lectures on dialec-
tics were the consequence of his attempts to apply the method of dialectics to science 
and epistemology. He began lecturing on this topic in 1811, relying on ideas which he 
had already developed in 1803 in his Foundations of a Criticism of Traditional Moral 
Doctrine.156 

The question of subjective idealism created another divide between Schleiermacher 
and the early Romantics. Even though Schleiermacher had been influenced by the Ro-
mantics and therefore tended to glorify inner values and creative individuality, and even 
though he was deeply impressed by Fichte’s “I”, he always tried to maintain the connec-
tion to reality. He did not share the early Romantics’ specifically aesthetic perspective 
on subjective idealism, saw no direct link between art and religion and, generally speak-
ing, kept his distance from Romantic poetics. 

“But when somebody separates philosophy and life as strictly as Fichte does”, he 
wrote to Brinckmann, “why should I be so impressed? He must be a great, one-sided vir-
tuoso, but he lacks integrity as a human being.”157 Fichte, Schleiermacher complained, 
paid too little attention to human individuality. 

Much to the annoyance of his Romanticist friends, Schleiermacher was a preacher. 
Nevertheless, he opposed contemporary Protestant theology. As early as 1789, he sent 
the following lines concerning the Christian dogma to Brinckmann. Some of the state-
ments from the letter would reappear in his 1799 treatise On Religion: “Without it 
[dogma – H.-J. P.], Christianity would probably never have become what it is today. It 
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could have been so useful that it might never have caused any harm.”158 Nevertheless, in 
1790, Schleiermacher passed his theological examination in Berlin.

Schleiermacher had spent his youth in the very religious surroundings of the 
Moravian Church, an experience which had made a lasting impression on him. Influ-
enced by ideas of Rousseau and Herder, he developed an ethical theory stressing the 
importance of individuality. Schleiermacher’s religious views, which rely on feeling and 
intuition, arose from these influences. He rejected abstract rationalism and the unin-
spired, petit-bourgeois belief in human reason, two tendencies which loomed large in 
 Germany during the time of the French Revolution. Sharing this project with young 
Hegel, Schleiermacher attempted to use religion to transpose the achievements of the 
French Revolution to Germany. Just like Hegel159, he had lost interest in the Kantian 
categorical imperative and was fascinated by mystical, anthropological pantheism and 
Spinozism. 

He hoped to maintain his religion and therefore situated religiosity in the domain 
of intuition and feeling. Schleiermacher claimed that religion was an “intuition of the 
infinite”160, echoing thoughts from the early Enlightenment. Enlightenment thinkers 
had aimed to make religion “reasonable” by bringing God within the reach of human 
reason, establishing religion as the ultimate aim of moral life and bourgeois society. 
Schleiermacher, in contrast, found the essence of religion in sentiment and considered it 
an impulse towards morality. As Schleiermacher saw it, religion remained an “intuition 
of the universe” and the feeling accompanying this intuition161, but it no longer was a 
source of ethical and philosophical instruction and was completely detached from eth-
ics and philosophy. This view transformed many religious concepts and it was Schleier-
macher’s way of supporting an understanding of religion that made room for personal 
freedom and scientific progress, while at the same time being a liberal manifestation of 
the bourgeois ideals of freedom, independence and individuality.

These views were first expressed, under the sway of early Romanticism, in the trea-
tise entitled On Religion, which must be read together with the Soliloquies since some of 
the thoughts from the latter “clearly predate ‘On Religion’”162. By publishing these texts, 
Schleiermacher made an active intervention in the so-called “Controversy of Atheism”.163 
Schleiermacher knew from the beginning that these treatises would provoke the accusa-
tion of atheism.164 He claimed that God and immortality were no longer necessary pre-
conditions of religion165, and he “quite annihilated” the “common idea of religion”166. 
He also claimed that religion, morality and metaphysics had to be kept separate, and 
that mixing them up meant damaging each individual field. “It [religion – H.-J. P.] is not 
so ambitious of conquest as to seek to reign in a foreign kingdom”167 Religion, according 
to Schleiermacher, was linked to the “feeling for infinite and living nature …, whereof 
the symbol is variety and individuality”168. Religion was to become influential once the 
sciences and the arts had put a human face on the world. Inspired by a profound feeling 
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of optimism concerning the human capacities for recognition and creativity, he con-
cluded that a time would come in which “the perfecting of sciences and arts, those dead 
forces will be made serviceable to us, and the corporeal world, and everything of the 
spiritual that can be regulated, be turned into an enchanted castle where the god of the 
earth [that is, mankind – H.-J. P.] only needs to utter a magic word or press a spring, and 
what he requires will be done. Then for the first time, every man will be free-born; then 
every life will be at once practical and contemplative”169. 

Schleiermacher’s concept of human liberty is also very important in this context. 
Like Fichte during his pre-critical period, Schleiermacher believed in mechanical deter-
minism and spoke of an “absolute system of causal relationships in the human world. In 
Schleiermacher’s case, we can even assume that Spinoza was much more important …”170. 
On the other hand, Schleiermacher was referring to Fichte when he declared human 
freedom the supreme value: “And so, Freedom, you are for me the soul and principle of 
all things.”171 Schleiermacher’s worldview arose from the synthesis of both philosophi-
cal positions:

Human beings grow up under the laws of the universe. The universe shapes indi-
vidual existence and it cannot escape the influence of the universe. But, according to 

Fig. 45. Schleiermacher in younger years
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Schleiermacher, the universe aims to create “free spiritual beings”. Humans can under-
stand this through religion and by gaining awareness of themselves in self-contempla-
tion.172 Therefore, Schleiermacher saw individuality as a consequence of the laws of the 
universe.

If a human being succeeded in developing his character, he was free – not a sentient 
being that had freed itself of the universe (as in Fichte), but a free, moral form of life 
endowed with free will. By contemplating the universe in religion, one could also con-
template a form of life far superior to one’s own. As a consequence, one had to feel the 
obligation to become a free individual. God was the personification of and finite human 
concept for this superior form of life, and He “has at least the truth of a poetic symbol 
of what humanity should be”173. 

Schleiermacher believed that the easiest way for the individual to understand the 
universe was to understand its spiritual forms of life, human beings. To the religious 
person, “each man is meant to represent humanity in his own way, combining its ele-
ments uniquely”174. By interacting, human beings were capable of learning more and 
more about the universe and of embodying it in their own special way. Therefore, in 
Schleiermacher’s view, human beings were involved in a process of collective learning, 
striving to perfect their lives as individuals. Everybody had to become a “compendium 
of humanity”175. By gaining awareness of him- or herself, a human being was to become 
a free and strong character in a morally sound social environment. Therefore, a morally 
acceptable form of life was only possible in solidarity.

While Fichte’s philosophical system had stressed freedom, equality and brother-
liness, only freedom and brotherliness remained in Schleiermacher’s philosophy. The 
revolutionary concept of total equality among citizens had been replaced by the post-
revolutionary, liberal ideal of perfect individuality. This new ideal reestablished the link 
to Neo-Humanism and reinterpreted the tradition of thought going back to Herder 
and Goethe.

But Schleiermacher’s subjectivism, which had only grown stronger in the context 
of Romanticism, remained a secondary factor compared to thoughts about mankind 
and the unity of mankind: “The more every one approaches the Universe and the 
more they communicate to one another, the more perfectly they all become one. No 
one has a consciousness for himself, each has also that of his neighbour. They are no 
longer men, but mankind also. Going out of themselves and triumphing over them-
selves …”176

In Schleiermacher, radically subjective and idealistic tendencies, which appear espe-
cially in the last two parts of the Soliloquies, merge with the pessimistic and withdrawn 
worldview of the early Romantics. But, even though he relegated the dream of a better 
world to the future and to religious practice, Schleiermacher never lost touch with the 
real world. Joining the Romantics and Fichte, he became part of the choir of voices be-
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wailing the German misery: “Accept thy harsh lot, O my soul, to have seen the light only 
in such dark and wretched days. You can hope for nought from such a world to further 
your aspirations, it offers nothing for your inner development! You will necessarily find 
association with it a limitation, rather than an enhancement of your powers.”177 “How 
unavailing is the struggle of a superior mind, seeking moral cultivation and development, 
with this world that recognizes only legality …”178 But these statements also show how 
important the world was for Schleiermacher and that he firmly believed in a brighter fu-
ture: “O how deeply I despise this generation, which plumes itself more shamelessly than 
any previous one ever did, which can scarcely endure the belief in a still better future and 
reviles everyone who dedicates himself thereto …”179 “… my own belief that I shall meet 
with nothing that can hinder the progress of my self-development or drive me from the 
goal of my endeavors, lives in me because of past acts.”180 Schleiermacher’s moral world-
view rested upon faith, and action motivated by faith, because – as he saw it – the ideals 
of “eternal” reason had failed in the French Revolution and in bourgeois everyday life. 
This was a combination of acquiescence and a hesitant but optimistic attempt to change 
the world. Schleiermacher believed that all human endeavors should strive to improve 
morality and society. The church, the state and marriage were to be the pillars of this 
project. But since Schleiermacher saw no chance of establishing this moral community 
in late 18th century Germany, he could only experience it in a circle of close friends. He 
said of himself: “I am a prophet-citizen of a later world, drawn thither by a vital imagina-
tion and strong faith; to it belong my every word and deed.”181 It was this profound feel-
ing of trust in human progress which motivated him in later years to fight for bourgeois 
reforms despite the violent resistance of the feudal rollback. 

Therefore it comes as no surprise that Emil Fuchs, one of the most important reli-
gious socialists of the Weimar Republic, discovered Marx by reading Friedrich Schleier-
macher.182 

Schleiermacher’s path towards political maturity – hesitation and commitment 

Disagreements quickly dominated Schleiermacher’s relationship to Friedrich Schlegel, 
the most important representative of early Romanticism in Berlin. Shortly after pub-
lishing his Soliloquies, Schleiermacher explained his new intentions in a letter dated 
December 1801: “Apart from Plato, we will [walk] completely different paths in our 
literary work. He will present his quite poetical theoretical philosophy by writing po-
etry, and I will present my practical philosophy [emphasis mine – H.-J. P.] in a number 
of works …”183 In the following years, Schleiermacher became increasingly critical of 
 Friedrich  Schlegel.184 

Schleiermacher’s interest in practical change made him different from the Ro-
mantics of 1802. His rugged practical-mindedness, similar to Fichte’s temperament, 



140 Chapter 2. Graßmann’s sources of inspiration

resurfaced during his stint in Stolp. He was not interested in theoretical systems with 
no connection to reality. His aim was to actively help the human being in gaining 
awareness for his or her responsibility and personality: “One doesn’t have to worry”, 
he wrote in a letter from 1803, “whether or not a treatise which is not a purely ideal 
construction, but which aims to influence the way people think and live, will be com-
pleted. Such a treatise will either be published when it is needed and helpful, or it 
will never be written in the first place.”185 Isolated from scientific circles in his exile 
as a minister in Stolp (Pomerania), which began in 1802, Schleiermacher began to 
work on a book bringing forward a critique of moral theory by critically reviewing 
Kant, Fichte, Spinoza, Plato and Helvetius. While early Romanticism had emphasized 
the individual dimension of the self-aggrandizing Fichtean “I”, Schleiermacher began 
to rediscover the importance of a free human society. In the summer of 1803, after 
having lived through a profound personal crisis, he had fallen in love with Eleonore 
Grunow, the wife of a colleague he was friendly with in Berlin, Schleiermacher tried 
to get back on his feet.186 In November of 1803, he kept a cool distance from the 
“poetical school” of early Romanticism.187 He started leaning towards Schelling. The 
“individuation of the identical”, which to him expressed a basic fact about the world, 
turned into a core element of his theory of morality and dialectics. He began to regain 
his epistemological optimism: “All life is continuous becoming”, he wrote in a letter 
to Henriette Herz. “Life cannot stand still, it constantly moves ahead in an uninter-
rupted path of development.”188 

During his days in Stolp, Schleiermacher kept working on the issues that were 
bother ing him: how to become an individual in a social community. He criticized those 
“obviously infamous” clerics who would stick to their jobs “as long as their parish dishes 
out 1000 taler” and accused them of being “completely unaware of higher spirituality” 

Schleiermacher on philosophical systems (Schelling and Fichte)

“But certainly individuality is the best point of departure because it contains, simul-
taneously, the aspects of generality and identity. What else could the world be if not 
the individuation of the identical? And is it possible to grasp this when one only views 
things from one single perspective, as Schelling does, despite his famous indifference? 
… I always feel suspicious when somebody constructs a system by using just one single 
point of departure. When, like Fichte, somebody wants to create knowledge merely 
for the sake of constructing a dialectical argument, he will get knowledge, and nothing 
but knowledge. … The same thing happened to Schelling when he tried to understand 
nature. Now, if somebody had really grasped nature! But whoever wants nature to be 
so and so to begin with, will hardly come close.”189 (Letter to Brinckmann, 14 Decem-
ber 1803)  
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and of representing “a primitive and worldly way of thinking”.190 He raged against the 
German Philistines, who “usually find nothing in the heavens, because they have no 
imagination … All they are interested in is reason, reason in the bourgeois world, that is, 
the only world they know …”191 

To him, preaching was the last option for changing human nature under the given 
circumstances: “Today, preaching is the only way to influence the public opinion of the 
masses on a personal level. Naturally, from a realistic point of view, the image it offers 
to the people is a bleak one, for it doesn’t do much to change the world. But if there is 
somebody who speaks in public, who takes matters seriously and talks about how things 
should be, and not about how they are, and if we could be led to believe that only one or 
two people are paying attention, that must still be quite gratifying.”192 

In the following years, Schleiermacher always strove to bring preaching and lectur-
ing together. In 1805, in a letter from the town of Halle, he wrote: “I certainly expect to 
be able to show the students how speculation and faith come together by showing them 
how preaching and lecturing are connected; and I hope to enlighten and move them in 
two different ways.”193 Preaching was his way of appealing to the listener’s emotions and 
character. Lecturing at the university remained confined to the realm of reasoning. 

Schleiermacher’s work at the University of Halle fell into a time of transition. We 
will have to take note of his friendship to Henrik Steffens, whom he considered “a 
true priest of nature”.194 Steffens encouraged Schleiermacher to take a closer look at 
 Schelling’s philosophy of nature: “I take him to be the school’s deepest thinker, and 
a thinker who approaches philosophical problems from more than one angle. In this 
sense, I even prefer him to Schelling”195, he wrote in a letter to G. von Brinckmann in 
December of 1804. 

Schleiermacher continued to work on his practical philosophy and gave lectures on 
philosophical ethics, into which he introduced thoughts from the philosophy of nature 
and early Idealism. The creation of a truly humanistic world remained something to be 
expected from the future. The Prussian army’s defeat against the French in the battle at 
Jena and Auerstädt in October of 1806 was an event that led Schleiermacher, like many 
other bourgeois patriots, to let go of intellectual daydreams and focus actively on the 
problems which history had put on the agenda. 

Schleiermacher considered Napoleon a “tyrant”196. The only good thing he saw in 
Napoleon’s war against Germany was the fact that it might lead to an “inner renewal” 
of the German nation. To him, Napoleon was the destroyer who through his destruc-
tive force “helped” activate progressive tendencies in Germany. As early as June 1806, 
Schleiermacher mused that a “fundamental battle” was inevitable: it would be a battle 
“for our convictions, our religion, our spirit, as well as for our everyday freedom and ma-
terial possessions. … [A] battle … which the nations will fight alongside their kings…”197 
But Schleiermacher also expressed thoughts which were critical of the present and which 



142 Chapter 2. Graßmann’s sources of inspiration

placed hope in the future. Referring to Germany, he wrote: “Generally speaking, the 
political situation has so far been an empty promise and mere illusion. The gulf between 
the individual and the state and between the educated and the masses is far too wide for 
state and masses to mean something. This illusion must disappear, and only on its ruins 
will truth be able to arise. A general renewal has become inevitable …”198

Seeing himself as a martyr, Schleiermacher stood at the lectern and appealed to his 
listeners to resist the French oppressors, trying to improve the self-confidence of the 
lower and middle classes. Schleiermacher’s political maturity arose from these political 
interventions. He took a stand in the raging “battle of political factions in Germany”. His 
formerly suppressed urge for active participation was unfolding rapidly, and Schleier-
macher completely lost interest in the contemplative and withdrawn worldview of early 
Romanticism. In autumn 1807, he commented on this development: “Those isolated, 
small aspects of life have become completely insignificant in the grand scheme of things. 
If only I could contribute a tiny element to the big picture, this would now make me 
happier than being a big fish in a small pond.”199 In the meanwhile, his hopes for a new 
Germany took on a more radical form: “In order to create a new Germany, the old Ger-
many will probably have to be destroyed even more.”200 Nevertheless, his demands were 
never as radical as Fichte’s democratic political vision. 

A large majority of the Romantics had turned towards Catholicism. Schleiermacher, 
for his part, had turned his back on the Romantics: “Literature is almost dead”, he told 

Fig. 46. Henrik Steffens (1773 – 1845)
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his boyhood friend G. von Brinckmann in July 1812. “I despise those who become cath-
olic out of sheer weakness …”201. 

Collaborating with Freiherr von Stein, Wilhelm von Humboldt, Ernst Moritz  Arndt, 
and others, Schleiermacher had become part of the small group of bourgeois intellectuals 
actively involved in Prussian political history.202 He played a part in three reform projects: 
He worked on a church reform, prepared reform projects in the university world and, as 
a member of the council for culture and education, he also was involved in the measures 
that were being taken to improve the school system. Shortly before the founding of Berlin 
University, Schleiermacher took advantage of the occasion and published his personal 
views on the question (Schleiermacher 1808). 

When Wilhelm von Humboldt, who in 1809 was the managing director of the 
council for culture and education and therefore dealing with the process of founding 
Berlin University, read Schleiemacher’s treatise, he immediately released all other advi-
sors from their duties and relied exclusively on Schleiermacher. Three fundamental polit-
ical tendencies structured Schleiermacher’s views on the question: “Firstly, motivated by 
true patriotism, Schleiermacher defended the nation’s cultural and scientific tradition in 
his treatise … Secondly, he opted for independent scientific institutions and independent 
administrative procedures, unimpeded by the interests of the state or the church. And 
thirdly, he demanded democratic structures for the highest institutions of education.”203 

But, as early as 1809, Schleiermacher felt that his hopes for a new German nation 
were in vain. German patriots had hoped to organize a public uprising. Schleiermacher 
had been actively involved in the preparations204, but historical conditions were not right 
and the German monarchs had withdrawn their support. Schleiermacher had estab-
lished a union of active patriots, the “Tugendbund”, but Frederick Wilhelm III declared 
the project illegal and it disappeared from the scene. When Schill, the commander of a 
Berlin army regiment, attempted to spark a national revolt, the result was insignificant.

These events shook Schleiermacher’s belief in his ideals: “To me, our Prussia still 
seems like a floating island”, he wrote in a letter to Brinckmann in December 1809, 
“which could go under as easily as it could stabilize itself. My hope in a realistic renewal 
of the state, which began so well, is waning. And since our achievements are being un-
dermined, sooner or later things might suddenly collapse.”205

In 1813, Schleiermacher was particularly busy organizing armed militias. He was 
convinced that the presence of these groups in the entire country would guarantee na-
tional unity. Working as a journalist for the “Preußischer Korrespondent”, the patriots’ 
newly founded voice, he protested vehemently against the humiliating armistice with 
Napoleon (4 June 1813). As a consequence, the political forces of the feudal rollback 
declared him a key enemy, and Schleiermacher was spied upon until his death. 

He hoped that war would break out again and smother the reactionary and un-
decided political forces in the Prussian government, while “bringing the true voices of 



144 Chapter 2. Graßmann’s sources of inspiration

public opinion to power and giving the nation true pride, which still has not arisen from 
the anonymous masses”206. 

Only one year later, Schleiermacher was in a position of political isolation and dis-
illusioned about his ideals for the German nation.207 He felt as though his views made 
him “a stranger to most people” and that his contemporaries had no “awareness for the 
spirit and the needs of our time”. He also complained about a general lack of insight 
into “the creative force of history” and that “wherever I turn, the future is becoming 
bleak”.208 In the following years, the authorities gradually removed Schleiermacher from 
all influential positions, treating him like most progressive reformers and attempting to 
neutralize his political authority. But Schleiermacher stuck to his liberal views and the 
bourgeois reform projects dating back to the War of Liberation against Napoleon. Fear-
lessly he defended these reforms against the political forces attempting to erode them.

On a number of occasions he intervened in the political battle for citizens’ rights 
and bourgeois influence. When the dramatist Kotzebue was murdered by a student, the 
authorities used this as an excuse to crack down on the patriotic movement. A colleague 
of Schleiermacher, Professor de Wette, had gotten into trouble over the affair. Schleier-
macher declared his solidarity with de Wette and considered “illegal” means in the fight 
for the gymnastics movement and the independence of the universities. 

Schleiermacher’s path towards a mature political position not only made him an 
enemy of the “higher church authorities”, but, as he put it, of “literally the entire ruling 
class”.209 Schleiermacher’s friendships were also affected by his political agenda: “Noth-
ing has remained from the old days except my heart”210, he told his old friend Brinck-
mann in 1822. Now, Neo-Humanistic thinkers and liberal-minded bourgeois scientists 
and politicians such as Alexander and Wilhelm von Humboldt, E. M. Arndt and Georg 
Reimer were on his side.

In September 1832, one and a half years before his death, Schleiermacher mourn-
fully summed up the political state of affairs: “Today, on the street, I had a long talk with 
Alexander von Humboldt, a fervent liberal who is very angry about the current state of 
German politics. I don’t feel exactly the same, but I am certainly not happy about how 
things are going … Often, it makes me sad to think that, when I leave this world, it will 
be my fate to see our German homeland in such a difficult condition, after having had 
so many plans and hopes …”211 

To be sure, the long-lasting hostility between Hegel and Schleiermacher is a curi-
ous historical phenomenon: While Hegel, the greatest theoretician of the revolutionary 
emancipation of the bourgeoisie, supported reactionary tendencies in real life, Schleier-
macher, who took up a rather a-historical position in his philosophical views, was an 
enthusiastic and charismatic fighter for the new German middle class in its struggle for 
political power.
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Schleiermacher’s lectures on dialectics

Schleiermacher held his first lectures on dialectics in 1811. He would keep lecturing on 
dialectics for over twenty years. He was constantly trying to make his thoughts on the 
subject clearer and more comprehensive. Therefore, we know of important revisions of 
the lectures, dating from 1814, 1818, 1822, 1828 and 1831. Schleiermacher did not live 
to see the publication of his Dialectic, a project very dear to him. Schleiermacher’s Dia-
lectic was first published in 1839 by Jonas, who could rely on original notes. This edition 
was centered on the series of lectures Schleiermacher had held in 1814, and it featured 
remarks and drafts from other years in the appendix. But this edition is hard to under-
stand for the reader. As the Schleiermacher specialist Wehrung argued convincingly, 
the different developmental stages of the text – which also were subject to a number 
of external influences – do not form an organic and logical body of text, but represent 
separate stages of Schleiermacher’s struggle for clarity. This also makes it hard to say 
which of Schleiermacher’s drafts especially inspired the Graßmann brothers, given the 
fact that they only had access to this compilation edited by Jonas.

An analysis of the history and genesis of Schleiermacher’s Dialectic and its concepts 
is beyond the scope of the present biography. Therefore, only a few essential tendencies 
and aspects of Dialectic will be mentioned here. They will give us an idea about what 
Schleiermacher was aiming for and how influential his Dialectic was.

Schleiermacher’s interest in dialectics was connected to the project of creating a uni-
versity for Berlin. He was in favor of strengthening the sciences during the Napoleonic 
occupation of the country. Schleiermacher was convinced that “structural changes in 
education” would effectively “annihilate the national spirit”, and therefore he did his 
best to contribute to the founding of Berlin University as a “shelter for German arts and 
sciences”212. In Schleiermacher’s way of conceptualizing human values, knowledge had 
become as important as faith. In his Occasional Thoughts on Universities in the  German 
Sense (“Gelegentliche Gedanken über Universitäten in deutschem Sinne”, 1808), he 
took up the Enlightenment’s ethical perspective on science and placed it in the con-
text of the fight for a unified, bourgeois nation state. He was very clear on the political 
dimension of science in bourgeois emancipation: “…the more the spirit of science is ac-
tive the more the spirit of freedom is active as well …”213. Discernment, Schleiermacher 
believed, frees “the person from servitude to any authority …”214 

Schleiermacher’s philosophical disagreement with Fichte and, to a lesser extent, 
with Schelling was the decisive impulse prompting him to create his own version of 
dialectics. In Occasional Thoughts he remarked that “the entire university, however, the 
prospering of its entire enterprise, rests on its not being the empty form of speculation [em-
phasis mine – H.-J. P.], wherewith its young charges are alone satisfied. It rests, rather, 
on the fact that from the immediate perspective available in reason and its activity, in-
sight develops in terms of the necessity and compass of all real knowing, so that from 
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the very outset any presumed opposition between reason and experience, speculation 
and empirical base is abolished.”215 These views were strongly influenced by Schleier-
macher’s prior interest in the philosophy of nature and the rapidly evolving natural sci-
ences. Henrik Steffens, a natural scientist and philosopher of nature, was a friend of 
Schleiermacher in Halle and played an important part in this context. Schleiermacher’s 
resistance against “pure speculation” in philosophy, against the way philosophy ignored 
empirical experience, made him focus on the problem of knowledge, as Kant had be-
fore him. His philosophy and the process of solving this problem were one. Therefore, 
Schleiermacher saw himself as an epistemologist and theoretician of science (in a wider 
sense). On the one hand, his philosophy had to deal with the structure of all knowledge. 
On the other hand, it had to investigate the question what knowledge was in the first 
place.216 Apart from these two aspects, the third element of philosophy was the “true 
dialectical art”217, which, according to Schleiermacher, was a way of unveiling knowl-
edge and which he later explained in the “technical part” of his Dialectic.

Schleiermacher’s Dialectic is part of the heritage of classical bourgeois philosophy, 
and it was an expression of the general struggle to find a theoretical answer to the awe-
inspiring progress in the natural sciences. Dialectic was a clear political statement in a 
time of “true political battles”, battles in which bourgeois reformers tried to combat the 
outdated social conditions of the country. This context gave Schleiermacher’s Dialec-
tic its progressive tone. Like Kant’s Critique of Pure Reason, it aimed to unite empiri-
cism and rationalism. Of course, Schleiermacher relied on the dialectical thinking of 
contemporary philosophical developments. But Schleiermacher’s project failed: he was 
incapable of finding a coherent solution to this enormous problem, which drove him 
to revise his system constantly. This situation made his Dialectic an intermezzo in the 
history of philosophy. In the moment of its completion, the political implications of 
Hegelian philosophy and the influence of Kantian philosophy on the natural sciences, 
which still had no inkling of developmental thinking, unfortunately made the philoso-
phy of Schleiermacher seem second rate.

Schleiermacher drew inspiration from a large number of philosophical systems. He 
relied on Plato, Spinoza, Herder, Kant, Fichte and Schelling, integrating their thoughts 
into a new structure. But many of these elements were incompatible, and they con-
stantly generated new contradictions in Schleiermacher’s attempts to create a synthesis. 
Schleiermacher was incapable of designing a coherent philosophical system. The large 

Friedrich Engels on Friedrich Schleiermacher (1839)

“…he was a great man, and I only know one man now living who has equal intelligence, 
equal power and equal courage – and that is David Friedrich Strauss.”218        
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number of drafts produced by Schleiermacher was an expression of his constant strug-
gle with the form and content of his philosophy. But the general goal of his Dialectic 
always remained the same: He was attacking speculative philosophy – even though 
Schleiermacher himself failed to find a true alternative – and attempting to draw the 
line between science and religion. “He is continuously fighting the self-isolating ten-
dencies in philosophy: at first, isolation from humanity, from life itself, from everyday 
labour, from poetry in the original sense of the word … Later [in his Dialectic – H.-J. P.] 
… isolation from real science”, Wehrung emphasized in his analysis of the location of the 
Dialectic in Schleiermacher’s entire oeuvre.219

Schleiermacher’s Dialectic sought an answer to the question: How is it possible to 
obtain objective knowledge? Therefore, it remained for the most part in the field of sub-
jective dialectics. Schleiermacher gave different answers to the question concerning the 
nature of dialectics. On the one hand, he defined dialectics as the collection of “princi-
ples of the art of doing philosophy”220, on the other hand he considered dialectics an “or-
ganon of knowledge, that is, the repository of all forms of constructing knowledge”221. 
The concept of dialectics dating back to Antiquity represented a third dimension of 
Schleiermacher’s philosophy. In this context, he defined dialectics as “a transformation 
of thought into language, which guarantees complete mutual understanding by always 
striving for the highest level of perfection, the idea of knowledge”222. This is to say that 
Schleiermacher’s fundamental aim was not to create an abstract and theoretical system, 
but to find a useable methodology for discovering knowledge. Therefore, Schleier-
macher’s theoretical reflections on the circumstances under which knowledge may arise 
and on the nature of knowledge were always directly linked to the epistemological ques-
tion which procedures and rules were capable of establishing something as knowledge. 
“When one wants to grasp the rules of conjunction in a scientific way,” Schleiermacher 
emphasized, “then they cannot be separated from the deepest foundations of knowledge. 
For in order to conjoin correctly, one cannot deviate from the way in which things are 
really conjoined, and the relationship between our knowledge and the things is our only 
proof.”223

Schleiermacher’s philosophical approach was tightly linked to his critical reception 
of Fichte’s subjective idealism: “A purely positive I and a purely negative non-I generate 
no world whatsoever.”224 “And if the organic activity is related to the activity of reason: 
then we create the organic impressions ourselves.”225 The underlying problem of sepa-
rating “knowledge from unspecific, arbitrary ways of thinking”226 could only be solved 
when the content of thinking was posited as being independent of thinking. These were 
the initial principles which took Schleiermacher back to Kant. Schleiermacher reestab-
lished the separation of rational understanding (“Verstand”) and sense-oriented impres-
sions (“Sinnlichkeit”) in thinking. In different contexts, Schleiermacher called these two 
elements reason and organization, intellectual function and organic function, or reason 
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and sense-oriented impression. According to Schleiermacher, thinking was the combina-
tion of reason and organization. Reason was to fulfill a guiding function, organization 
an animating function – reason gave form, and organization, sensual material. But more 
than Kant, Schleiermacher believed in the necessity of “organic affection”. To Schleier-
macher, the external world was more than a “thing in itself ”. It was a totality, a reality 
full of oppositions. Therefore, the criterion for truth had to be the correspondence of 
thinking and being. 

Wehrung, whose perspective was informed by philosophy of immanence, therefore 
felt obliged to say the following about Schleiermacher’s Dialectic: “The firm belief in 
the importance of sense-perception, along with reason, returned as the firm belief in the 
reality of an existent which had to give content to thinking and which made knowledge 
definite.”231

Schleiermacher’s concepts of space and time also expressed the gnostic and histori-
cal distance between Kant and himself. To Kant, space and time were nothing but forms 
of sensual intuition.232 Schleiermacher, in contrast, objectively attributed them to exter-
nal entities. Every objective being which existed in a world of oppositions inevitably had 
to exist in space and time.

Schleiermacher did not merely postulate that it was possible for categories as dif-
ferent as thinking and being to come together. He derived this insight from internal 
empirical experience in self-consciousness. According to Schleiermacher, it was in self-

Schleiermacher on thinking, being and knowing

“In every thought something that is being thought is posited outside thought.” 227

Knowledge “is that kind of thinking which corresponds to an existent.”228

Knowledge is “the correspondence of thought to an existent”.229

“Every thought that refers to something that is posited outside it, but does not corre-
spond to the thing that is posited outside it, is not knowledge.”230

The modern aspects of Schleiermacher’s concept of space

“Space and time belong to the object and are not confined to our representation of 
it.”233

There is no such thing as empty space, “for if it is not filled with matter, it is filled with 
action. … Space is the unfolding of being, time the unfolding of action. Internal space 
or filled space is a representation of a thing’s diversity within the unity of its existence. 
Every filled space is a representation of an internal opposition. Where this opposition 
ceases to exist … spatial relations also cease to exist.”234    
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consciousness that human beings experienced immediate identity, the immediate cor-
respondence of their own existence and thinking. From this type of correspondence, 
Schleiermacher extrapolated the possibility and necessity of the correspondence of ex-
ternal existents and thinking, which represented the basis for true knowledge: “Some-
body might say that the correspondence of thinking and existents is an empty thought 
because of the absolute distinctness and incommensurability of both categories. But in 
self-consciousness we experience both, thinking and the thing we are thinking of, and 
our life consists of the correspondence of the two.”235

This seemingly materialistic thesis quickly transformed into a perspective linked 
to Schelling’s philosophy of identity. The identity of the ideal and the real, of ideal and 
material aspects of human existence led Schleiermacher to establish the identity of the 
ideal and the real as an inherent characteristic of the “ultimate ground of all being”. 
Generally speaking, Schelling’s and Schleiermacher’s views concerning the identity of 
material and ideal aspects in absolute being were the same. But the two philosophers 
differed in their epistemological point of departure. Schelling’s experience of identity 
arose from intellectual intuition,236 Schleiermacher’s from inner experience. Obviously, 
Schelling’s Lectures on the Method of Academic Study (“Vorlesungen über die Me thode 
des akademischen Studiums”) were very influential here, especially lecture number 
one.237 In Schleiermacher, the correspondence of the ideal and the real did not remain 
restricted to the external world, to nature. He also applied this principle to thinking 
and thereby introduced further changes to epistemology. Reason and organization, 
and therefore also concept and “schema”, are the equivalents of the ideal and the real in 
exterior being. 

“The activity of reason is grounded in the ideal, but the organic activity is depend-
ent upon the effects of objects in reality: this is how being is posited both in the realm 
of the ideal and the real, and the ideal and the real coexist as modi of being.”238 Spinoza 
is a strong undercurrent in this view of the double nature of being. At the same time, 
Schleiermacher was thinking of Plato when he stated that the intellectual system of con-
cepts was timeless. This also was the case when he claimed that there had to be a natural 
correlative to the hierarchy of forces and phenomena in being (the string of concepts 
leading from the general to the particular).239 While, on the one hand, he kept the ideal 
world strictly separated from the real world, on the other hand Schleiermacher empha-
sized that, in the process of becoming, real knowledge could only be based upon the 
identity of both sides, that is, the intellectual and the organic functions. Concerning the 
relationship between thinking and existents, the tension between the material and the 
ideal was one of difference and identity, and Schleiermacher’s responses to this tension 
differed greatly in his drafts of Dialectic. But he also developed impressive dialectical 
thoughts, such as his reflections on the unity of thinking and language or the interrela-
tions of reason and perception in recognition.
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As for Schelling, the realization that reality was a totality of interconnected op-
positions was fundamental for Schleiermacher. Therefore, as he saw it, the act of pro-
gressing in oppositions was one of the basic functions of recognition. Schleiermacher 
had begun by deriving the identity of thinking and existents, of the ideal and the real in 
absolute being from the feeling of self-consciousness, and he had continued by think-
ing about the infinite “universe”. This led him to attempt to better determine absolute 
being conceptually, which to him meant speaking about God. On his path from spe-
cific conceptual oppositions to more general oppositions, the highest opposition of the 
real and the ideal confronted Schleiermacher with a boundary. This opposition on the 
highest level of generality represented, according to Schleiermacher, the limit under 
which “the system of oppositions extends itself ”244. Schleiermacher believed that the 
idea of being as the absolute unity of the real and the ideal was “no longer a concept”245 
of understanding. “Concerning its content, this idea is a concept, but concerning its 
form, it is not.”246 This was Schleiermacher’s answer to the weaknesses of Schelling’s 
concept of the absolute. Absolute identity, without the slightest opposition, could not 
be a point of departure for the project of understanding reality and its oppositions from 
a theoretical point of view. Absolute identity provided no reason for opposing tenden-
cies to arise.247 This prompted Schleiermacher to say that the idea of the absolute unity 
of being, from the formal point of view, was not a concept: “for nothing can be said 
about it. It is nothing but an act of positing, but it cannot diversify itself, it may not 
be structured as a system of oppositions”248. The transcendent foundation of knowl-
edge – Schleiermacher used Kantian terminology – was therefore unattainable. It lay 

Schleiermacher on thinking, language and speech

“Language only comes into existence through thinking and vice versa. They both need 
the other to become complete.”240 

“…all speech is a manifestation of thinking. Therefore, [thinking] … is a kind of inner 
intellectual activity which only becomes complete through speaking.”241

“what does it mean to think … Answer: It is the kind of intellectual activity which becomes 
complete by becoming identical to speech, and which refers to something which is posited as 
being external to this activity.”242

Speech “is a manifestation of existents, on the one hand, and on the other it is a con-
junctive structure of thinking. A word and segments of speech must have the same dou-
ble nature. … Every word symbolizes existents and the conjunctive structure of thinking 
at the same time. … Words are material elements of speech, but also always conjunc-
tive signs, or formal elements of speech, and also always manifestations of a part of 
being.”243          
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beyond the realm of concepts. Nevertheless, Schleiermacher did not give up on the idea 
of an absolute unity of the ideal and the real, because doing so would have meant the 
end for the concept of God, which stood for this unity. But these theoretical construc-
tions turned the concept of God into an empty indifferent formula, and Wehrung was 
correct when he noted that, in Schleiermacher’s Dialectic, “God was not identical to 
the limits [of concepts and judgments – H.-J. P.] which Schleiermacher had found, but 
beyond them. There was no way of proving His existence; Schleiermacher had to limit 
himself to offering an explanation: if there was a God, He could not be characterized 
by worldly and sensual predicates. For human beings, divinity had to be a ‘nothing’249 
… that is, a non-being, inexpressible. Every attempt at picturing the divine meant plac-
ing it in an inadequate context.”250 This was the path which Schleiermacher had already 
begun to take in On Religion, namely the project of criticizing religion in order to renew 
it. His compromises and contradictions were “corrected” at a later point in time by left-
wing Hegelians – such as Strauß and Feuerbach – or by anti-rationalist thinkers such as 
Schopenhauer and Nietzsche. 

Schleiermacher on the aim of dialectics

The aim of dialectics is “…to discover the inherent existence of God as the foundational 
principle of all knowledge, while considering this principle only a way of constructing 
true knowledge.”251    

By attempting to define and classify the main scientific fields from the perspec-
tive of this transcendent foundation, the notion of God, Schleiermacher was forced to 
establish a “notion of the world” along with his concept of God. In Schleiermacher’s 
view, God and the world were not identical, but contrasting notions: “In our thoughts, 
God is always posited as unity, and not as multiplicity, while the world is multiplicity 
without unity.”252 Nevertheless, he went on to say, we cannot really “posit multiplicity 
without … linking it to a certain form of unity”253. He reduced the force of this op-
position by describing the world as a unity, considering it a “totality of oppositions”.254 
Schleiermacher was clearly attempting to avoid an openly pantheistic worldview, and 
the following quotation shows us how far he was willing to go: “God = a unity which 
excludes all oppositions; World = a unity which includes all oppositions.”255 

Even though God and world were supposed to be transcendent concepts, their tran-
scendent qualities were incomparably distinct. According to Schleiermacher, human 
knowledge could continuously come closer to grasping the world. God, in contrast, was 
inaccessible to human thinking. Only emotions were capable of opening this door.256 
Concerning the discovery of new knowledge, Schleiermacher’s God represented the fun-
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damental range of possibilities (a theoretically constitutive principle), while the world 
represented the norm, a way of measuring the objective value of knowledge (a practically 
constitutive principle).257 This amounted to saying that the concept of God was irrel-
evant to the actual process of generating new knowledge. This led Hermann Graßmann’s 
brother Robert to conclude that Schleiermacher, as a thinker, was in fact an atheist: “He 
says nothing about the existence of God beyond the world. There is no way God could 
have existed without the world, and therefore we learn nothing about His existence be-
fore our world existed as well. The events depend on God, which is to say: they are linked 
to the laws of nature, and therefore divine intervention in miracles is unthinkable. As a 
thinker he can leave God out, and his system remains the same; …”258

The world was the only point of reference for Schleiermacher’s system of scientific 
fields. It was the true origin of knowledge. This meant that Schleiermacher’s views often 
connected Spinozism and pantheism to objective idealism, which gave his Dialectic its 
peculiar double nature. Its structural support was Schleiermacher’s dialectical method: 
“ …he [Schleiermacher – H.-J. P.] is better at distinguishing things clearly, at drawing 
lines, contrasting and conjoining concepts dialectically, than at putting together single 
particulars to form a whole and developing the individual moments of an idea organi-
cally”, E. Zeller wrote about Schleiermacher. “He loved to use a given as his point of de-
parture, to distinguish its different elements, to view it from contrasting perspectives, us-
ing one perspective to deal with the other, one aspect to explain the other, and vice versa. 
This is how, gradually, after thoroughly exploring all aspects of an argument, he finally 
came to a definite conclusion.”259 But Schleiermacher’s dialectical philosophy had the 
same limitations as Schelling’s: it was not a developmental dialectic. Even though Schleier-
macher viewed the world as a totality of oppositions, he never grasped the development 
of these oppositions. Despite the fact that he defined the unity of these oppositions as a 
unity of interrelated effects, as a “chiasma” of oppositions, this unity was never negated 
and taken to a higher level. A simple and inferior opposition could never generate a new, 
superior opposition (the famous Hegelian “Aufhebung”). In Schleiermacher, when the 
nature of oppositions changed, this always was a change in the sense of “more” or “less”, 
but never a movement which generated new oppositions. In this respect, Schleiermacher 
was never as profound a thinker as Hegel. Schleiermacher’s “structural and functional 
dialectic” was certainly capable of stimulating the development of the natural sciences 
at the time – in fact, even more so than Hegelian dialectics. But it offered no model for 
dynamic developments in society. Therefore, Schleiermacher’s Dialectic was an adequate 
expression of his strictly liberal, but anti-revolutionary political views. It comes as no 
surprise that Schleiermacher’s political position included the demand for constitutional 
monarchy. Evolution was already a part of his Dialectic, but revolution was not.

In the second, “formal or technical part” of his Dialectic, which represents about 
2⁄5 of the entire work, Schleiermacher investigated “knowledge in motion, in the process 



2.3  Friedrich Schleiermacher’s impact on Graßmann  153

of becoming”. Even though on the whole Schleiermacher’s Dialectic aroused very little 
interest in philosophy, this part is usually ignored completely or dealt with in a few 
remarks.

But it represents – and this is also how Schleiermacher saw it – the true core of his 
Dialectic. It is the focal point of all previous philosophical efforts, and it serves to secure 
objective knowledge in the process of recognition. At the beginning of the “technical 
part”, Schleiermacher explained once more what dialectics was all about, confirming our 
view: “Dealing with basic knowledge and rules of combination, it is supposed to be a re-
pository and a criterion. Basic knowledge is made up of two ideas (God and the world). 
We must develop the rules of combination from these two ideas.”261 Schleiermacher is 
now using the epistemological groundwork of his Dialectic to “construct” methodologi-
cal tools for different scientific fields. 

Schleiermacher emphasized the importance of induction, which was to form the 
basis for every deduction, and demanded that theory and empirics should form a unity. 
Wehrung pointed out that “[i]t is quite remarkable that, at the time, Schleiermacher 
… admitted that the deductive work of the natural sciences was strongly influenced by 
induction, that they were correct to rely on experience!”262 Schleiermacher was very 
much aware “that all speculative theories about nature are very shaky, and how much 
knowledge has been gained about nature by relying on the opposite method.”263 Schleier-
macher’s attempt to establish practical knowledge as a guideline for bourgeois science 
was a highly relevant contribution to the German bourgeois mindset shortly before the 
Industrial Revolution. We also should not overlook the influence of bourgeois Human-
ists such as Wilhelm and Alexander von Humboldt, who were friends of Schleiermacher, 
on his final concept of scientific inquiry in separate disciplines. But deduction was over-
valued in his reflections, and Schleiermacher was incapable of amending this problem. 
Schleiermacher kept returning to deduction. Wehrung characterized Schleiermacher’s 
dilemma correctly when he wrote: “His motto was: we must get as close as we can to reality; 
it was not: we must take reality as a point of departure.”264

P. Ruben on Schelling’s dialectic of nature

P. Ruben’s words also apply to Schleiermacher’s Dialectic:
“Schelling’s concept of the opposition as dualistically counterpoised forces or processes 
is an expression of the fact that he did not grasp the real unity of natural objects prop-
erly, which is to say that he did not grasp the dialectical opposition properly. In his view 
of the scientific understanding of nature, dualistically opposed processes can only exist 
when the (macroscopic) system in question is a closed system and when its external 
parameters always remain the same. But this excludes development, and equilibrium is 
the basis and the final goal of the system.”260   
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In the technical part of his Dialectic, Schleiermacher attempted to explain his 
“heuristic method”, which was supposed to enable scientists to find true knowledge in 
a process of recognition. He underlined the importance of analogy and congruence, of 
observation and experimentation. He rejected the way Idealism constructed reality in 
speculative thinking. The technical part of Dialectic expressed the book’s central mes-
sage: The importance of leaving the dichotomy of philosophy and empirical scientific 
disciplines behind!

The Graßmann brothers were especially impressed by the second part of the second 
section of the “formal or technical part” of Schleiermacher’s Dialectic – paragraphs 330 
through 346. In this part, Schleiermacher dealt with the question how new knowledge 
could be attained and how this knowledge could be integrated into a scientific con-
text. This was highly relevant for Hermann Graßmann, who was aiming to found a new 
branch of science, and for Robert Graßmann as well, who wanted to reconstruct the en-
tire edifice of science. The unity of induction and deduction, of scientific presentiment, 

Principles from Robert Graßmann’s Theory of Scientific Discovery which relate to 
Schleiermacher’s Dialectic:

“(1201): The human mind generates concepts. All concepts generated by the mind in 
one given field form a unity.

(1202): All concepts generated by the mind in one given field must essentially be one, 
while at the same time every single concept must be essentially distinct from all others. 

(1203): The human mind posits specific qualities by which it determines concepts, 
separates one from the other and distinguishes them. 

(1204): Every specific quality and distinctness is the consequence of the act of posit-
ing an opposition. Every opposition consists of (no more than) two concepts. The first 
concept is the contrasting term to the second, and the second the contrasting term to 
the first. 

(1205): A concept and its contrasting term are generated from a unity by an opposi-
tion. The mind posits oppositions within unities.

(1206): Therefore, concept and contrasting term form an opposition within unity. This 
means that every one of the contrasting terms constitutes the unity only in a one-sided 
way. 

(1207): A unity can be transformed into two contrasting terms when the two sides 
of two oppositions respectively are present in every one of the two oppositions, but 
connected in the first, and opposed in the second, in short, connected crosswise. This 
amounts to saying that the two contrasting terms in the unity are generated by a chi-
asma of two oppositions, by connecting two oppositions crosswise.”265        
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analogy and proof, architecture and heuristics of knowledge, which, if one wanted to 
construct it correctly, had to form a double relative opposition – all of these elements 
aroused their interest. They were explicitly discussed in Robert’s Edifice of Knowledge 
and brilliantly put to the test in Hermann’s Extension Theory.

Everything Schleiermacher had written before reaching the “formal or technical 
part” of his Dialectic had served to create the foundation for real and potential knowl-
edge, thereby establishing the preconditions of a methodology for attaining true knowl-
edge. His aim had been to support the rational elements of Schelling’s philosophy of 
nature with a synthesis of philosophical views from Kant, Spinoza and Plato. This philo-
sophical structure had been constructed to comply with the requirements of the natural 
sciences.  

Schleiermacher’s Dialectic was a magnificent attempt to break through the bounda-
ries of bourgeois classical philosophy in Germany. But, due to Schleiermacher’s ambi-
tion of creating a philosophy of religion, it had to fail. Almost immediately, it became a 
historical footnote and it left almost no traces in public philosophical debates.   
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3  Hermann Günther Graßmann’s  
contributions to the development  
of mathematics and their place  
in the history of mathematics

“The history of science … aims to trace the pattern of thought 
which developed in a community over the generations and 
to outline the general processes in which the discovery of the 
particular was more a symptom than a driving force. In adopting 
such a view, one will seldom come to say that a discovery was 
made before its time, or that a single personality left the imprint 
of his mind on his epoch. Instead, the totality of the sciences 
takes on an organic form. In the individual case, though, it still 
remains to be seen to what extent almost identical phenomena 
had causal repercussions upon one another; but one must not 
confuse chronology and a causal effect.”1 A. Clebsch

In order to do justice to the demands voiced by the exceptional German mathemati-
cian Alfred Clebsch, one will have to grasp the significance and the fate of Hermann 
Günther Graßmann’s mathematical oeuvre against the backdrop of the revolutionary 
changes that occurred in geometric ideas in the first half of the 19th century. 

Only in the context of the history of mathematics will it become clear that Graß-
mann’s geometrical-algebraic inquiries and the main tendencies of geometrical research 
of his time arose from a common mathematical problem, despite the relative distance 
between Graßmann’s theoretical approaches and the specific content of contemporary 
geometrical research. 
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The rich inspiration which mathematicians such as Klein, Peano, Whitehead and 
others received from Graßmann’s work even after its significance had been acknowl-
edged in retrospect can be seen as proof of the extraordinary fruitfulness of his mathe-
matical ideas.

3.1  Some basic aspects concerning the development of geometry  
from the 17th to the 19th century

Starting with the 17th century, the contrast between the state of development of geom-
etry and the extraordinary progress in analysis and algebra had become increasingly clear. 
While, as early as the 16th and 17th centuries, algebra had introduced calculation with let-
ters and analysis had elaborated functional thinking and infinitesimal methods, thereby 
replacing ancient standpoints by completely novel approaches2, Euclid’s relatively inde-
pendent, 2000 year-old geometrical structure had yet remained unshaken. Only with 
Descartes’ (1637) creation of analytical geometry3 had ancient geometry been combined 
with the modern algebraic-analytic elements. The ensuing elaboration of the “purely 
technical” dimension of Cartesian analytical geometry by Fermat (1679, posthumous), 
Wallis (1655), de Witt (1659), Newton (1703) and Euler (1748)4 stretched from the 
late 17th century into most of the 18th century.5

But the obvious contrast between the state of development of geometry and that 
of analysis and algebra had not been in any way resolved. Rather, it had become more 
pronounced. Often, the approach of connecting algebra, analysis and geometry through 
the Cartesian coordinate system had not helped to resolve the problems posed by “per-
ception-based” mathematics, represented by mechanics6. As early as 1686, a clearheaded 
thinker like Leibniz had seen this problem. “… but one should know”, he noted, “that 
algebra, the analysis of Viéta and Descartes, is primarily an analysis of numbers, and 
not of lines, although geometry is indirectly brought back (to arithmetic), given the 
fact that all magnitudes can be expressed by numbers. But this often forces us to take 
great digressions; and it is often the case that geometers can prove in a few words what 
in a calculation is a long procedure. And if one has found an equation in some difficult 
problem, it is still a long way to finding the problem’s structure, which one was looking 
for. Moving from algebra to geometry is a sure path, but not the best; …”7 And even 
200 years later, Engel had reason for similar reflections.8

Tightly linked to the search for an adequate mathematical approach to problems in 
physics, this “limitation” of Cartesian geometry stimulated the creation of modified and 
extended notions of coordinates. The work done by Möbius (1827), Graßmann (A1) 
and Plücker is representative of this effort.9 Analogous reflections led, for the first time 
with Leibniz’ ideas relating to a purely “geometrical characteristic” (1679), to the search 
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for a way of dealing directly and algebraically with geometrical objects.10 It would take 
another 150 years before Graßmann (1832/1840) obtained mathematically relevant re-
sults in the Leibnizian line of thought. Starting from the same basic outlook, Graßmann 
created the foundations for vector- and tensor calculus.

Taking place in an independent line of inquiry, investigations on the geometrical in-
terpretation of complex and hypercomplex numbers and on the mathematical represen-
tation of torsions and rotations in space – Wessel (1797), Gauß (1799), Argand (1806), 
Hamilton (1843)11 – also led to the establishment of vector algebra. 

Yet another mathematical contradiction concerning the traditional concept of di-
mensionality arose from the interplay of analytical and geometrical methods in analyti-
cal geometry. While three-dimensional space had so far gone unquestioned in geometry, 
there now was no justification for this limitation in analytical calculations with gener-
alized coordinates, especially concerning their applications in mechanics.12 This is why 
we find attempts to go beyond the traditional empirical notion of dimensionality in ge-
ometry mostly in thinkers such as the analytical geometers Wallis (1685), d’Alembert 
(1764) and Lagrange (1780).13 Finally, we find explicit n-dimensional algebra in  Cayley14 
(1843), Graßmann (1844) and Schläfli (1850/52). The process of improving the un-
derstanding of geometry, which had a large part in the split the concept of space was 
undergoing, separating into different concepts in mathematics and physics, went along 
with intense discussions of idealist philosophy, particularly concerning the concept of 
Kantian apriorism. 

The contradictions which had arisen in the evolution of analytical geometry and 
the search for an answer peaked and came to a preliminary solution in Klein (1872), 
bringing about a more comprehensive and unified concept of geometry. In his 1871 
dissertation, Lie, one of the fathers of geometry’s newly found form, remarked in retro-
spect: “As is well known, the rapid evolution of geometry in our century is closely linked 
to philosophical considerations on the nature of Cartesian geometry…”15 But we would 
only grasp the progress of 18th and 19th century geometry incompletely were we to omit 
two additional geometrical lines of inquiry, in addition to the process described so far. 

One is concerned with attempts to prove the dependency of the axiom of parallels 
to the rest of Euclid’s axioms, a project running all the way back to antiquity.  Wallis, 
 Saccheri, Legendre, Lambert, Schweikart and Taurinus came to important results 
which contributed to the later understanding of the problem.16 But only at the begin-
ning of the 19th century, when rapidly evolving engineering technology had more and 
more mathematicians directing their attention towards geometry, did three important 
mathematicians – Gauß (1817), Janos Bolyai (1831) and Lobačevskij (1826) – al-
most simultaneously and independently from one another reach the conclusion that 
a novel, “non-Euclidean geometry”, based on the negation of the Euclidean axiom of 
parallels, was possible.17 
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Riemann’s, Beltrami’s, Helmholtz’s, Klein’s and Lie’s18 far-reaching reflections con-
cerning the relation of the concepts of space in physics and in mathematics were prompt-
ed by the results these three scientists had obtained by questioning the traditional concept 
of space, results therefore bearing an enormous philosophical relevance. The effort for 
leaving behind the ancient concept of geometry had gained momentum.

Apart from the emerging non-Euclidean geometry, we must also emphasize the es-
tablishment of projective geometry as an independent mathematical discipline at the be-
ginning of the 19th century. In retrospect, we can also trace certain aspects of this second 
line of inquiry to Antiquity, notably to Apollonius of Perga and Pappus.19 The theory of 
perspective received an important impulse during the Renaissance, when it was elabo-
rated in a practical and artistic sense by craftsmen, artists and fortress architects, such as 
Alberti, Piero della Francesca, Leonardo da Vinci and Albrecht Dürer. Posterior purely 
mathematical approaches, which we find in Desargues, Pascal, and a century later in the 
work of the exceptional Alsatian mathematician Lambert, did not reach a wider public. 
The actual construction of projective geometry, stimulated by long-term military and 
economic interests, only began with the work of Gaspard Monge.20 Influenced by the 
task of planning fortress constructions, he created with extreme originality a new geo-
metrical discipline, descriptive geometry, which considerably simplified calculations in 
the context of rampart construction. He created a wide following of students by lectur-
ing at the École Polytechnique in Paris, founded in 1794 as a consequence of the French 
Revolution and at the time the most advanced school of engineering in the world.21

The French school of geometry following in Monge’s wake drew differing conclu-
sions from his work and split into a predominantly analytical and a more synthetically 
oriented group, which more or less opposed the use of methods relying on coordinates 
in geometry. While Carnot, Brianchon and Poncelet were more drawn to the synthetic 
contents of Monge’s work, Victor Poncelet, brilliantly founding projective geometry as 
an independent discipline during his time as a Russian prisoner of war, when lacking 
almost all scientific resources, Gergonne, Lamé and Chasles stood for the analytic treat-
ment of the projective properties of geometrical objects.22   

Poncelet’s main treatise, the Traité des Propriétés Projectives des Figures (Ponce-
let 1822), which in 1822 already included all important concepts of projective geom-
etry, such as the cross-ratio, perspectivity and projectivity, represents a movement lead-
ing away from Euclid’s geometry while also rendering geometrical terminology more 
precise and expanding its meaning. By separating metrical properties from geometrical 
objects, Poncelet questioned the seemingly obvious connection between geometry and 
metrics, raising it as an epistemological problem. The discovery of the principle of dual-
ity rendered the ancient idea of the point as a geometrical first element obsolete, leading 
to inquiries into incidence-geometry which, in turn, prompted the creation of multiple 
new “geometries”. 
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By the mid 1820s, Poncelet’s ideas had spread to Germany. The synthetic treatment 
of projective geometry reached a high-point and more or less came to an end in the work 
done by Steiner (1826, 1832) and von Staudt (1847). Von Staudt’s 1847 book Geometry 
of Position (“Geometrie der Lage”, Staudt 1847) presented an axiomatic foundation for 
projective geometry which did not rely on Euclidean geometry. 

The analytic treatment of projective geometry had its first German representatives 
in Möbius (1827) and Plücker (1828, 1831). The two scientists created the analyti-
cal instruments needed  to deal with the projective properties of geometrical objects, 
which Poncelet had discovered by following a synthetic approach. Möbius’ barycentric 
coordinates and Plücker’s line- and tetrahedral coordinates can be seen as part of the 
effort to deal adequately with projective geometry in an analytic framework.

H. Wußing on the evolution of geometry:

“Actually, what we witness in geometry during that period is not the realization of one 
particular trend but the evolution – in seemingly divergent directions – of several im-
plicit tendencies about to break free. Fundamental modes of thought in and about ge-
ometry were no longer dictated by habit. The geometry whose content, method, and 
aims were conceived in terms of the millennial euclidean tradition began to change. 
Once the idea had been abandoned that geometry is something unique (its contents, 
methods and goals interpretable only in the ancient tradition stemming from Euclid), 
concepts such as coordinate, length, parallelism and distance; the habit of regarding the 
point as the fundamental element of all geometry; and the very view of geometry as the 
art of measurement, all turned out to be capable of generalization and in need of critical 
review. The dissolution of a seemingly unavoidable way of thinking had the following 
effect: Through a dialectical evolution the contradictions inherent in the concept of 
the unity of geometry produced a wealth of ‘geometries’ determined only by their at-
tributes – ‘noneuclidean’, ‘n-dimensional’, ‘line’, ‘projective’, and so on.”23    

After a long and evenhanded struggle between the analytical and synthetic meth-
ods of dealing with projective geometry, the analytical approach gained the upper hand 
by the mid 19th century because it was closer to the entire structure of mathematics and 
could therefore draw on a wider range of methods.

Now the dialectical contradictions, which had been part of the evolution of Car-
tesian geometry, reappeared in the more comprehensive analytical-algebraic work on 
geometrical relationships. The problem had become even more acute, now that the 
common Euclidean foundation had been destroyed and a plurality of geometrical ap-
proaches had taken its place. 

In summary, we can identify at least four factors which, beginning with Descartes’ 
analytical geometry, led to the demise of the limited, ancient concept of geometry:
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An expansion of the concept of coordinates beyond the Cartesian notion and 1 
the search for new algebraic-analytical ways of expressing geometrical relation-
ships;
the transition to 2 n-dimensional manifolds;
the creation of non-Euclidean geometry;3 
the removal of the seemingly absolute connection between geometry and 4 
metrics and, as a consequence, the connection between projective and metric 
geometry.24

The unfolding of geometry into seemingly divergent tendencies, which began in the 
first half of the 19th century, led to the formation of counter-movements and, at the 
same time, to the search for new, uniform foundations of geometry. The turn towards 
algebraic-analytical methods developed into the driving force behind geometry’s fur-
ther development. It is important to note that in Möbius (1827) and Graßmann (1844) 
we can already find methodologically coherent steps towards a new structure for geom-
etry, based on generalized and open approaches. But contemporary mathematics did 
not react to these new ideas. Only in the 1860s did geometers of the English algebraic 
school make further important progress in this direction, independently from Möbius 
and Graßmann. “Initial and significant progress was made by the English school sur-
rounding Boole, Cayley, Sylvester and others, by having recourse to what originally was 
a number-theoretic discipline, the theory of forms, which then in the theory of invari-
ants led to a first instrument for classifying different geometries.”25

Plücker’s student Felix Klein brought the classification of different geometrical ap-
proaches to a peak and to a preliminary solution. In close collaboration with the Norwe-
gian mathematician Sophus Lie, Klein was influenced by Jordan’s inquiries into group 
theory and developed a program bringing forward a classification of geometry based 
on group theory, thereby going beyond the standpoint held by the theory of invari-
ants. It was published in 1872 under the title A Comparative Review of Recent Researches 
in Geometry (“Vergleichende Betrachtungen über neuere geometrische Forschungen”, 
Klein 1974) and came to be known as the Erlangen Program. It was only now that the 
importance of the work done by Möbius, Graßmann and Hamilton, dating back 30 to 
50 years, was recognized and appreciated. 

With Klein’s Erlangen Program, the 200 year-old process of dissolution of the an-
cient concept of geometry had come to a preliminary end. The new geometry had be-
come more abstract, while also including a wider range of mathematical structures. Its 
state of development had adapted itself to analysis and algebra, thereby making it pos-
sible for these three disciplines to interweave closely.26
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3.2 Graßmann’s examination thesis on the theory of tides

Hermann Günther Graßmann’s mathematical productivity blossomed in the first half 
of the 19th century under the influence of the complete revolution in geometry which 
had begun in the late 18th century. His search for new ways of handling geometrical 
relations was also influenced by the methodological, conceptual or dialectical, and epis-
temological contradictions in geometry27 which had stimulated the whole process of 
theory building. But, in contrast to the majority of his mathematical contemporaries, 
Graßmann walked a new path in directly connecting algebra and geometry, a path lead-
ing him away from projective geometry and taking him towards a vector algebra ap-
proach to the development of affine geometry. 

Graßmann drew on his father’s work on a new “geometrical theory of combina-
tion”, which had originated from the influence of Pestalozzi’s project for elementary 
school reform. 

We find another non-scientific motivation for changing the ancient concept of ge-
ometry in the attempts of Pestalozzi and his colleague Joseph Schmid to make geom-
etry teachable in elementary schools by leaving the rigid Euclidean form of presentation 
behind.   

Scientific approaches to affine and projective geometry in the early 19th century.
Projective geometry represented the greatest part of geometric scientific inquiry in the 
first part of the 19th century. Möbius renewed investigations into affine geometry as late 
as 1827, going back to ideas of Euler’s, without finding acclaim in the scientific commu-
nity. In the late 1850s in this context, Cayley, referring to the projective measurement 
that bears his name, still enthusiastically exclaimed:
“Herewith metric geometry becomes a part of projective geometry, and projective ge-
ometry is all of geometry.”28

These projects of Pestalozzi and J. Schmid not only inspired Justus Graßmann, they 
also sparked Jacob Steiner’s interest in geometry.29 

Apart from combinatorial considerations and those of geometric incidence,  Hermann 
Graßmann found ideas for calculating directly with oriented lines in his father’s works. 
According to Graßmann himself30, he had already developed vector-addition and the 
generation of vectors of the second and third order31 as early as 1832 (or, as he put it: geo-
metric addition and geometric multiplication of displacements). But it was only around 
1840 that he became aware of the far-reaching consequences of this innovative algebraic 
treatment of geometry when a problem of mathematical physics, the theory of low and 
high tides, took him back to his ideas of 1832.32 
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To Graßmann, the analytic-geometric way in which Laplace (Laplace 1799 – 1827) 
had dealt with the problem seemed too clumsy and too far-removed from the issue. 
“Laplace almost never indicates”, Graßmann noted on the first pages of his text, “which 
procedures led him to the results he presents; and above all they are so indirect that one 
cannot even begin to fathom how he came up with this or that strategy. So if one want-
ed to limit oneself to following his paths, one would feel like somebody who is taken to 
some unknown place with his eyes blindfolded, and who – even though he takes every 
step to his destination himself – wouldn’t know where he is once he has arrived.”33  

N. Bowditch on Laplace (he was Laplace’s translator into English):
“I never came across one of Laplace’s ‘Thus it plainly appears’ without feeling sure that 
I had hours of hard work before me to fill up the chasm and find out and show how it 
plainly appears.”34

Graßmann explicitly emphasized that it was the conflict arising from the traditional 
way of treating mechanics with a geometry of coordinates that led him to remembering 
and expanding the vector algebra work he had already done: “I have abandoned the tra-
ditional method because, following this method, the introduction of coordinates force-
fully distorts nature. This forceful distortion becomes visible in the fact that the way we 
develop and elaborate our formulas loses touch with nature’s way, not sharpening our 
view of the concept we were interested in, but drawing our eyes away from it, focusing 
our attention on the transformation and development of formulas which have nothing 
to do with our original aim.”35

Graßmann created many of the essential concepts of vector calculus and of exterior 
algebra in his exceptional graduation thesis, which he needed in order to be awarded 
the unconditional permission for teaching physics at higher schools. Just the length of 
the dissertation, running to 190 printed pages, exceeded normal expectations at the 
time.36

Still limited to three-dimensional space, we find here:
the addition of vectors and bivectors (“geometrical addition of displacements and 
spatial areas”), with a special emphasis on the associativity and commutativity of 
this operation;37

also the geometric construction of the center of gravity of a system of point  masses, 
already found by Möbius in 1827;38

the exterior multiplication of two and three vectors, interpreted geometrically as 
the signed area of a parallelogram or signed volume of a parallelepiped (with a 
special emphasis on the change in sign when the factors are reversed!);39
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the concept of the scalar product of two vectors (“linear product of two displace-
ments”), obtained by projecting one vector onto the subspace (“straight line”) of 
the other;40

as a third form of the multiplicative conjunction of vectors there is the product of 
a vector into an exponential- and angle-magnitude, the geometrical substrate of 
which is the rotation of a displacement around its point of application.41

Concerning the last three kinds of multiplication, Graßmann explicitly emphasized 
distributivity with respect to vector addition and used it to build a methodological con-
nection to the principles of common addition and multiplication (an indirect applica-
tion of the principle of permanence of the laws of combination). We might regard the 
following as a typical turn of phrase: “If we want to call geometrical multiplication that 
conjunction which is determined in the same way by geometrical addition as algebraic 
multiplication is determined by algebraic addition, then we will necessarily have to…”42

So we should note that as early as 1840, in his examination thesis on the theory of 
tides, Graßmann implicitly had already found the concept of the linear operator over V3 
(“geometrical magnitude of dimension zero and of the second order”), representing it in 
a matrix-form (!) and fully comprehending its meaning: “By multiplying a displacement 
with a geometrical magnitude of dimension zero and of the second order, that line can 
be transformed into any other value (and into any other direction and size).”43 A year 
later, in a remark on the final draft of his treatise, he called these magnitudes “affinity 
factors” (“Affinitätsfaktoren”).44

Considering the richness of conceptual creativity Graßmann displayed in this early 
treatise – even though external factors determining the writing of this work45 prevent-
ed the systematic and logical elaboration of many of these concepts – one will have to 
count it as the foundational text of vector algebra. 

There were hardly any comparable efforts for constructing vector algebra at the time. 
In the 17th century, Leibniz had conceived the project of constructing a purely “geometri-
cal analysis”, sharing with Graßmann the basic idea of working directly with geometry in 
an algebraic way, but without attaining significant results.46 Only much later do we find 
more inquiries into the geometrical addition of oriented displacements with Möbius in 
1827 and 1843 (Möbius 1827, 1887a) and, without any connection to Möbius, with 
Bellavitis47 in 1835 (Bellavitis 1835). But still, the results these scientists obtained in the 
field of vector algebra are inferior to Graßmann’s work.

Wessel, Argand and Gauß belong to a second line of development, which also led 
to the creation of vector calculus. Looking for the geometric interpretation of complex 
numbers, these scientists also found first conjunctions of vectors. These inquiries reached 
their highest expression in William Rowan Hamilton’s work. Starting with problems in 
mechanics, this important Irish physicist and mathematician searched for an algebra that 
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was supposed to do for rotations in three-dimensional space what complex numbers could 
do for rotations on a plane. After many failed attempts, he finally found quaternions in 
1843. Overestimating the relevance of these hypercomplex numbers, he dedicated the last 
twenty-two years of his life to developing the theory of quaternions.48 Large sections of 
this theory are dedicated to vector algebra and -analysis of three-dimensional Euclidean 
space. Without the slightest connection to Graßmann, he discovered vector-addition, 
vector-multiplication, the scalar product of vectors, and more. These accomplishments 
made him one of the founding fathers of vector calculus, next to Graßmann. 

As in Hamilton’s case, vector algebra made an enormous impression on Graßmann. 
Graßmann was so struck by the elegance and explanatory power of this new way of 
treating affine and Euclidean geometry that he dedicated his entire life to systematically 
developing vector algebra. 

Grappling with Cartesian geometry, Graßmann had broken through to completely 
new conceptual constructions in mathematics. Graßmann’s algebraic-geometrical ap-
proaches take up an exceptional position in the structure of mathematical inquiry in 
the first half of the 19th century. The reason for this lies in the special circumstances 
under which Graßmann’s mathematical productivity unfolded. Felix Klein remarked in 
this context: “In spite of all the originality and importance of his work, Grassmann was 
never a university teacher. Indeed, as a consequence of his peculiar development, right-
ful recognition was altogether denied him during the main part of his mathematical 
life. Understandably, Grassmann often complained of this unjust fate; and yet it held 
certain advantages for him, the consequences of which can be seen in his works and 
personality. We academics grow in strong competition with each other, like a tree in the 
middle of the forest which must stay slender and rise above the others simply to exist 
and conquer its portion of light and air. But he who stands alone, like Grassmann, can 
grow on all sides, can harmoniously develop and finish his nature and work. Of course 
such versatility as Grassmann embodied must inevitably be accompanied by a certain 
amount of dilettantism…”49

Graßmann’s position as an outsider and his originality are grounded in the late 
awakening of his mathematical interests. His mindset was shaped by autodidactic stud-
ies and a penchant towards philosophy, his connections to his father’s work and, last but 
not least, his relative isolation from the scientific world of his time, caused by his job as 
a teacher in a secondary school in Stettin. 

In Graßmann’s subsequent projects, these influences would become increasingly 
relevant in positive and negative ways.

It is worth noting in this context that Möbius and Steiner, whose mathematical 
work was much closer to contemporary geometers’ efforts than Graßmann’s, also occu-
pied similar positions as outsiders. Take Steiner, who only possessed incomplete knowl-
edge of analysis and algebra, and who had only become interested in geometry when 
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he was thirty years old. His unique power of imagination made him the rediscoverer 
of synthetic geometry, standing absolutely alone by the importance of his achievement 
and personality. This is how Biermann tells the tale: “Steiner’s intention of having the 
Berlin Academy award a prize every other year to people solving problems from synthet-
ic geometry, ‘mainly taking into account his own methods and principles’ and finan-
cially covered by his estate, soon became impossible to carry out for lack of applicants.”50 
Steiner’s results may have been generally known; his method remained inaccessible. 

In Möbius’ case, the analogy with Graßmann is even more obvious. Even though 
his inquiries into the classification of geometrical relationships were closely linked to 
the main thrust of 19th century geometry, the overall weight of these far-reaching ap-
proaches went unrecognized by his contemporaries. Even Gauß could not appreciate 
their importance. “Humble in his personal attitude and in the style of his publications, 
maintaining only indirect contact to the leading centers of mathematical science, Au-
gust Ferdinand Möbius in his lifetime could not win the full respect and recognition 
he would have deserved.”51 This is why, in his lifetime, he was recognized mostly for his 
work in applied mathematics.52

3.3 The 1844 Extension Theory and Graßmann’s theory  
of algebraic curves

In the years after 1840, Graßmann invested a great deal of energy into developing his 
ideas. The graduation thesis, the importance of which had not been understood by 
the examination commission’s assessor, Prof. Conrad53, was only edited in 1911 when 
Graßmann’s collected works were published. Graßmann’s feeling that the work’s struc-
ture was flawed had kept him from publishing it. Only in 1844 did Graßmann present 
the public with his ideas in a major treatise. The book’s title alone, The Science of the 
Extensive Magnitude or Extension Theory, a new mathematical discipline,… Part one, 
Linear Extension Theory (A1), goes to show how seriously Graßmann took his new 
mathematical concept. The approaches from 1840 had developed by now, growing 
into a comprehensive piece of theory. “…accessible only with extreme difficulty, indeed 

Alfred Clebsch on Graßmann’s achievements
“Unfortunately, the beautiful works of this highly important geometer remain quite 
unknown; this supposedly is the case mostly because, in Graßmann’s mode of presenta-
tion, these geometrical results are corollaries to much more general and very abstract 
problems, which, due to their unusual form, present considerable difficulties for the 
reader.”55         
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… almost unreadable…”54, this treatise contains nothing less than the construction of 
n-dimensional affine algebra.  

Graßmann opens his book with philosophical and methodological reflections. They 
begin with an analysis how to enlarge the focus of mathematics, inspired by the devel-
opment of his new theory, and then continue with methodological considerations and 
the new theory’s place in the architecture of mathematics.56 The mathematical part of 
the book begins with the conception of the “General Theory of Forms”. Starting with 
a perspective on mathematics as a theory of forms, Graßmann analyses in the most ab-
stract way possible the general structures of concrete “conjunctions of forms”.57 Here, 
he places special emphasis on “elementary conjunctions”, demanding they have module 
properties, that is, associativity, commutativity and an inverse and neutral element. The 
so-defined conjunction of the first order, or “formal addition”, is then followed up by an 
investigation of a conjunction of the second order (“formal multiplication”), for which 
he only requires distributivity with respect to formal addition. Graßmann directly posits 
the validity of the module properties for formal addition and distributivity for formal 
multiplication as the principles for constructing these conjunctions: “This generally is the 
way”, he wrote, “that initially, that is when no species of conjunction is yet given, such a 
conjunction of next higher order is defined.”58

Since Graßmann does not require the forms generated by conjunctions of the sec-
ond order to be embedded in the fundamental domain, he can use this form of conjunc-
tion for the formal generation of new mathematical objects in the further course of the 
text. 

According to Graßmann, formal conjunctions must correspond to a “real concept 
that expresses the method of generation of the product by the factors”59, that is, by 
something concrete. In the case of real conjunctions, further structural characteristics 
can come into play – as do commutativity and associativity in common multiplication. 
As a consequence, Graßmann’s theory of forms includes the principle of permanence as 
a special case.

In contrast to Hamilton, Graßmann does not take the concept of the field to be 
one of the most general concepts, but links it to objects of specialized mathematical 
disciplines, such as arithmetic of real numbers.

After Graßmann has laid down the foundation for all mathematical disciplines by 
presenting these uniquely generalized group-theoretical and structural abstractions60, 
he starts with the actual presentation of his new mathematical discipline. He treats it in 
two sections entitled “Extensive magnitudes” and “Elementary magnitudes”.61 

The first section mainly expands and generalizes the notion of “displacement calcu-
lus” from the examination thesis, but without making any reference to the inner prod-
uct. Graßmann now leaves behind geometry, which he does not consider an integral 
part of pure mathematics62, and turns to the analysis of a “pure n-fold extensive entity of 
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elements”. In modern terminology, we would simply speak of the n-dimensional affine 
point space. 

Instead of conceptualizing the straight line in a geometrical and mechanical ap-
proach as an entity created by the movement of a point, Graßmann begins with the “do-
main of the first order”, defined as “all [displacements] generated by continuation of the 
same fundamental evolution or its opposite”.63 Following a similarly abstract principle, 
the concept of the “extensive magnitude of the first order” (a free vector) is generated 
from the concept of the displacement, and the concept of a “domain of the n-th order” 
(the equivalent of the affine point space) is introduced. 

In order to give an impression of Graßmann’s conceptual developments, I would 
like to present the following lengthy quotation, which describes how extensive magni-
tudes of the first order are generated: 

“The extensive structure will therefore only appear as elementary if the evolutions 
which the generating element undergoes are equal to each other; so that, if an ele-
ment b is produced by an evolution from an element a, both belonging to some 
given elementary extensive structure, then by an equal evolution an element c of the 
same elementary structure is produced from b, and indeed such an equality must 
continue to hold if a and b are regarded as infinitesimally separated elements, since 
this equality should obtain throughout for continuous generation. We call such 
an evolution, in which there is generated from one element of a continuous form 
its next adjacent element, a fundamental evolution, and can therefore say: ‘The el-
ementary extensive structure is that which results from the continuous action of the 
same fundamental evolution.’
Now in the same sense in which evolutions are regarded as equal, we can also regard 
the structures generated thereby as equal, and in this sense, that is, that those gener-
ated in the same way by equal evolutions are themselves equal, we call the elementa-
ry extensive structure of the first order an extensive magnitude or an extension of the 
first order, or a displacement. Thus the elementary extensive structure becomes an 
extensive magnitude if we neglect the elements that it includes and retain only the 
nature of its generation; and while two extensive structures can only be regarded as 
equal if they include the same elements, two extensive magnitudes are already equal 
if they are generated in the same way (that is, by the same evolutions), while not 
including the same elements.”64

Even in Graßmann’s times these concepts did not comply with the standards imposed 
by mathematical rigor. His audacious attempt to find a basis for his Extension Theory 
without relying on other mathematical disciplines, especially geometry and analysis, 
sometimes led to rather imprecise conceptual creations (such as “elementary change 
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of an element”, “Grundänderung eines Elementes”). The Extension Theory of 1844 is 
characterized by its semi-philosophical style, unusual for mathematicians, and a radi-
cally reduced inventory of formulas. We find the reason for this in Graßmann’s inten-
tion of presenting all concepts in the most general form they could possibly take on, of 
highlighting the simple basic ideas and of pushing back less important thoughts and 
contingencies. F. Engel grasped the double nature of Graßmann’s intellectual attitude 
very well, when he wrote: “Even though the work profits a lot from this intention, 
which even gives it an exemplary quality in some sections, and even though this was 
how Graßmann gained extremely important insights into the principles of mathemati-
cal science – one might think of, for example, his theory of … conjunctions and of his 
general concept of multiplication –, it nevertheless cannot be denied that Graßmann, 
in his search for general truths, sometimes lost his footing.”65

To be fair with Graßmann, one will have to say that this conceptual vagueness re-
mains limited to a restricted number of elementary concepts and to his unsatisfactory 
critique of Euclidean geometry. The concept of “fundamental evolution”, for example, 
immediately becomes more precise when it is replaced by the concept of the parallel dis-
placement in n-dimensional space. With this in mind, all ensuing constructions which 
Graßmann elaborates are perfectly rigorous. 

A comparison with Riemann is revealing.  

Graßmann and Riemann on the possibilities of generating higher dimensional spaces 

Graßmann’s conceptual development of an 
extended system of higher order in the Extension 
Theory of 1844:

“In order to proceed to the conjunction of dis-
similar displacements, I consider next two dis-
similar fundamental evolutions, and let the first 
fundamental evolution (or its opposite) arbi-
trarily transplant an element, and then let the 
element thus generated likewise be arbitrarily 
transplanted by the second method of evolu-
tion. In this way I can therefore generate an in-
finite set of new elements from a single element, 
and the collection of elements so generated I call 
a system of second order. I then assume a third 
fundamental evolution…”66

Riemann’s conceptual development of the 
generation of manifolds of higher dimensions in 
the habilitation lecture of 1854: 

“In a concept whose various modes of determi-
nation form a continuous manifold, if one passes 
in a definite way from one mode of determina-
tion to another, the modes of determination 
which are traversed constitute a simply extended 
manifold and its essential mark is this, that in it 
a continuous progress is possible from any point 
only in two directions, forward or backward. 
If now one forms the thought of this manifold 
again passing over into another entirely differ-
ent, here again in a definite way, that is, in such 
a way that every point goes over into a definite 
point of the other, then will all modes of deter-
mination thus obtained form a doubly extended 
manifold. In a similar way one obtains a triply 
extended manifold…”67 
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 If one compares Graßmann’s explanations to Riemann’s, it becomes clear that both share the same 
level of philosophical abstraction and the same underlying principle. The only difference between 
the two is that Riemann, when compared to Graßmann, describes the generation of manifolds in a 
more general way, going far beyond the framework of affine geometry. 
There is no proof for a possible influence on Riemann from Graßmann’s Extension Theory, pub-
lished ten years prior to the lecture Riemann held in order to be awarded the title of professor. In the 
introduction to his lecture, Riemann only points to works by Gauß and Herbart, which he claims to 
have consulted in preparing the lecture.68

But let us return to the mathematical developments of Extension Theory. Thanks to his 
special method of generating an “extended domain of the n-th order” (n-dimensional 
affine point-space), Graßmann now possesses a system of n pairwise disjunct subspaces, 
in each one of which we have linearly independent vectors. Expanding on the concept 
of formal addition, which he had developed in the general theory of forms, and referring 
to a concept of superimposed “methods of evolution of an extended system’s elements” 
(parallel displacements of points), Graßmann gradually introduces vector addition. “If 
two displacements are given”, Graßmann remarked in this context, “and one evolves an 
arbitrary element by the part of the first, and then (progressively) by the corresponding 
part of the second, the collection of elements so generated comprises the sum of those 
two displacements.”69 Again, this form of putting it must have been rather unappealing 
to contemporary mathematicians.

Graßmann’s intention of disconnecting his inquiries from the specific represen-
tation of vectors by basis (in Graßmann’s words: “specific method of generation of 
elements”) finds its expression in the conceptual creation of the replacement theorem 
of basis vectors – completely formalized by Graßmann in 1861 and rediscovered half 
a century later by Steinitz.70 He presented a proof for the following formulation of 
the theorem: “First I will show that if the system is generated by any m methods of 
evolution whatever, I can replace any given one of them by a new method of evolu-
tion (p) belonging to the same system of m-th order and independent of the remain-
ing (m – 1), and generate the given system using this in combination with the other 
(m – 1).”71 

Also, the concept of linear independence of vectors brought Graßmann to deter-
mine the “extended system’s” dimensions, when he wrote: “Every system of m-th order 
can be regarded as generated by those same m independent methods of evolution from 
any arbitrary element; that is, all other elements can be generated from a single such ele-
ment by those methods of evolution.”72 

Once Graßmann has arrived at this point in his development, he returns to his 
initial objective of criticizing the traditional concept of geometry. In accord with his 
view of geometry as the science of real space, Graßmann only allows those principles in 
geometry that arise from the “perception of space”.73
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Influenced by kinematic considerations, this basic thought leads him to reduce the 
geometrical basic theorems to two, which are meant to express the “fundamental prop-
erties of space as they are initially imparted to our imagination, that is, its simplicity 
and relative limitation.”74 According to Graßmann, the simplicity of space is mirrored 
by the principle: “Space is constituted equally at all positions and in all directions; that is, 
equal constructions can be carried out at all positions and in all directions. In its manner of 
expression this postulate immediately decomposes into two, one of which expresses the 
possibility of translation, the other of rotation…”75 

The limitation to three dimensions expresses, according to Graßmann, the limita-
tion of space. By defining physical space as homogeneous, isotropic and three dimen-
sional, a view Graßmann links closely to the concept of movement, he anticipates ideas 
which – with no connection to Graßmann – appeared later in history in Helmholtz’s 
conception of a geometry of motion.76

Helmholtz on physical space
“Thus it appeared that space, considered as a region of measurable quantities, does not 
at all correspond with the most general conception of an aggregate of three dimensions, 
but involves also special conditions, depending on the perfectly free mobility of solid 
bodies without change of form to all parts of it and with all possible changes of direc-
tion ; and, further, on the special value of the measure of curvature which for our actual 
space equals, or at least is not distinguishable from, zero. This latter definition is given 
in the axioms of straight lines and parallels.”77 

But Graßmann is incorrect when he assumes that these two principles sufficiently 
define the characteristics of real space. His misconception evidently is linked to his lack 
of knowledge concerning the relevance of the curvature in the make-up of space. Only 
if the curvature is zero, the Euclidean notion of space follows from the two principles 
Graßmann postulates.  

In this case Graßmann failed – like many of the most exceptional geometers of his 
time – to solve the “main difficulty in these inquiries”, namely the “readiness with which 
results of everyday experience become mixed up as apparent necessities of thought with 
the logical processes”78. At the same time Graßmann herewith denied himself every al-
ternative access to non-Euclidean geometry. Only Riemann and Helmholtz managed, 
eleven and twenty-five years later and starting from analogous conceptions, to unveil 
this deeper form of understanding.

After his excursus into the foundations of geometry, Graßmann turns to mechan-
ics. He effectively demonstrates the validity of vector addition for the treatment of 
movement of a system of point masses – determination of the center of gravity and 
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of the resulting velocity, etc. The alternation which appeared in Graßmann’s thoughts 
so far, between abstract inquiries into the n-dimensional affine point space on the one 
hand, and introductory and descriptive considerations on geometry and mechanics on 
the other, is a typical feature of the methodological structure of the Extension Theory of 
1844. 

Often Graßmann begins abstract reflections on n-dimensional space by construct-
ing analogies in the framework of geometrical perception, and these take him to con-
crete examples from the fields of geometry and mechanics.

He also follows this path when he introduces the exterior multiplication of vectors. 
The § 28 of Extension Theory begins with the following words: “We begin with geom-
etry in order to obtain from it an analogy for the way the abstract science must proceed, 
and at the same time so as to have in mind a clear idea of the unfamiliar and often dif-
ficult course along which the abstract science leads us.”79

In impressive conceptual developments and always following the outlines of his 
general theory of forms Graßmann gradually obtains the exterior product of m vec-
tors in the n-dimensional vector-space by defining oriented areas of parallelograms as 
the non-commutative product of the vectors spanning them. He then interprets the 
new mathematical objects (multivectors)31 produced by this method of conjunction as 
oriented parallelotopes. Graßmann also demonstrates the distributivity of exterior mul-
tiplication with respect to vector addition and the change in sign with the swapping of 
arbitrary factors. 

In his philosophical and methodological preliminaries, Graßmann emphasized that 
he considered Extension Theory to be the continuous counterpart of combination theo-
ry.80 This parallel structure of Extension Theory and combination theory is expressed 
mathematically in the close connection between the exterior products of vectors and the 
theory of determinants on the one hand, and the implicit group-theoretical dimension 
in the entire Extension Theory, on the other.81 To a certain extent, Graßmann became 
aware of this fact in the Extension Theory of 1844 when he illustrated the application of 
exterior multiplication by solving systems of linear non-homogeneous equations82 and 
thereby obtained the same formulas as the theory of determinants.

17 years later, in his completely revised and augmented edition of Extension Theory, 
he explicitly showed how the theorems of determinant theory could easily be proven 
thanks to the exterior product of n vectors of the n-dimensional vector-space. It was 
Graßmann’s approach to determinant theory that aroused Hankel’s special interest and 
prompted an intense correspondence between the two scientists.83 

In the further elaboration of his exterior vector algebra, Graßmann takes the logi-
cal step of analyzing the addition and exterior multiplication of multivectors (“addition 
and multiplication of magnitudes of higher order”). Considerations on the possibil-
ity and specificity of an inverse operation to exterior multiplication then follow this 
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step, a procedure Graßmann calls “exterior division”.84 By showing the uniqueness of 
a “quotient of equal magnitudes”, that is, the quotient of two multivectors spanning 
the same subspace, Extension Theory leads him to introducing number magnitudes as 
“magnitudes of order zero”. This way of proceeding illustrates Graßmann’s intention of 
constructing his theory independently from other mathematical disciplines, especially 
arithmetic. 

When it came to solving the objective problem which lay in reconstructing geom-
etry, Graßmann, like Möbius, in some respects was far ahead of his contemporaries. 
His way of handling geometry completely without recourse to metrics as an affine ge-
ometry – metrical approaches would only appear in the 1847 Geometrical Analysis in 
the context of introducing the inner product of vectors (scalar product) – and also his 
construction of geometry without relying on number theory underline this fact.  

Graßmann’s critique of geometry: on the relation of measurement, number and 
magnitude
“An essential defect of previous presentations of geometry is that one usually returns to 
discrete numerical ratios in the treatment of similarity theory. This procedure, which at 
first seems simple, soon enough becomes entangled in complicated investigations con-
cerning incommensurable magnitudes, as we have already hinted above; and the initial 
impression of simplicity is revenged upon problems of a purely geometrical procedure 
by the appearance of a set of difficult investigations of a completely heterogeneous type, 
which shed no light on the essence of spatial magnitudes. To be sure, one cannot elimi-
nate the problem of measuring spatial magnitudes and expressing the results of these 
measurements numerically. But this problem cannot originate in geometry itself, but 
only arises when one, equipped on the one hand with the concept of number and on 
the other with spatial perceptions, applies them to that problem, and thus in a mixed 
branch that one can in a general sense call by the name “theory of measurement”… To 
relegate the theory of similarity, and even that of surface area, to this branch as has pre-
viously occurred (not to the form but to the substance) is to steal the essential content 
from what is called (pure) geometry.”85     

For Graßmann there were two approaches in geometry, going back to Euclid, that 
served to avoid the concept of number. On the one hand, these were the intercept the-
orems; on the other, theorems on the equal areas of triangles (parallelograms) which 
have an angle in common and in which the including sides of this angle are inversely 
proportional. If either approach “is based on a definition of the proportion between 
displacements, then the fundamental properties of the proportions are expressed in the 
statements on parallelism or about the surface-area, and so these must be proven direct-
ly without recourse to the concept of ratio and, therewith, the concept of number.”86 
Graßmann simultaneously found a solution to both problems thanks to the distributiv-
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ity of exterior multiplication. Hereby, fully aware of the importance of his critique of 
geometry, Graßmann made a contribution to the axiomatic foundation of geometry, 
which was brought to a relative conclusion only in 1899 by Hilbert (Hilbert 1900). 

On the last pages of the first section of Extension Theory Graßmann introduces the 
concept of projection (“shadows”) of vectors and multivectors on a given subspace. He 
also shows that all vector-conjunctions introduced so far possess invariance with respect 
to this new operation.87 Building up on this, he deals with the transformation of coordi-
nates in n-dimensional vector-space and creates the equations for affine transformations 
in three-dimensional point space. 

While in the first section of Extension Theory all investigations were based on the 
concept of the displacement, Graßmann constructs affine geometry in the second sec-
tion on the fundamental notion of the point.    

His initial basis is the addition of a given number of fixed position vectors (“de-
viation of elements from a given element”). Now since the final point of the system’s 
position vector (“total deviation”) is independent from the chosen starting point of the 
position vector, he directly posits the addition of the points, instead of the vectors. This 
is how Graßmann, starting from the concept of the vector, obtains the same “addition of 
points” that Möbius had developed in his Barycentric Calculus in 1827 (Möbius 1827). 

Möbius’ work had a clear influence on the general make-up of the Extension Theo-
ry’s second section. 

Just like Möbius, Graßmann assigns weight to the points in space, which he then 
interprets as the coefficients of these points, thereby making them applicable to the 
concept of magnitude. The geometric sum of such a system of points characterized by 
weight will then be the center of gravity of the system. Graßmann takes simple points 
as having the weight 1. Generally speaking, he therefore also considers the sum of the 
coefficients in a point-system to be 1 and, as a consequence, stays completely within the 
framework of affine geometry. 

Graßmann creates the term “elementary magnitude” as the basic concept for all en-
suing investigations. He defines this concept as follows: “Each structure is fixed as a mag-
nitude once the range of its equality and difference is specified. Thus we regard two el-
ementary assemblies [that is, systems of weighted points – H.-J. P.] as equal magnitudes, 
and indeed as equal elementary magnitudes, if their deviations from the same element 
always have equal values. An elementary assembly is therefore an elementary magnitude 
to the extent that one disregards the particular nature of its composition and retains only 
the value of the deviation that it forms with other elements, so that an elementary mag-
nitude can be presented in another way as an elementary assembly, and each elementary 
assembly is interpreted as a particular embodiment of an elementary magnitude…”88

In his further developments, Graßmann searches for elementary representatives of 
elementary magnitudes. If the sum of the weights of a point-system does not equal zero, 
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then the system may be replaced by its center of gravity, and for Graßmann the latter 
therefore turns into a simple representative of an elementary magnitude. If the sum of 
the weights equals zero, in turn, the sum-point represents an “infinitely” removed point 
of zero mass, which always may be represented as the well-defined difference B – A of 
two points of equal weight. Graßmann now interprets this difference as an oriented, but 
spatially freely translatable vector (displacement, “Strecke”) from point A to point B and 
he designates it as the representative of an elementary magnitude with weight “zero”. 
Herewith, the description of elementary magnitudes of the first order is complete: they 
take on the form of weighted points and free vectors. This way of developing his concepts 
made it possible for Graßmann to embed his investigations of vector calculus in the Ex-
tension Theory’s first section into his theory of elementary magnitudes as a special case.

The continuation of the second section therefore lies in the extension of the concept 
of a vector, which Graßmann accomplishes by introducing the elementary magnitude. 
He goes from treating oriented displacements in affine space as vectors to attributing 
vectors to points in affine space. These two kinds of vectors, or, in Graßmann’s terms, 
“species of elementary magnitudes”, can best be described by (n + 1)-tuples of real num-
bers. The vectors assigned to the points are represented here as (n + 1)-tuples in which 
the first position corresponds to the point’s weight, whereas free vectors are represented 
by (n + 1)-tuples whose first position is always occupied by a zero. The process of add-
ing these (n + 1)-tuples up becomes evident here. Graßmann relies on the first section’s 
structure in his further developments. 

Expanding the concept of exterior multiplication to include elementary magni-
tudes does not prompt new insights when all factors are free vectors. As Graßmann 
shows, all other cases in which factors either are only point-magnitudes or a composite 
of point-magnitudes and free vectors can be expressed as being the exterior product of 
a point-magnitude and a multivector. Graßmann designates the new magnitudes thus 
generated as “rigid elementary magnitudes”. These magnitudes are simply bound multi-
vectors – that is, the exterior product of two points or of a point and a vector gives a line 
vector (“line magnitude”, “Liniengrösse”); the exterior product of three points or of two 

Graßmann’s definition of a “rigid elementary magnitude”
“Now we call a product of n elementary magnitudes of first order, or a sum of such 
products, an elementary magnitude of n-th order, and such a product whose elementary 
factors are not all displacements a rigid elementary magnitude. Thus we have proven 
the theorem that ‘a rigid elementary magnitude of n-th order can be represented as a 
product of an element with an extension of (n – 1)-th order, and this extension, which 
we call the divergence of that elementary magnitude, is completely defined by it, but as 
its element any one belonging to the system defined by the elementary factors of the 
elementary magnitude may be adopted’.”89   
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points and a vector or of one point and two vectors gives a bound vector, i. e. a bivector 
that may be freely moved only on a plane (“plane magnitude”, “Plangrösse”), etc.  

In the context of discussing the exterior product of m points in affine space, there 
remains the question of defining the extension of the spatial magnitude representing 
this product. Graßmann defines this extension as the simplex spanned by the m points 
(“structure of vertices”, “Eckengebilde”). By showing that the (m – 1)-dimensional par-
allelotope created by the exterior product of m points may be decomposed into m! such 
simplexes, Graßmann reestablishes conceptual unity. In 1861 Graßmann abandoned 
this definition of the extension of a “rigid elementary magnitude”, replacing it by the 
volume of a parallelotope because otherwise he would have encountered major diffi-
culties when introducing the scalar product. In a remark in his 1861 second version of 
Extension Theory (A2), he wrote in this context: “One could also have defined the con-
tent of the surface element [ABC] as the area of the triangle ABC. But it will be shown 
below … that then the content of the inner square of a displacement would only be half 
of the content of the square {of the length} of this displacement, whereas the two are in 
agreement with our nomenclature.”90 

After this topological digression91, Graßmann gains remarkable insights into the 
different possibilities of constructing coordinate systems by applying his conceptual 

Graßmann on coordinate definition
“If we take four rigid elementary magnitudes (that is, multiple elements) as fundamen-
tal measures, then we have the type of coordinate definition on which Möbius bases his 
Barycentrisches Kalkül… As reference systems of second order there appear six straight 
lines, each of which connects two of the reference elements, and which form the edges 
of a pyramid (tetrahedron) that has those reference elements as vertices; as reference 
domains of third order are four planes, each of which lie on three of the reference ele-
ments and form the faces of that pyramid; and the reference measures of second and 
third orders represent segments of those lines and planes. … Every elementary magni-
tude of first order … can be represented in space as a multiple sum of the four funda-
mental measures; every elementary magnitude of second order, whether it is a linear 
magnitude, a plane area of fixed direction, or an additive magnitude, can be represented 
as a sum of six linear magnitudes belonging to the six lines mentioned above; in brief, 
every magnitude can be represented as a multiple sum of reference measures of the same 
order, or as a sum of terms belonging to the reference domain of the same order.”92

That means, when X = (x1, x2, x3, x4) and Y = (y1, y2, y3, y4) are the homogeneous coor-
dinates of two points in projective space, then their exterior product is the sum of the 
six subdeterminants x1y2 – y1x2, x1y3 – y1x3, x1y4 – y1x4, x2y3 – y2x3, x2y4 – y2x4, x3y4 – y3x4, 
which are identical to Plücker’s line coordinates pjk. 
These important insights, which Graßmann obviously owed to Möbius’ influence, also 
went unnoticed by his contemporaries. Alfred Clebsch first called attention to them 
when he wrote the obituary for Julius Plücker (1871).93       
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creations to geometry. We should emphasize here that Graßmann, with his principles, 
could easily generate homogeneous (and non-homogeneous) point, line, and plane 
coordinates, thereby particularly being ahead of Plücker in defining line and plane 
coordinates.  Nevertheless, this is not to say that Graßmann was the first to pursue 
line and plane geometry: Chasles, Plücker, and others preceded him.94 But he already 
possessed an exact conceptual definition of line and plane coordinates95, thereby being 
two years ahead of Plücker. In his Extension Theory of 1844 Graßmann even presented 
the condition equation for line coordinates, which is usually attributed to A. Cayley 
(1860)96, giving it in passing as an intermediate result in an investigation of mechan-
ics.97

After basically applying the conceptual constructions from the first section of Ex-
tension Theory in a more general way to elementary magnitudes in the second section, 
Graßmann introduces, after dealing with the problem of coordinates, a new form of 
generating products with these vector magnitudes. In quite difficult constructions, 
characterized by an excessive striving for extreme abstraction,98 he obtains a conjunc-
tive product which is contrasted as a dual form of the exterior product and which he 
calls “eingewandtes Produkt” (a conjunction which later, in the 1861 revised edition of 
Extension Theory, is termed the “regressive product” and comprehensively developed 
there). 

Graßmann connects his reflections to dimensional considerations on the generat-
ing system of two multivectors A and B entering into a multiplicative conjunction. 
Thus he obtains the fundamental relation: dim(A) + dim(B) = dim(A + B) + dim(A 
∩ B), that is, the sum of the dimensions of the generating systems of A and B is equal 
to the sum of the dimension of the sum-space (“umfassendes Gebiet”) and the dimen-
sion of the intersection space (“gemeinschaftliches Gebiet”) of the generating systems 
of A and B.99 If one now equates the dimension of the initial space (“Hauptgebiet”) to 
n, then the exterior product of the multivectors A and B will only be unequal to zero 
if dim(A ∩ B) = 0 and dim(A) + dim(B) = dim(A + B) ≤ n, that is, when “A is com-
pletely outside the domain of B” (hence the term “exterior product”). For the product 
AB we can then say:

dim(AB) = dim(A) + dim(B) = dim(A + B)

Now Graßmann requires explicitly that the regressive product also have a finite value, 
that is, a value different from zero, if the intersection space of the generating systems 
of A and B is not empty. In analyzing the conditions for such a product, he concludes 
that for a regressive product that does not equal zero the following conditions must 
hold: dim(A ∩ B) > 0, dim(A) + dim(B) > n and dim(AB) = dim(A) + dim(B) – n = 
dim(A ∩ B). So while exterior multiplication generated a multivector belonging to 
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the sum-space of the factor, the regressive product generates a multivector of the in-
tersection space. We can clearly see the duality of the two conceptual constructions 
here.

Graßmann obtains the “full significance of the regressive product”100 of two 
multi vectors by transforming the given product in such a way that the first factor 
appears as a multivector of dimension n and the second factor as a multivector of di-
mension (A ∩ B). Then, the first factor is replaced by a real number representing the 
volume of the corresponding n-dimensional parallelotope. Herewith the regressive 
product of two multivectors has been completely defined and its relation to exterior 
multiplication has been established. The introduction of a norm for the multivector 
of n-th order (“Hauptmaß”) already takes us beyond the context of the Extension 
Theory of 1844. In 1861, Graßmann used it to derive directly the scalar product of 
vectors and multivectors. By introducing the concept of the completion of a multivec-
tor, this later work presents more elegant and concise constructions concerning the 
regressive product. 

By having established the concept of regressive multiplication, Graßmann is now 
capable of defining any given product of multivectors with m factors (“bezügliche 
Produkte von Elementargrössen”). Generally speaking, there are neither rules for the 
exchangeability of factors, nor for associativity, in these products. The product and 
eventual expressions in brackets are evaluated step by step, from left to right, so that 
either exterior or regressive multiplication, depending on the two magnitudes’ order, 
can be applied to the multivector determined by the preceding factors’ product and 
the following factor. So-called “pure products” represent a special case in products of 
multivectors with m factors. In these products, all factors will be subject only to either 
exterior or regressive multiplication. Pure products consisting of vectors or multivectors 
of the (n – 1)-th order have a special relevance here. They are characterized by complete 
reciprocity, that is, the entire exterior algebra of Vn can be constructed from the n line-
arly independent vectors or multivectors of the (n – 1)-th order thanks to the exterior 
and regressive products. 

Applied to geometry, the exterior and regressive products of bound magnitudes 
correspond, respectively, to the constructions of the partition and connection of points, 
oriented displacements and oriented plane elements. This is how Graßmann, in the 
context of affine geometry, can account for algebraic descriptions of operations which 
correspond to the dualistic positional relations of projective geometry. So we obtain 
the following formulations for space: The exterior/regressive product of two points/ele-
ments of a plane determines exactly a part of the connecting line/line of intersection of 
the points/elements of a plane. The exterior/regressive product of three points/elements 
of a plane which are not situated on a line/do not pass through the same line determines 
exactly one plane element of the connecting plane/the point of intersection of the line 
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elements. And finally, for planimetry, the following must be introduced: The exterior/
regressive product of two points/line segments determines exactly a segment of the con-
necting line/the point of intersection of the line segments.

The consequence then is, especially for planimetry, that all constructions which 
are carried out only with a straightedge – that is, which are the effect of the parti-
tion and the connection of points and displacements – may be described by products 
with multiple factors of point and line vectors, in which the exterior and regressive 
multiplication of factors alternate (in Graßmann’s terminology: “mixed products”, 
“gemischte Produkte”). Graßmann puts it this way: “Indeed every construction using 
a straightedge in the plane consists either in connecting two points by a straight line 
or intersecting two straight lines; but the straight line between two points is their 
product, and the intersection point of two straight lines is likewise their product, if 
the weight is not taken into account. Consequently, for every straightedge construc-
tion in which a point or a line is used I can substitute a multiplication with this point 
or line; …”101

Now in particular, if in the multiple-factor relative product of point and line vec-
tors the sum of the orders of the factors is congruent to zero modulo n (n = number 
of independent points of the corresponding space, i. e. for a plane n = 3), its value will 
be a real number and may be represented, with the transition to the coordinates, by a 
single algebraic equation in the coordinates of the relevant geometrical objects. If, fur-
thermore, this product is taken to equal zero, the real coefficients of the factors, that is, 
the point and line vectors, are also taken out of consideration and the product becomes 
the immediate algebraic representative of the straightedge-constructions, which in turn 
may be expressed in a coordinate equation. 

Graßmann calls such products “planimetric products”. Taking these considerations 
as a point of departure, Graßmann obtains a fundamental principle for generating all 
plane curves of any given order. For if in a planimetric product a variable “point” x ap-
pears n times as a factor, because the corresponding coordinate equation is an algebraic 
equation of the n-th degree in the coordinates of the point c, this product will define 
the point’s geometrical locus as a curve of n-th order. This is how Graßmann obtains his 
main theorem on plane algebraic curves: “If the position of a point (p) is so constrained 
that three points, which result by constructions using a straightedge from that point (p) 
and a given series of fixed straight lines or points, lie on a single straight line (or if three 
such straight lines go through a single point), then the locus of that point (p) describes 
an algebraic curve whose order one finds by simple enumeration. Thus one has only to 
enumerate how often one returns to the moving point (p), without returning to another 
moving point; the number (m) so obtained is then the order of the curve.”102 

Graßmann would prove the converse of this theorem, namely that any algebraic 
curve may be generated by such a construction, in 1851.
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In the Extension Theory of 1844 he demonstrated the first part of the main theo-
rem only by referring to the example of the “geometric equation for curves of second 
order”.103 Here the planimetric product takes on the form xaBcDex = 0 (x… variable 
point, a, c, e… fixed points, B, D… fixed lines). If one introduces the values of the coor-
dinates into the corresponding magnitudes, one obtains a general algebraic equation 
of the second degree in the coordinates of x. The geometrical interpretation goes as 
follows: If the straight line running through x and a is intersected with the line B, and 
if the straight line through the point of intersection and a fixed point c is intersected 
with the straight line D, and if, finally, the point x is on the connecting straight lines 
of the fixed point e with the point of intersection on D, then x is a point of the conic 
section, the parameter of which is determined by the fixed magnitudes a, B, c, D and e. 
In other words: x is a point of the conic section in question when the sequence of lines 
defined by the points a, c, e and the straight lines B, D comes together on itself. This 
mode of generation corresponds to the well-known Maclaurin construction of conic 
sections, which relies on generation by projective pencils. But while the generation of 
algebraic curves of higher orders than 2 by projective pencils of rays only leads to spe-
cial cases, Graßmann’s mode of generation remains universal. Graßmann himself gave 
the obvious contextualization of the planimetric product into projective geometry in 
1851.104 In order to do this, Graßmann introduced the concept of “higher projectiv-
ity”, meaning that associated pencils of higher-order curves take the place of projective 
pencils of rays. He proved that the curve of (n + m)-th order generated by a planimetric 
product is identical with the intersection of two projective pencils of curves of n-th, 
and respectively, m-th order.

When it comes to formulating the theorem on the projective generation of higher 
order curves, which is generally attributed to M. Chasles (for m = 1, n = 2, 1853) and 
E. de Jonquières (arbitrary m, n, 1858) and named after them,105 Graßmann should 
clearly be given priority. 

Since curves of orders higher than two cannot be completely constructed by a 
straightedge any more, Graßmann develops the concept of the “lineal mechanism” from 
the geometrical interpretation of the planimetric product. According to Klein, this des-
ignates “…a system partly of fixed, partly of movable straight lines and points, with the 
movable straight lines necessarily passing through certain (not necessarily fixed) points, 
and the points necessarily moving on certain (not necessarily fixed) straight lines”106. So 
Graßmann’s main theorem revolves around the statement: “A curve is algebraic when 
it can be generated by a lineal mechanism.”107 Lineal mechanisms – which shouldn’t be 
confused with linked and coulisse mechanisms, investigated in detail by P. L. Čebyšev, 
prompting him to develop his theory of approximation108 – are only of theoretical inter-
est because they always “wobble” in practical applications. Graßmann’s theory of curves 
was, as far as I know, not continued after 1900.109 Though Graßmann had only given 
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one example for the generation of second-order plane curves in the Extension Theory of 
1844, he already presented the general theorem on the possibility of generating hyper-
surfaces of any order through the relative product, mentioned above, and proved it in 
the following form: “if we have an arbitrary equation between extensive magnitudes, 
whose terms are mixed products, the degree of the equation with respect to one of them 
(P) is always as great as the greatest number (m) of times this extensive magnitude (P) 
appears in a single term of nonzero magnitude, whence it would be replaced by numeri-
cal equations, at least one of which would attain a degree equal to that number, with 
respect to the indicators of the variable extensive magnitude.”110

In the following years, Graßmann published no less than 12 articles111 on this theo-
rem’s application in the generation of plane algebraic curves and algebraic surfaces. The 
generation of cubic curves and surfaces bears Graßmann’s name today. 

The Extension Theory of 1844 ends with a chapter concerning geometrical relation-
ships, connected with considerations of Möbius’ in his Barycentric Calculus  (Möbius 1827), 
and a note on so-called “open products”.  

Luigi Cremona on Graßmann’s theory of curves
Cremona made enthusiastic remarks on Graßmann as early as 1860. He called him an 
“éminent géomètre allemand” and commented appreciatively on Graßmann’s construc-
tions in (Graßmann 1846):
“A l’occasion de ces théorèmes qui se rapportent à la géométrie des intersections, je ne 
pui m’empêcher de mentionner une méthode très-expéditive et très-curieuse, dont 
la première idée paraît appartenir à Leibniz, mais qui a été vraiment établie par 
M. Graßmann dans un ouvrage intéressant [he is referring to the Extension Theory of 
1844 – H.-J. P.] … je ne sache pas que quelque géomètre ait donné aux recherches d. 
M. Graßmann l’attention qu’elles méritent.”112     

In his foreword to his Barycentric Calculus (Möbius 1827), Möbius had made his 
position clear, stating that the theory of relationships is a science “…which in the sense 
of the word chosen here encompasses the foundation of all of geometry, but which will 
also be one of the most difficult sciences, should it be presented in total generality and 
completeness.”113 So it seems only natural that Graßmann should appreciate a theory 
thus characterized by Möbius, when Graßmann was aiming to criticize the foundations 
of geometry and to reach the highest possible level of generality in his mathematical 
results.

His point of departure in treating geometrical relationships is the concept of affinity. 
He starts his developments with a notion of a space made up of points with mass, seeing 
points sharing the same spatial location, but unequal in mass, as different geometrical 
objects. He defines the concept of affine relationship for these “elementary magnitudes” 
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in a vectorial and algebraic way (but without using the concept of transformation): Two 
assemblies of magnitudes are, according to Graßmann, affine to one another “if every 
numerical relation obtaining between magnitudes of one series, whichever it is, also 
prevails between the magnitudes of the other series…”114

If one increases the dimension of an affine point space by 1, that is, takes the spec-
trum of real “mass values” as an additional dimension, Graßmann’s definition of affinity 
becomes the generally accepted definition. On the other hand, Graßmann’s definition 
of affinity also becomes this common notion when all masses are normalized to 1. In 
this context, F. Klein also speaks of Graßmann’s “naïve interpretation” of the homoge-
neous coordinates of Rn as affine coordinates of Rn–1, while emphasizing this interpreta-
tion’s extraordinary importance for applications in physics.115 

Finally, Graßmann obtains the concepts of direct and reciprocal affinity by showing 
that only the exterior products of vectors and the regressive products of (n – 1)-order 
vectors are invariant in relation to affinity.116 

Graßmann derives projective relationship from affine relationship by examining 
subspaces: if two assemblies (“Vereine”) of “weighted” points, line elements etc. are 
related affinely, then the corresponding affine subspaces (“Systeme”), whose elements 
(“Punkte, Linienteile”) only differ in weight, will be related projectively (“linear ver-
wandt”). This approach corresponds to the transition to homogeneous coordinates, ac-
cording to the principle of projection and intersection.  

Felix Klein on the connection between projective and affine relationships
In his discussion of the geometrical objects constituted by Graßmann, F. Klein writes:
“These ‘affine’ and ‘projective’ interpretations of invariant theory naturally are not fun-
damentally opposed, but may be geometrically derived from one another according to 
the so-called principle of projection and intersection. The projective interpretation in 
R3 arises from the affine interpretation in R4 when one projects the zero starting fig-
ures from 0 (zero) onto any given R3 embedded in R4. There, the displacement starting 
from 0 gives a point in R3, the two-dimensional linear structure starting from 0 gives a 
straight line in R3, etc.”117   

According to Graßmann, direct affinity corresponds to collineation (“kollineare 
Verwandtschaft”) in projective space; reciprocal affinity corresponds to correlation 
(“reci proke Verwandtschaft”). 118 

In passing, Graßmann touches on metric invariants in collinear transformations, 
which for him arise organically from exterior division. The cross ratio of four straight 
lines in space119, so far unknown in projective geometry and bearing Graßmann’s name 
today120, is among the five cross ratios (“Doppelquotienten”) he introduces. 
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This chapter’s theoretical investigations conclude with some theorems on harmonic 
points and equations. By applying these results to crystallography, Graßmann explicitly 
shows for the first time the connection between the so-called zone law and the law of 
rational indices, by elegantly deriving the latter from the former.121

The closing paragraph of Extension Theory is on the concept of the “open prod-
uct”. Here, Graßmann treats a sum of mixed products of multivectors, which all have a 
multivector as a common factor. Given the fact that the rules of exchanges of factors in 
mixed products are very limited, the common factor usually cannot be factored out. But 
factoring out is possible in a formal sense when one factor is “pulled out” and the “gap”, 
into which the factor must enter, is marked in the remaining products. Graßmann terms 
such formal products with gaps or linear combinations of such products “open prod-
ucts”. He only demonstrates simple relations in dealing with open products by giving the 
example of an open product of vectors and bivectors in R3 with a gap. Graßmann saved 
the more general and comprehensive development of the concept, which he underlined 
as being extremely important for optics and mechanics122, for a later treatise.123

The open products Graßmann develops, in modern terminology, are tensors. Graß-
mann’s example of an open product represents a symmetric tensor of the second order. 
He already emphasized its independence from its basis representation.124

In the second, completely revised 1861 edition of Extension Theory, open prod-
ucts, now termed “gap products” or “gap expressions” (“Lückenprodukte”, “Lückenaus-
drücke”), are treated thoroughly. This text gives us the derivation of the essential laws 
for operating with symmetric and skew-symmetric tensors of any order.125 

With the remarks concerning open products, the circle of topics Graßmann treated 
in 1844 is complete. Thanks to his specifically constructed repertoire of instruments 
from linear algebra, Graßmann gained deep insights into the structure of projective and 
affine geometry of n-dimensional space. 

Graßmann was planning to extend his methods to metrical geometry, that is, to 
develop the theorems linked to the inner product (“scalar product”) of vectors and mul-
tivectors in a second volume to Extension Theory. But this volume, which was meant to 
unfold the unpublished ideas from his 1840 examination thesis, never appeared because 
of the general lack of appreciation for the Extension Theory of 1844. 

But we can view his prize-winning contribution Geometric Analysis, linked to the 
Geometric Characteristic invented by Leibniz (PREIS), published in 1847, as a substi-
tute.
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3.4 The prize-winning treatise on geometric analysis (1847)

Graßmann was the perfect candidate for responding to the prize-question which had 
been set up to commemorate Leibniz’ 200th birthday. The task was to reconstruct, as far 
as possible, and to further develop the fragments of the Geometric Characteristic, which 
Leibniz had left unfinished. Just as Graßmann had advertised his new geometrical 
method, Leibniz had marveled at his own discovery in almost the same words. In a letter 
to Huygens dated 8 September 1679, in which he offered some samples of his character-
istic126, we read: The Geometric Characteristic’s main advantage compared to Descartes’ 
analytical geometry “lies in the reasoning which can be done and the conclusions which 
can be drawn by operations with its characters, which could not be expressed in figures 
and still less in models without multiplying these too greatly, or without confusing them 
with too many points and lines in the course of the many futile attempts one is forced 
to make. This method, by contrast, will guide us surely and without effort. I believe that 
by this method one could treat mechanics almost like geometry.”127

Graßmann on the reconstruction of the Leibnizian characteristic
Referring to Leibniz, Graßmann wrote in the introduction to his prize-winning trea-
tise:
“In order to illuminate the scientific significance of his curious characteristic, and also 
in order to make us aware of this aspect of his scientific contribution, I will, in the 
derivation and development of the new analysis, take the Leibnizian characteristic as 
a point of departure and show how, from this seed, by a consistent process of develop-
ment, by the proper deletion of extraneous materials and the fertilization with the ideas 
of geometric relationships, we obtain the analysis which I am inclined to regard, if only 
preliminarily, as the realization of the Leibnizian idea of a geometrical analysis. That 
this is not the path on which I arrived at this analysis, is hardly worth mentioning.”128  

In his prize-winning treatise Graßmann goes on to show how the Leibnizian ap-
proach, which he had so far been unaware of129, when adequately modified, is included 
in the Extension Theory’s geometric-algebraic constructions when these are extended to 
include the concept of the inner product. 

We can give the following rough sketch of the contents of Graßmann’s treatise: 
Graßmann takes the ideas of Leibniz as a point of departure. Leibniz, in turn, connects 
his inquiries on the geometrical characteristic to a peculiar symbolism serving to desig-
nate congruent systems of points, which may be carried over into one another by mo-
tion. That is to say that, if a, b, c are fixed points, x is a variable point and, as in  Leibniz, 
“8” is taken to be the symbol for congruence, then the formula a x 8 b c implies that 
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by a movement the displacement ax may always be brought into congruence with the 
displacement bc. So this formula defines the geometrical position of all points x as the 
surface of a sphere with the center a and the radius bc. In an analogous way, the formula 
a x 8 b x defines a plane as the geometric locus of all sphere-centers x passing through 
two fixed points a and b, and a x 8 b x 8 c x defines a straight line as the geometrical 
locus of all sphere-centers x passing through three fixed points. It can be shown that this 
procedure makes it possible to reduce the entire Euclidean geometry to a sphere.

We should note in this context that the idea of reducing geometry to a sphere 
played a significant role in the inquiries into the fundamentals of geometry in the 19th 

century. We find this procedure in Lobačevskij, Bolyai, Helmholtz, de Tilly and Lie. 
These mathematicians either did not, or could not, rely on Leibniz for this.130

Graßmann’s criticism does not focus on the method used by Leibniz, but on his 
symbolism. He discards it because, according to Graßmann, in such expressions of con-
gruence, “one can by no means always replace each expression with its congruent”131. In 
a second step Graßmann criticizes Leibniz for immediately relying on the concept of 
congruence, because, as Extension Theory had shown, entire areas of geometry could still 
be constructed without it (that is, projective and affine geometry, among others). There-
fore Graßmann assumed a hierarchy of geometric relationships in his development.

By examining collineation between six points of space and the affinity between 
four points of space, and by analyzing the representation of their corresponding stereo-
metric (planimetric) products, or exterior (regressive) products of point-, line- and 
plane-magnitudes, he returns to dealing with the relation of congruence from a higher 
standpoint. 

Graßmann shows that Leibniz’ simplest formula of congruence a b 8 c d amounts 
to requiring that the length of the displacements ab and cd be the same. So if congru-
ence should be the case in the context of his vector calculus, so must the vector equation 
a – b = c – d ((a – b) and (c – d) being the vectors from b to a, and from d to c). Con-
sequently it must be possible to represent the length of the displacement ab or cd as a 
“geometric function”132 of the vectors (a – b) and (c – d), and the Leibnizian formula a b 
8 c d is replaced by the equation f (a – b) = f (c – d). Graßmann sees this vector function 
and the elaboration of the theory connected to it as the appropriate reappearance and 
completion of the Leibnizian geometric characteristic.

Hereby Graßmann had already dealt with the dubious aspects of the Leibnizian 
characteristic. Firstly, he had replaced the geometrical relation of congruence by an 
equation, which made it possible to always substitute equal magnitudes in the equation. 
Secondly, this equation had not appeared abruptly as in the Leibnizian formula of con-
gruence, but it was contextualized in his newly created theory of vector algebra. 

The following quotation illustrates very well Graßmann’s steps towards constructing 
the vector function he was looking for, which would reveal itself to be the inner vector 
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product (or scalar product of vectors): “To find such a function”, Graßmann wrote, “we 
first assume that all the magnitudes in question lie on the same line. Consequently two 
equally long line segments can only have the same or opposite directions. … If p denotes 
a displacement, then p is as long as (–p); but besides p and (–p) there is no displacement 
on the same straight line with length equal to that of p. It would thus follow, but only 
here, that f (p) must have such a form that f (p) = f (–p). If one could treat displacements 
on a line of numbers, then p2 would be such a function, and in fact the simplest to satisfy 
this condition. Thus we must next investigate whether and to what extent the laws of 
numerical conjunction can be applied to displacements on the same line…”133

This latter investigation presented no problems to Graßmann since in 1844 he had 
already introduced numbers through the concept of the exterior quotient. If one takes 
the divisor of such an exterior quotient as the common measure, then all vector equa-
tions may be expressed. Thus Graßmann obtains the definition: “By inner products of 
any two parallel displacements I mean magnitudes which are regarded as proportional to 
the numbers that result if one measures the two parallel displacements of one of those 
inner products by the same unit and multiplies the quotients of these two measures, all 
units however assumed to be equally long. The inner product of two displacements is 
symbolized by a × b, the inner square a × a by a2.”134

Here we will have to note that Graßmann does not consider “inner products of mag-
nitudes of the same order” to be numerical magnitudes, but only to be “proportional 
to a series of numerical magnitudes”135, which then are not further elaborated. Only in 
1861, in the new version of Extension Theory, the inner product of multivectors of the 
same order is a real number. 

Graßmann interprets the inner product of a vector from point a to point b as the 
square of the distance between points a and b. So by normalizing one vector from every 
one-dimensional subspace, respectively, and defining a corresponding scalar product, 
Graßmann introduces Euclidean metrics into affine point space. 

Graßmann’s inner product of parallel vectors turns out to be commutative and 
distributive in relation to vector addition. By requiring permanence for these charac-
teristics and the validity of the Pythagorean theorem, he obtains the general form for 
the inner product of any two vectors: “By the inner product a × b of two nonparallel dis-
placements a and b I will designate the inner product of the first, a, with the orthogonal 
projection of the second on the first.”136 

The concept of the “orthogonally proportional”137 establishes the connection be-
tween the inner and the exterior product. Here the inner product of two vectors turns 
out to be proportional to one of the two vector’s exterior product into the “orthogonally 
proportional surface area”138 (that is, into the completing bivector). Graßmann replaced 
this still unfinished and somewhat impractical concept139 in 1861 by the concept of the 
“complement”, which he then elaborated strictly and completely.140
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The connection with exterior multiplication made it possible for Graßmann to in-
troduce the definition for inner products of any given multivector already in his prize-
winning treatise.

The remaining sections of the treatise consist of applications in geometry and me-
chanics, as well as a presentation of some formal concepts (such as the “inner product of 
points”), which are excluded from later works for their lack of viability.

The completion of this treatise in 1847 basically brought Graßmann’s concep-
tual architecture of linear algebra to a conclusion. After affine geometry, Euclidean 
geometry in n-dimensional space had now become accessible to algebraic approaches. 
In 1861 Graßmann left behind the verbal-conceptual approach and the semi-formal 
mode of presentation with his new version of Extension Theory, which to this day is 
worth reading and perfectly readable once one has become familiar with Graßmann’s 
terminology. 

3.5 The Extension Theory of 1862

By reworking Extension Theory in the 1860s, Graßmann undertook one last effort to 
win the scientific community’s acclaim for his findings, since they had been completely 
ignored up to that time.141 

Graßmann submitted his approach to a radical reconstruction. He now omitted 
philosophical reflections completely. He abandoned the separation between extension 
theory and analysis, made calculating with concrete and abstract numbers a prerequisite 
and increased the diversity of the contents discussed in the book. “Thus … in the present 
work”, Graßmann wrote in the foreword, “I have presupposed the other branches of 
mathematics, at least in their elementary development. In addition I have adopted ex-
actly the opposite method in the form of presentation, as I have applied the most rigor-
ous mathematical form we know, the Euclidean, to the present work, and have relegated 
to the Remarks everything that serves to illustrate or motivate the method chosen.”142 
But it took until the end of century for the book to receive the recognition it de-
served – even though it then was immediately considered a methodological model.143 

I will only give a brief outline of this work here, partly because the book’s concepts 
have already been discussed above, partly because they have passed, though in different 
forms, into the repertoire of modern mathematics. It is preferable to use, as far as possi-
ble, modern terminology in order to identify Graßmann’s core reflections more clearly. 

Starting with linear combinations over a system of linearly independent magni-
tudes (“Einheiten”), Graßmann develops, without referring to geometry, the funda-
mental concepts of vector calculus over Rn. He defines the dimension of a vector space, 
analyzes basis transformations, defines the exchange theorem for basis vectors and de-
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termines the dimensional relations between the sum and the intersection of subspaces. 
He makes explicit the modular characteristics of vector addition and linearity related to 
combining vectors with elements of the field of real numbers. And he postulates, when 
investigating possible products between vectors, the additivity and homogeneity of the 
resulting combination as a principle of construction. 

Taking the product of two vectors in basis representation as a point of departure, 
Graßmann emphasizes as uniquely significant two kinds of tensor products: the skew-
symmetric and the symmetric kinds. 

The first section of the 1862 Extension Theory analyzes skew-symmetric products 
and product-structures built up on them. In other words, it develops the exterior alge-
bra over Vn. 

In the second section, which treats the vector functions X = F(Y) over Vn, the es-
sential magnitude of the symmetric tensor appears as the “open expression with inter-
changeable gaps” (“Lückenausdruck mit vertauschbaren Lücken”). As in the exterior 
vector-product, skew-symmetric tensors come into play, that is, “open expressions with 
non-interchangeable gaps”. A mixed open expression thereby becomes the general rep-
resentative of a tensor. 

The first section is an extensive development of the relations of the exterior algebra 
over Vn. By investigating multivectors, their relations and transformational invariances, 
Graßmann obtains, via applications in the theory of determinants and via solutions to 
linearly non-homogeneous systems of equations, the concept of the complement. As a 
logical consequence, Graßmann connects the concept of the inner and exterior scalar 
product of multivectors to the complement of a multivector. The scalar product of vec-
tors, in turn, leads him to orthogonalize the n-dimensional vector space and to the con-
cept of the orthonormal system (“einfaches vollständiges Normalsystem”). This gives 
him metrics and the definition of angle. Then Graßmann elaborates the invariance of 
vectors in relation to orthogonal transformations in the now “complete” Extension The-
ory. Graßmann’s applications in geometry only come after this process of elaboration. 
They take place in analogy with the investigations into elementary magnitudes over R3, 
which we find in the Extension Theory of 1844. He treats planimetric and stereomet-
ric products and proves completely the main theorem on the generation of algebraic 
curves, mentioned above. Only the inner product of vectors is submitted to interpreta-
tion from a geometrical point of view, and thereby Euclidean geometry becomes part of 
a vector-algebraic treatment. 

The second section discusses the properties of vector functions and their differen-
tiation and integration. Graßmann uses the concept of the tensor, which takes on the 
form of an open product, as a methodological instrument. 

Linear operators, which Graßmann calls “quotients”, appear in the text as special 
“open expressions with a gap”. Graßmann expands his analysis of their characteristic 
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roots to complex operators and proves that it is possible to transform these operators 
into the triangular form.144 He also emphasizes the importance of the quotients for 
characterizing affinity and collinearity. 

Compared to the Extension Theory of 1844, geometrical relations remain in the 
background. But Graßmann presents a new form, namely an exemplary extension of 
Möbius’ circle relationships. The investigation of the differentiation of vector functions 
with open products leads Graßmann to the concept of the Jacobian determinant. 

Graßmann ends the book by developing the concept of skew-symmetric tensors 
and by applying it to systems of partial differential equations. Notably, Graßmann’s ap-
plication of the conjunction laws of skew-symmetric tensors historically represents the 
first complete grouping of all the possibilities arising from what we call Pfaffian dif-
ferential equations. Thereby Graßmann indirectly highlighted the relevance of exterior 
algebra for differential geometry. 

This enormous range of work, of whose ideas I have only given a rough sketch, is 
the masterpiece of Graßmann’s mathematical creation. Graßmann had surpassed his 
contemporaries on many questions. In the process, he had not simply distanced himself 
from the 19th century’s fundamental mathematical questions. Trained by the dialectics 
of Schleiermacher, Graßmann had been a deeper thinker and therefore he had offered 
solutions which were not equaled by “standard” mathematics, especially on the conti-
nent, until the 1870s and 80s.

Hamilton was one of the few people to understand the value of Graßmann’s re-
search at an early stage. Hamilton himself was a groundbreaking figure in the context 
of the English algebraic school of thought, and he possessed enough scientific authority 
to communicate his ideas to a wider public. We would also have to think of Hermann 
Hankel, who, in a mindset resembling Graßmann’s, also received the acclaim he de-
served only by the end of the century. 

But before turning to the imprint Graßmann’s ideas made on the living body of 
mathematics, we must take another of Graßmann’s works into consideration. This work 
seems to have nothing to do with his previous investigations.

3.6 Work on the foundations of arithmetic (1861)

The work we are dealing with here is the Textbook of Arithmetic for secondary schools 
(“Lehrbuch der Arithmetik für höhere Lehranstalten”), the contents of which were the 
fruit of joint research by the brothers Hermann and Robert Graßmann. It was pub-
lished by Hermann Graßmann in 1861. With its “strictly Euclidean structure” it pre-
dates the second Extension Theory’s methodological shift by a year. It is also a display of 
the increasing influence of Robert’s thoughts. But the book could not live up to what 
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the title promised – its high level of scientific abstraction and mode of presentation 
made it unsuitable as a teaching manual for secondary institutions.

Instead, it was extraordinarily important from a scientific point of view; it con-
tained nothing less than the most rigorous in-depth analysis and presentation of the 
foundations of arithmetic up to that date. On the one hand, these investigations were 
motivated by Graßmann’s methodical and methodological views on the relations be-
tween the mathematical disciplines. On the other hand, observations concerning a 
philosophical foundation for mathematics also played a part. Both topics had already 
appeared on the first pages of the Extension Theory of 1844. This is to say that the neces-
sity Graßmann had felt for finding a place for his Extension Theory in the structure of 
mathematics also led him to redetermining the location and structure of other mathe-
matical disciplines.145 Therefore the investigations on arithmetic became an organic part 
of the programmatic approach of 1844, and the seemingly arbitrary focus on arithmetic 
was a necessary consequence. It is worth noting that this approach had been breached 
and called into question by an intense occupation with the foundations of arithmetic. 
This fact has not received enough attention so far.

Felix Klein gives us a fitting description of Graßmann’s point of departure: Graß-
mann opposed the view, Klein writes, “that geometry may become merely an applica-
tion of arithmetic, and he claims for his Ausdehnungslehre the status of an independent 
science. And from it he distinguishes, again as an independent subject, ‘mensuration’ 
(Messkunde). The latter is built on arithmetic; and so it was altogether consistent for 
Grassmann now to occupy himself with the foundations of arithmetic. Thus he became 
one of the first to investigate the essential properties of ordinary calculation.”146      

If we now wanted to look for, in these conditions, the reason why Graßmann com-
mitted himself to an independent foundation of arithmetic, we would have to say that 
his philosophical views on the essence of mathematics – imparted by his father and 
modified by the effect of Schleiermacher’s dialectics – were the decisive factor influenc-
ing his approach to the foundation of arithmetic. The following table briefly gives the 
significant points:  

The philosophical foundation of the “constructive” structure of arithmetic

Justus Graßmann:
1. The essence of mathematics consists in gener-
ating “its primary concepts by its inherent force 
of synthesis (which we will, in the wider sense, 
call a construction)” … “But it is not the form 
of this synthesis, but the product of it that is its 
subject.”147

Hermann Graßmann: 
1. “Thinking exists only in reference to an exis-
tent that confronts it and is portrayed by think-
ing; but in the real sciences this existent is in-
dependent, existing for itself outside thought, 
whereas in the formal it is established by the 
thinking itself, when a second thought-process is 
confronted as an existent.”150
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2. The theorems of mathematics “express the na-
ture of this specifically mathematical synthesis, 
and of what is given along with it”.148

2. “Pure mathematics is therefore the science 
of the particular existent that has come to be by 
thought. The particular existent, viewed in this 
sense, we call … a form; thus pure mathematics is 
the theory of forms.”151

3. “The synthesis of the same kind of things gives 
us magnitude; it is discrete when, in the process of 
its generation, what is to be combined (through 
the synthesis of which the magnitude arises) is 
taken to be given;…”149

3. “Each particular existent brought to be by 
thought … can come about in one of two ways, 
either through a simple act of generation or 
through a twofold act of placement and conjunc-
tion. …that arising in the second way is the dis-
crete or conjunctive form.”152 

This comparison shows clearly that Graßmann was never interested in an axiomatic 
presentation of arithmetic. Accordingly, he noted in the Extension Theory of 1844: 
“Although postulates have been introduced into the formal sciences, for example in 
arithmetic, this is to be regarded as an error, only to be explained by the corresponding 
treatment of geometry. … Here it is enough to have demonstrated that postulates are 
necessarily absent from the formal sciences.”153

To Graßmann, mathematical theorems were statements about the content of con-
structions belonging to the active realm of thought. They were theorems concerning all 
ideal constructions which displayed the same structure in relation to well-defined crite-
ria. In this sense, Graßmann must be seen as one of the earliest architects of constructive 
or operative mathematics. 

The context, as discussed above, surrounding the Textbook of Arithmetic is not re-
flected in the work itself, as opposed to the 1844 Extension Theory. The textbook ex-
presses the “conviction that it represents the first strictly scientific discussion of this 
discipline, with the even more far-reaching requirement that its method, however far it 
may stray from the common paths, should not be seen as one among many, but as the 
only possible option for a strictly coherent and adequate discussion of this discipline.”154 
Nevertheless, no justification is given for this conviction because, according to the au-
thor, there is no room for discussing methods in a schoolbook: “We hope to make 
up for this shortcoming at some later date by presenting a discussion of mathematics 
which, presupposing scientifically educated readers, will explain all its guiding thoughts 
and show the necessity of its methods in every detail.”155 

The general tone alone in this foreword already differs significantly from what we are 
used to hearing from Hermann Graßmann. While his father Justus considered dialecti-
cal progression, the identification of a guiding idea and the feeling for an organic whole-
ness in a mathematical concept to be fundamental especially for school purposes, far 
more important than any calculation or written proof,156 now the pedagogical emphasis 
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is laid on the “most rigorous method possible”157. Even though the foreword emphasizes, 
in its further course, the teacher’s obligation to bear Justus Graßmann’s points in mind, 
this does not in any way shape the mathematical mode of presentation. This explains why 
Carl Gottfried Scheibert, who had developed textbooks on trigonometry with Justus 
Graßmann, rejected and despised such a lack of pedagogy in a schoolbook.158 

But how does Hermann Graßmann develop arithmetic?
He does not begin by generating numbers, but by generating a series of magnitudes, 

infinite on both sides, by connecting positive and negative units.
He opens the first section of the textbook of arithmetic by giving the following plan 

of construction: 
“Explanation. Use the following procedure to generate a series of magnitudes from 

the magnitude e: Put e as a term of the series, put e + e … as the following term of the 
series, and continue like this by deriving the following term from the corresponding last 
term of the series by adding + e to the latter. In the same fashion, put e + –e … as the term 
of the series immediately preceding e, and so go on to derive from the corresponding 
first term of the series the immediately preceding one by adding + –e to the former. You 
will get a series which continues infinitely on both sides. … If, in this series, one assumes 
every term to be different from all other terms of the series, then we will call this series 
the basic series, e the positive unit, –e the negative unit.” [underlined by H.-J. P.]159

Recursively he defines addition for the thus-generated terms of the basic series, but 
still there is no mention of numbers. Only under §4, multiplication, theorem 52, he 
introduces the number 1:

“a × 1 = a …, ‘Multiplying by one changes nothing.’”160

In definition 53 we learn that a basic series whose unit equals 1 is called a number 
series. And definition 60 shows that the product of a number and a magnitude gives 
another magnitude of the same basic series. Finally, we learn in definition 64: 

“If a is a magnitude from the basic series generated from e ≠ 1, and a = e α, then we 
will call a a named magnitude, e its unit, α its numerical value.”161 

Now, on page 21 of the textbook, Graßmann’s basic idea becomes clear: arithmetic 
is no longer a “pure” science of numbers, as his father had still seen it, and he also does 
not bother with wondering whether 0 and 1 are numbers, whether addition may be 
viewed as an arithmetical operation, or whether the negative may be part of the numeri-
cal series; Graßmann’s aim is to construct the “named number” (“benannte Zahl”) as the 
object of arithmetic.162 The derivation of whole numbers and rational numbers is just a 
necessary sideline of inquiry in this case. He constructs “named numbers” as extensive 
magnitudes: as one-dimensional vector components (at first integer, in a later part of 
the textbook also rational163), which had already been the basic element of construc-
tion in his Extension Theory of 1862.164 The most natural point of departure is to begin 
by constructing an infinite cyclic group. The Extension Theory of 1862 confirms that 
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Hermann Graßmann views “named numbers” as extensive magnitudes: “Only if the 
system consists of just the absolute unit (1) is the derived magnitude not an extensive, 
but a numerical magnitude.

In general I will reserve the expression magnitude for these two species of them 
only.”165 

And he makes the following remark:
“From elementary mathematics we assume the laws of calculation for numbers, and 

also for the so-called “named numbers” {benannte Zahlen}, that is, for the extensive 
magnitudes derived from a single unit; but only for the case that that unit is an original 
unit.”166

A profound change in the foundation of mathematics had taken place. The clas-
sificatory schema of mathematics, which had been developed in the Extension Theory 
of 1844, had collapsed completely: Now, extensive magnitudes were the sole object of 
mathematics, magnitudes which, in a special case – a basic series containing the unit 
“1” –, act as numerical magnitudes. The theory of numbers turned into a special case 
of arithmetic, which turned into a special case of extension theory – nonetheless, the 
most important special case. The general theory of forms, elaborated in the Extension 
Theory of 1844, had been surpassed. The classificatory schema of mathematics had to 
be redrawn completely (it would serve later, in Robert Graßmann’s mathematical and 
logical publications, as an instrument to separate mathematics from logic). Mathematics 
was now detached from philosophy and moved even closer to the “objective sciences”, 
the so-called “Realwissenschaften”. It became the formal theory (and model theory) of 
all measurable entities, as we have already seen above in the considerations of Klein and 
Helmholtz (1887). 

Robert Graßmann’s recollection of this process shows that the Graßmann broth-
ers were aware of these consequences. He wrote in retrospect: “In 1847, in a collective 
effort, the brothers Hermann and Robert Graßmann made a serious attempt to elabo-
rate the theory of magnitudes. At the time, they chose single branches as their point 
of departure, namely the theory of forms or mathematics, the theory of numbers and 
extension theory, and the theory of combinations, which at the time they still took to 
be one of the branches of mathematics, and tried to generalize the operations belong-
ing to these branches. But they did not manage to elaborate satisfactory theorems and 
therefore gave up their attempt at representing this branch.”167 

The fact that the Graßmanns’ Textbook of Arithmetic played a fundamental role 
concerning the foundation of Graßmann’s concept of mathematics has been over-
looked, and this probably has to do with the book’s history of reception and its great 
importance in the axiomatization of the theory of natural numbers: the text was viewed 
exclusively as a theory of numbers.168 Only Victor Schlegel – in his 1878 Graßmann-
biography – seems to have felt the text’s general conceptual importance when he re-
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marked in passing that the textbook served as a preliminary to the Extension Theory of 
1862 “because it contains the elements of arithmetic which the latter presupposes…”169

Even if we limit ourselves to assessing the text’s “casual” contribution to the foun-
dations of arithmetic (unnamed numbers), the genius of this work’s approach is im-
pressive.170

With the conjunctive concept of the “addition of units”171, Graßmann introduces, 
in examining the basic series, the concept of a’s successor (“element immediately follow-
ing a”) as being a + e, and the concept of a’s predecessor (“element immediately preced-
ing a”) as being a – e. He also defines zero as an abbreviation for e + –e. Graßmann’s 
conceptual clarity suffers from the fact that from the beginning he uses the same sym-
bol (“+”) to define both addition and the successor. Here, he deviates from the formal 
symbolism for conjunction which he had developed in the general theory of forms in 
1844. 

Graßmann defines addition recursively, probably for the first time in history172: 
“When a and b are elements of a basic series, the sum a + b must be the element for which 
the formula a + (b + e) = (a + b) + e holds [second brackets added – H.-J. P.].”173 

By referring to the basic series, this definition effectively allows Graßmann to con-
struct all valid formulas of addition.174 Therefore, addition is not an axiom for Graß-
mann. He inductively proves associativity and commutativity of addition, without 
thinking about the inductive proof ’s validity at this point.175 After dealing with sub-
traction and the resulting theorems, Graßmann proves the permanence of all assertions 
made so far and gives definitions for calculi which have been derived from the basic 
series in the following way: “If, from a magnitude E which is not zero and which is part 
of the basic series, one derives a series of magnitudes in the same way as the basic series 
has been derived from e, then in the series thus generated every element will also be dif-
ferent from all others … and all theorems constructed so far will be valid for this new 
unit and this new basic series.”176

By introducing multiplication, Graßmann passes from the basic series to the 
number series. He writes: “We consider a . 1 (reads a times one or a multiplied by one) 
to be the magnitude a itself, that is, a . 1 = a … A basic series whose unit equals one is a 
number series, the elements of which are numbers ...”177

Multiplication is generally defined recursively in the number series thus postulated: 
“Multiplication with the remaining numbers (excluding 1) is determined by the follow-
ing formulas: …

a . (β + 1) = aβ + a …
a . 0 = 0 …
a . (–β) = –(aβ) …”178

Later, he proves inductively that the product of two numbers gives a number from 
the basic series.179 On the following pages Graßmann gives proofs for associativity and 
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commutativity of multiplication, distributivity with respect to addition, as well as intro-
ducing the “smaller than” and “greater than” relations. 

The fact that Graßmann’s definitions and theorems are sufficient for an axiomatiza-
tion of whole numbers shows once more how profound his investigation was. Hao Wang 
extracted the following axiomatic system from the developments in Graßmann’s text-
book, also proving its identity with a comparable system from modern abstract algebra:

“Graßmann’s calculus L2:

A. Atoms: =, (, ); a, b, c, d, etc. (letters); 1, +, –, .; Pos.

B. Terms: 1 is a term; –1 is a term; a letter is a term; if s and t are terms, then (s + t) and 
(s . t) are terms. 

C. Definitions …: 
(2.20) 0 = 1 + –1.
(2.21)  For any a and b, a – b is the number such that b + (a – b) = a. 
(2.22)  –a = 0 – a.
(2.23)  a > b ↔ a – b ∈ Pos.

D. Axioms
(2.26)  a = (a + 1) + –1. 
(2.27)  a = (a + –1) + 1.
(2.28)  a + (b + 1) = (a + b) + 1. 
(2.29)  a . 0 = 0.
(2.30)  1 ∈ Pos.
(2.31)  a ∈ Pos. → a + 1 ∈ Pos. 
(2.32)  b = 0 or b ∈ Pos. → a . (b + 1) = (a . b) + a.
(2.33)  b ∈ Pos. → a . (–b) = –(a . b).
(2.34) If 1 ∈ A, for all b, b ∈ A → b + 1 ∈ A, and b ∈ A → b + –1 ∈ A; then for all a, 

a ∈ A. 
(2.35)  If 1 ∈ A, and for all b, b ∈ A → b + 1 ∈ A, then for all a, a ∈ Pos. → a ∈ A.”180

Hao Wang’s reaction to Graßmann’s Textbook of Arithmetic, explained above, requires 
us to make two remarks. When Hao Wang says about Graßmann’s work: “This was 
probably the first serious and rather successful attempt to put numbers on a more or less 
axiomatic basis.”181, this is an overstatement of the axiomatic point of view which fails to 
take Graßmann’s basic constructive outlook, mentioned above, into account. 

And when Hao Wang also suggests that Graßmann failed to explicitly exclude the 
possibility that all whole numbers might be posited as identical among themselves, 
in order to comply with his implicit axiomatic structure, we must disagree with this 
objection because it ignores Graßmann’s constructive point of departure.182 We have 
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already seen that Graßmann’s definition of the basic series directly requires that all 
numbers be different: “If… every element is assumed to be different from all other ele-
ments of the series, then this series will be called the basic series…”183, and all of Graß-
mann’s following theorems and definitions explicitly refer to basic series. Thanks to 
the scientific efforts he had undertaken together with his brother, Graßmann was fully 
aware of this necessary precondition in the foundation of an arithmetic of natural (and 
whole) numbers.

As Robert Graßmann recalled later, the Graßmann brothers had already been work-
ing on a new foundation for mathematics in 1847/48 and 1855/56, partly in a joint ef-
fort, partly in a division of labor in which Robert Graßmann increasingly concentrated 
on logic. The conjunction of “single-valued magnitudes” formed the common ground 
for these inquiries. Both had gradually come to the conclusion that for mathematics 
only conjunctions having the form e + e ≠ e would be valid, and only conjunctions hav-
ing the form e + e = e would be valid for logic (amounting to logical conjunction or the 
Boolean algebra). So Hermann Graßmann must have been completely clear about the 
distinction of these two modes of conjunction. 184

3.7 The impact of Graßmann’s ideas on the development  
of mathematics

Hermann Hankel, in his 1867 work on complex number systems (Hankel 1867), was 
the first mathematician to refer to Graßmann’s algebraic, geometrical and arithmetical 
investigations and to publicly recognize their importance. 

Hankel, who was keenly interested in the history and the philosophical aspects 
of mathematics, had been introduced to modern mathematics by Drobisch, Möbius, 
 Riemann, Weierstraß and Kronecker185. He also possessed a profound knowledge of 
the British mathematicians’ algebraic and geometrical inquiries and was uniquely des-
tined in his time to delve into Graßmann’s mathematical thought. His 1867 contribu-
tion to axiomatizing algebra186 is strongly characterized by the goal of finding a synthe-
sis and general interpretation of Graßmann’s and Hamilton’s algebraic studies. It is not 
just that Hankel relied on Graßmann’s geometrical interpretation of exterior algebra, 
highlighting its importance for an elegant approach to the theory of determinants, 
and that he took up Graßmann’s fundamental insights concerning the construction of 
arithmetic. Also, the highly important first and second section of his theory on com-
plex number systems, that is, the “Exposition” and the “General Theory of Forms”187, 
have been strongly influenced by both of Graßmann’s Extension Theories, especially 
the 1844 theory of forms. It is in these sections that Hankel develops the principle of 
permanence, proposes a more abstract understanding of mathematical objects and does 
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essential preparatory work for his abstract approach to concepts such as group, body 
and extensive body. 

Emphasizing Hankel’s role in the development of abstract group theory, Hans 
Wußing wrote: “It should be emphasized that one of Hankel’s aims in his Theorie der 
complexen Zahlensysteme … was to transplant Hamilton’s calculus of quaternions to 
Germany in a ‘transparent’ … manner, that is, in the formalistic manner. This also pro-
vided the occasion for the adoption of the technical terms ‘distributive,’ ‘commutative,’ 
and ‘associative’ used in England since 1840. In spite of the fact that it does not include 
the word ‘group,’ the second section, ‘Allgemeine Formenlehre,’ is especially impor-
tant for its relation to group theory. The same is true of § 4, ‘Algorithmus associativer 
Rechnungs operationen ohne Commutation’.”188 N. Bourbaki arrived at a similar con-
clusion.189

Nevertheless, there is hardly any word in the scientific literature on the great signifi-
cance of Graßmann’s ideas for Hankel’s work.

But Hankel also suffered Graßmann’s fate. Continental mathematics had not 
evolved far enough to be able to incorporate his abstract conceptions. Only in the 
1870s and 1880s interest in and respect for Graßmann’s and Hankel’s work would 
arise, as well as for the groundbreaking ideas of Galois, Möbius, Chasles, Cayley, 
Plücker, Riemann, Lobačevskij, Boole, Bolzano and others, who had begun to uncover 
the deeper structures of mathematics with their abstract approaches.190 For geometry 
this development process has already been indicated.191 Generally speaking, interest 
in the foundational questions of mathematics increased tremendously in this period 
of time.

Cantor found his first foundational theorems of set theory, mathematical logic be-
gan with G. Frege and E. Schröder in Germany, B. Peirce in the USA and G. Peano in 
Italy, and considerable progress was made in the formalization of abstract algebra, etc. 

Under these circumstances, Graßmann’s achievements were recognized in retro-
spect and his ideas were taken up and reformulated.  

Hankel’s Theory of Complex Number Systems (1867)
The following quotations illustrate Graßmann’s influence on Hankel’s conceptual de-
velopments. They are self-explanatory and just a selection from a much greater number 
of examples:

On the general theory of forms:
“According to the principles we have explained here, pure formal mathematics is not 
a generalized case of common arithmetic; it is a completely new science, the laws of 
which may not be proven by arithmetic, but only exemplified…”192
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1. Arithmetic

E. Schröder, in his Textbook of Arithmetic and Algebra (“Lehrbuch der Arithmetik und 
Algebra”, Schröder 1873), relied on Graßmann’s investigations into the foundations of 
arithmetic from 1861, using them in 1873 to build up the arithmetic of natural num-
bers. In 1887, Helmholtz, in his philosophically important essay Counting and Measur-
ing from an Epistemological Point of View (Helmholtz 1887), had also begun to rely on 
Graßmann’s approach. Graßmann’s work, apart from Dedekind’s findings, had been the 
immediate inspiration for Peano’s arithmetic postulates (Peano 1889b).195

Even in 1914, O. Hölder, in his article entitled A Rigorous Foundation of Arithmetic 
(Hölder 1914), still relied heavily on Graßmann’s way of proceeding. This goes to show 
how strong and sustainable Graßmann’s investigations into the foundations of arithme-
tic were for mathematics. 

2. Geometry

In this context, it is especially worth noting that Graßmann’s inquiries into the invari-
ances of affine and Euclidean transformations, which he undertook in both of his Exten-
sion Theories, still exerted an influence on F. Klein and the elaboration of his important 
Erlangen Program. Hankel and Stern had drawn Klein’s attention to Graßmann’s Exten-
sion Theory, and in 1871 he had undertaken a close study of Graßmann’s work. He wrote 

“Such formal laws, which may be completely different from those of common arith-
metic, may be submitted to a special propaedeutical investigation which will have to 
distance itself by abstraction from the current meaning of the operation in question. 
And this will reveal itself to be especially useful when the same laws recur with differing 
contents in different disciplines. This formal kind of mathematics, under the name of 
‘calculus of operations’ or ‘symbols’, would then be identical with a discipline recently 
practiced with great enthusiasm by the English.”193

Graßmann’s merit:
“The idea of letting a pure theory of forms precede the theory of magnitudes, and of 
conceptualizing the latter from the standpoint of the former, as important as it may 
have been for the foundation and the structural architecture of mathematics, was for a 
long time essentially worthless for its further construction because we had not ventured 
beyond using it to prove theorems with which we have not just been long-since familiar, 
but which have also been abundantly discussed and justified, if only ‘empirically’. Only 
H. Graßmann grasped this thought in a truly philosophical spirit and investigated it 
from a comprehensive point of view.”194     
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about this experience in a letter from 1909 to F. Engel: “As we know, Graßmann in his 
Extension Theory is an affine, not a projective, geometer. In the late fall of 1871 I had be-
come aware of this and it led me (apart from my studies of Möbius and  Hamilton, and 
apart from what I had gathered from my experiences in Paris) to conceiving what later 
would be my Erlangen Program. I distinguished (depending on the adjointed group) 
different ‘methods’ in geometry. … In fall of 1872, while I was writing my Erlangen 
Program and while Lie was visiting me here in Erlangen, we quickly reached a level 
of mutual understanding. The word ‘method’ bothered him, and therefore I expunged 
it.”196 In the Erlangen Program we find multiple references to Graßmann concerning 
his circle transformations197, concepts relating to n-dimensional manifolds198 and to his 
indirect group-theoretical approach in developing Extension Theory199. 

A closer analysis of the Erlangen Program also shows that Klein does not investi-
gate the affine group, and therefore also has not placed it yet between the main group 
and the group of collineations. Klein later explained this as the “consequence of one-
sided traditions”, which at the time had kept him from “fully appreciating the work 
done by Möbius and Graßmann”200. “Only in 1895/96 did Klein begin – in his lectures 
on number theory – to focus on the affine group as a set of linear substitutions of odd 
order, presupposing non-homogeneous variables.”201

But Graßmann’s influence did not remain limited to the Erlangen Program. We 
must also emphasize his work’s importance in the axiomatic foundation of geometry. 
As early as 1844 Graßmann had felt the necessity for a theory giving a mathematical 
and abstract view of geometry, completely detached from the theory of real space and its 
properties, and had founded this theory in the “pure elements” (“Elemente schlechthin”) 
of his Extension Theory. In 1889, Peano, in his I principii di Geometria, logicamente ex-
positi (Peano 1889a), had rediscovered this idea by viewing basic geometrical elements 
as “things” to which the most diverse significations could be attached.202 Hilbert, in 
his Foundations of Geometry (Hilbert 1900), completely and thoroughly developed this 
point of view in 1899.203

The Graßmannian cross ratio, the generation of third-order algebraic curves and 
surfaces (derived from a projective interpretation of planimetric and stereometric prod-
ucts), and the concept of the Graßmannian manifold36 passed over into the repertoire 
of projective geometry. Severi’s work established clearer contours for the concept of the 
Graßmannian manifold at the beginning of the 20th century.204
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3. Abstract group theory

H. Wußing wrote the following words in his The Genesis of the Abstract Group Concept, a 
study in the history of mathematics: “But one may also justifiably consider 1882 as deci-
sive for that [abstract group] concept’s full elaboration. For in that year there appeared a 
paper that consciously combined all three of the concept’s historical roots – the theory 
of algebraic equations, number theory, and geometry. … The decisive paper alluded to 
above was due to W. v. Dyck (1856 – 1934).”205

In his studies, W. v. Dyck, who as a pupil of Klein had learned about all three areas 
in which group theory was applied, relied heavily on Cayley’s earlier work.206 But when 
it came to his abstract concept of groups, he explicitly referred to Graßmann’s Exten-
sion Theory and Hankel’s Theory of Complex Number Systems, appreciating in retrospect 
both mathematicians’ outstanding work in the field of abstract algebra and giving it 
a modern form. In the introduction to his 1882 Group Theoretical Studies, he wrote: 
“By viewing group theoretical operations in a purely formal way, we can clearly identify 
their role in the formal development of analytical operations. They are operations of 
multiplication which follow the associative, but not the commutative principle.”207 And 
in a footnote he added: “I will cite here Graßmann’s reflections on the multiplication 
of extensive magnitudes in his Extension Theory, some sections on the multiplication of 
quaternions in Hamilton’s Elements of Quaternions, and Hankel’s lectures on complex 
numbers, … finally also the works of E. Schröder, who especially focuses on the place of 
group theoretical operations within the formal development of algebra.”208

Evidently, Graßmann’s works, dating back almost 40 years, still made an exceptional 
impact on the final architecture of group theory. And even 16 years later, in Whitehead’s 
hands, Graßmann’s algebraic and geometrical inquiries served as a basis for his revision 
of algebra and played a role in the mathematical concept of formalism.   

Whitehead, in A Treatise on Universal Algebra (1898), on the influence of Graß-
mann on Principles of Universal Algebra
“The discussions of this chapter are largely based on the ‘Uebersicht der allgemeinen 
Formenlehre’ which forms the introductory chapter to Graßmann’s Ausdehnungslehre 
von 1844.”209

In his 1898 A Treatise on Universal Algebra (Whitehead 1898) Whitehead wanted “… to 
exhibit the algebras both as systems of symbolism, and also as engines for the investiga-
tion of the possibilities of thought and reasoning connected with the abstract general idea 
of space”210. Like Hankel before him, he was enthusiastic about the basic thoughts and the 
algebraic developments both Extension Theories presented. “The greatness of my obliga-
tions in this volume to Graßmann”, he wrote in the introduction to his book, “will be 
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understood by those who have mastered his two Ausdehnungslehres. The technical devel-
opment of the subject is inspired chiefly by his work of 1862, but the underlying ideas fol-
low the work of 1844.”211 Understandably, Whitehead only took up Graßmann’s formal 
approaches;212 but they served him in taking contemporary mathematics to a new level of 
abstraction. Graßmann’s work, dating back half a century, played a major role in making 
the fundamental crisis in early 20th century mathematics more acute and thereby also rep-
resented a driving force in the further clarification of basic mathematical terminology.213

4. Vector and tensor calculus

Graßmann’s foundational work in the field of vector and tensor calculus represents, 
apart from his elaboration of exterior algebra, one of his main scientific achievements in 
mathematics. But Graßmann shares the honor with Hamilton.214 

Both mathematicians’ investigations into extension theory and the theory of 
quaternions respectively, coincide in the fact that they deal directly with oriented mag-
nitudes and only in a second step go on to a component representation. Both create a 
more general meaning for the word “product” and follow parallel paths on their way to 
ordinary vector calculus. While Graßmann’s 1844 Extension Theory treats the theory 
of invariants of a group of affine transformations which leave the origin of coordinates 
unchanged, Hamilton’s theory of quaternions and Graßmann’s development from 1862 
of the inner product focus on the theory of the rotation group in Euclidean space. From 
a terminological point of view, though, there are fundamental differences in the work of 
these two mathematicians.

The interplay of common features and differences in Graßmann’s and Hamilton’s 
thinking led to a fierce feud between two national “schools”, which had begun to form 
around 1890, consisting of Graßmannians and Hamilton’s Quaternionists. It lasted un-
til the First World War, both parties claiming to be the only and true representatives of 
the respective school of thought.215 The consequence of this was total conceptual chaos, 
which was only made worse by the Graßmannians’ manic ambition of creating an ever 
new, specifically German terminology.216 The independent lines of reception and ap-
plication of Hamilton’s and Graßmann’s work by Gibbs (1881) in the USA and Peano 
(1888) in Italy only added to this confusion.217  

Bourbaki on Peano’s importance
“Peano, one of the creators of the axiomatic method, and also one of the first mathema-
ticians to appreciate at its true worth the work of Graßmann [see Peano 1888, 1889a, 
1898 – H.-J. P.], gives … the axiomatic definition of vector spaces (whether of finite 
dimension or not) over the field of reals, and, with fully modern notation, linear maps 
from such a space to another”218 
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Maxwell’s Treatise on Electricity and Magnetism (Maxwell 1873) introduced vec-
tor calculus under Hamilton’s terminology into British physics. American physics was 
under the sway of the Gibbsian synthesis of Hamilton’s and Graßmann’s terminol-
ogy of vector calculus, and German physicists became familiar with Graßmann’s and 
 Hamilton’s vector theories through Gibbs and through Electromagnetic Theory by the 
British telegraph engineer Heaviside (Heaviside 1951).219 To this day, we must live with 
the divergent nomenclature these developments brought about. 

Einstein’s theory of relativity gave an enormous impulse to vector and tensor cal-
culus at the beginning of the 20th century. The requirements posed by mathematical 
physics in dealing with four-dimensional space were decisive for their further elabora-
tion. The further development of vector and tensor calculus in mathematics took place 
within the framework of linear algebra and, in the final decades of the last century, stim-
ulated by the progress and demands of computer technology, took them to the abstract 
form they have today.

5. Exterior algebra

Graßmann’s exterior algebra on a vector space of finite dimension over the field of real 
numbers was one of the first manifestations of associative, non-commutative algebra220, 
which nevertheless did not become part of the repertoire of abstract algebra until after 
1900.221 Exterior algebra has become an important part of modern mathematics thanks 
to its many areas of application. Graßmann already understood its relevance in the the-
ory of determinants, and Hankel continued this line of thought in 1867. By the end of 
the 19th century, a large number of publications dealt with the theory of determinants 
through the exterior product of n vectors within an n-dimensional vector space over the 
field of real numbers. Even our contemporary textbooks rely on such an approach for 
the theory of determinants.222 

Exterior algebra over a Hilbert space of finite dimensions, together with the theory 
of determinants, gives important insights into the nature of the determinants of block 
matrices.223 

The exterior product of tensors is yet another common feature in today’s mathemat-
ical repertoire, an application of exterior algebra pointing back to Graßmann.224 Also, 
modern literature has expanded the range of applications of exterior algebra to unitary 
R-right modules (“exterior power of a module”). The theory of associated subspaces of 
ideals in exterior algebra developed by E. Cartan should also be mentioned here.225

The theory of exterior differential forms, also going back directly to Graßmann, is 
exceptionally important and has also proven to be an application of exterior algebra. In 
1862 Graßmann laid the foundations for this theory by approaching the Pfaffian dif-
ferential equations with skew-symmetrical tensors. E. Cartan continued Graßmann’s 
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work, created a generalized form for his investigations and used the exterior differ-
ential forms to construct differential geometry.226 Bourbaki emphasized that thereby 
Graßmann’s work had finally received the place it deserves in the structure of mathe-
matics.227

This goes to show how influential Graßmann’s work was decades after its publica-
tion. Bearing this in mind, profound respect is the only adequate reaction to Graß-
mann’s scientific achievements, which he attained living in the isolation of his home-
town of Stettin and bearing the weight of his far-reaching obligations as a teacher and 
as an active member of society.  
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4  The genesis and essence of  
Hermann Günther Graßmann’s  
philosophical views in the  
Extension Theory of 1844

Hermann Graßmann’s philosophical and methodological views were directly on the 
path his father had traced for him. His father had been influenced by Pestalozzi’s 
pedagogy, Leibniz’ combinatorial and synthetic approach, Kant’s constructive view of 
mathe matics and the dialectics of Romantic philosophy of nature. Merged together, 
these were the elements of Justus Graßmann’s unique philosophical and mathematical 
position. These impulses – modified by Schleiermacher’s dialectics – also shaped Her-
mann Graßmann’s way of thinking.  

Leibniz’ and Graßmann’s kinship in spirit

“Therefore, just as the other sciences have to access certainty following the example of 
mathematics, so too the asperity of mathematics must be mitigated by a softer mode of 
proceeding {blandior tractandi ratio} that follows the example of the other sciences …
For the same reason, demonstrations should also be performed without algebraic cal-
culus. Even though algebra is very useful and I appreciate it very much, and it is needed 
for results that otherwise we could not obtain, one should nevertheless avoid using 
it whenever a truth can be proved by a certain natural reason that guides the mind 
through the very ideas of things.”1 

In his Extension Theory, Hermann Günther Graßmann developed basic positions for 
a – in his day – quite workable philosophical and methodological foundation of mathe-
matics, which proved its worth in his mathematical achievements and went far beyond 
what contemporary idealist philosophy had to offer. His attempt at purposefully em-
ploying dialectics in order to solve fundamental questions of philosophy and the theory 
of science is especially noteworthy. 
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4.1 The genesis of Extension Theory’s basic principles

In 1844 Hermann Graßmann had become aware that he had created a new mathemati-
cal theory. Following his father’s example, who had felt obliged to explain the genesis 
of his ideas when he published his newly established Geometric Theory of Combinations 
(“Geometrische Combinationslehre”, KRY) in 1829, Hermann Graßmann also wanted 
to tell the readers of his Extension Theory how he had been “led, step by step, to the 
results presented here”2. 

These explanations give us, along with a letter to Saint-Venant3, a relatively com-
plete overview of the different phases in his elaboration of vector algebra and affine 
geometry. 

According to Graßmann himself, “the consideration of negatives in geometry” pro-
vided the “initial incentive”4 for developing vector algebra. Immediately one is remind-
ed of one of Kant’s early writings, dating from 1763 and entitled Attempt to Introduce 
the Concept of Negative Magnitude into Philosophy (Kant 1912b). However, we do not 
know to what extent this text, which generalizes the concept of the negative as a concept 
of dialectical opposition, had an influence on Graßmann’s thoughts. 

From 1830 to 1832, after finishing his university studies, Graßmann had begun to 
learn about the essential structures of mathematics. Relying on his father’s textbooks 
and manuscripts, he simultaneously studied arithmetic, algebra and geometry. He sum-
marized the first results of his inquiries in a small treatise, which regrettably has been 
lost: On Geometrical Analysis and the Application of Arithmetic and Algebra to Geometry 
(“Über die geometrische Analyse und über die Anwendung der Arithmetik und Alge-
bra auf die Geometrie”)5. 

His particular methods of study, which were inspired by the mode of presentation 
of his father’s writings6, persuaded him, at an early stage and following his father’s ap-
proach, to make an attempt at connecting algebra and geometry in a new way, deviating 
from Descartes. This is confirmed by statements of Graßmann according to which, as 
early as 1832, he had found the first elements of his vector algebraic calculus, had ob-
tained vector addition and the exterior multiplication of vectors.7 In the foreword to his 
Extension Theory, he informed the reader about the separate steps he had gone through 
in elaborating his calculus. 

Considering “negatives in geometry” took him to “regarding the displacements AB 
and BA as opposite magnitudes. From this it follows that if A, B, C are points of a 
straight line, then AB + BC = AC is always true…”8 But by formally transferring an arith-
metical operation to geometrical relationships, Graßmann was confronted with an in-
equality between the sum of the displacements’ lengths and the displacements’ sum when 
their direction was taken into account. By maintaining the formal validity of the laws of 
addition, Graßmann obtained a generalized form of geometrical addition for displace-



4.1 The genesis of Extension Theory’s basic principles 223

ments with any given direction! “This can most easily be accomplished”, he wrote, “if 
the law AB + BC = AC is imposed even when A, B, C do not lie on a single straight line. 
Thus the first step was taken toward an analysis that subsequently led to the new branch 
of mathematics presented here.”9 

This is how Graßmann managed to uncover new structures in geometry by mak-
ing the conceptual differentiation (AB ≠ BA), by transferring concepts from algebra to 
geometry (“addition”), by extending these concepts’ area of validity (the displacements 
which are to be added may be oriented in different directions) and by requiring perma-
nence for the operations established so far (AB + BC = AC must be valid for all given 
displacements). He thereby also created a new synthesis of algebra and geometry.

After having established vector addition, the transfer of the algebraic concept of the 
product to geometrical operations with displacements was a second direct step towards 
establishing extension theory. Again, a formal expression of his father’s was Graßmann’s 
point of departure. In his Plane Spatial Theory of Magnitudes (“Ebene räumliche Größen-
lehre”, J. Graßmann 1824), he had defined a rectangle’s surface area as the product of two 
of the rectangle’s adjacent sides.10 Hermann Graßmann took up this idea and generalized 
the concept of the product for parallelograms, following the path he had already traced 
for vector addition, saying that they “may be regarded as products of an adjacent pair of 
their sides, provided one again interprets the product, not as the product of their lengths, 
but as that of the two displacements with their directions taken into account”11.

By combining different characteristics of a geometrical object to form a new mag-
nitude, that is, analyzing displacements and simultaneously taking into account their 
orientation and length, Graßmann had been led to a more complex geometrical entity 
with new structural properties. But these magnitudes’ increase in complexity also sim-
plified and abbreviated the mathematical instruments of representation, thereby ren-
dering it possible to make the deeper mathematical structures transparent.

In the following lines, Graßmann “combined this concept of the product with that 
previously established for the sum”12. The relationships resulting from this thought 
showed, according to Graßmann, “the most striking harmony”13 when compared to the 
addition and multiplication of numbers. But he was “initially perplexed by the remark-
able result that, although the laws of ordinary multiplication, including the relation of 
multiplication to addition, remained valid for this new type of product, one could only 
interchange factors if one simultaneously changed the sign…”14 

Graßmann’s basic idea is so simple that it is easy to overlook the genius of his ap-
proach. Bell, in turn, emphasized the following point strongly by focusing on Hamilton’s 
analogous investigations: “That a consistent, practically useful system of algebra could 
be constructed in defiance of the commutative law of multiplication was a discovery of 
the first order, comparable, perhaps, to the conception of non-Euclidean geometry.”15 
Hamilton only reached this insight after fifteen years of fruitless reflections.16 
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Initially, Graßmann also was irritated by the violation of commutativity, which was 
a consequence of the inner logic of this approach. But, from his father’s writings, he 
certainly must have been aware of cases of non-commutative conjunctions, which pre-
sumably laid his doubts to rest.17

Graßmann’s vector algebraic ideas had taken him into the intellectual realm of 
the famous philosopher and mathematician Leibniz. Graßmann’s most important pre-
decessor 150 years earlier, Leibniz had also deviated from the Cartesian path in apply-
ing algebra to geometry. But Graßmann was the one to give a fruitful meaning to the 
concrete development of this new approach.

The further development of Graßmann’s vector algebraic endeavors came to a stand-
still in the years after 1832 because, as he put it, “the demands of my job led me to other 
tasks”.18 Only his 1840 graduation thesis on the theory of tides (EBBE) would take him 
“to Lagrange’s Mécanique Analytique, and thence back to the ideas of this analysis. All the 
developments in that work were transformed by the principles of this new analysis into 
such simple procedures that the calculations often came out one-tenth as long as there.”19 

When Graßmann pointed to his professional obligations to explain his lack of 
progress in the further development of his geometrical analysis, this seems quite un-
convincing when we take his work on the theory of tides into account. Firstly, the ex-
ceptionally heavy burden of further occupations20 did not hinder him from putting the 
latter piece of work to paper. Secondly, in 1832 he obviously still had not realized how 
much mathematical progress one could expect from his theoretical approach.21 Only 
when his vector algebraic method had proven itself in a problem of theoretical mechan-
ics – the theory of tides –, Graßmann became completely convinced of its far-reaching 
importance. As often in the history of mathematics, a problem in physics helped to 
bring a mathematical theory to light.  

H. Poincaré on the usefulness of physics for the mathematician

“In the first place the physicist sets us problems whose solution he expects of us. But in 
proposing them to us, he has largely paid us in advance for the service we shall render 
him, if we solve them. …
History proves that physics has not only forced us to choose among problems which 
came in a crowd; it has imposed upon us such as we should without it never have 
dreamed of. However varied may be the imagination of man, nature is still a thousand 
times richer. To follow her we must take ways we have neglected, and these paths lead us 
often to summits whence we discover new countries. What could be more useful!”22        

At the same time, the inner contradictions of Descartes’ analytical geometry, which ap-
peared strongly in Laplace’s and Lagrange’s modes of presentation, became the actual 
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reason why Graßmann renewed his investigations from 1832 and, this time, really put 
them to work.23

In Graßmann’s view, the direct translatability of mechanical relationships into the 
language of vector algebra was mirrored by the fact that “each step from one formula 
to another appears at once as just the symbolic expression of a parallel act of abstract 
reasoning.”24 Along with his father’s conviction that mathematical results, should they 
be a “perfect representation of the synthesis achieved in the mind”, would have to be 
“closer to the synthesis which nature achieves in her creations…”25, this point of view 
enforced his will to continue on the path of his theoretical investigations. 

His newly-found interest in vector algebra and affine geometry led Graßmann to 
investigate the affine point space. Initially limited to three-dimensional space, he trans-
ferred the concepts of addition and multiplication to operations concerning points.26 In 
the course of these investigations, he discovered that his way of constructing the center 
of gravity in a system of mass points through the geometrical sum of the points matched 
Möbius’ developments in his Barycentric Calculus (Möbius 1827). Additionally, this 
like-mindedness in dealing with geometry must have become visible to Graßmann in at 
least two further points of contact with Möbius: 

Firstly, both scientists shared the same basic principle in operating with oriented dis-
placements. Möbius wrote: “I will only remark that, throughout the book, I have used … 
and extended the known practice of expressing the positive or negative values of a line by 
different ways of switching around the letters which designate the end points of the line. 
Hereby, … the synthetic method’s intuitive clarity is connected as closely as possible to 
the analytic method’s generality by using purely geometrical symbols, the letters chosen 
to designate the points of a figure, to represent the arithmetical relationships between the 
parts of the figure in formulas which are valid for all possible positions of the parts.”27

Secondly, in Möbius we can also find (though in a less developed state) Graßmann’s 
idea of operating directly with geometrical objects in an algebraic way. In this sense, 
Möbius wrote: “But our formula [a centroid equation of three points – H.-J. P.] is more 
than a mere abbreviation of this theorem … this formula simultaneously [shows us] a 
central characteristic of the centroid in the language of algebra and, for this reason, we 
can work with it just like with any other algebraic equation. … I have done the calcula-
tion with such abbreviated formulas from what I have called the barycentric calculus, 
that is to say, the calculus derived from the concept of the center of gravity. This is a 
calculus which not only has to do with real number magnitudes, but apparently also 
with mere points, while, on the whole, it shows no difference compared to the common 
way of calculating in algebra.”28

Understandably, Graßmann was enthusiastic about Möbius’ Barycentric Calculus, 
the only contemporary piece of work on the European continent which came close to 
his own ideas. Nevertheless he had to recognize that Möbius had not chosen the path of 
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generating products in geometry. This was the decisive reason for Graßmann to present 
his findings systematically and to edit them for publication. “Thus when I proceeded”, he 
remarked, “to work out my results consistently and from the beginning, being careful to 
appeal to no principle proven in any other branch of mathematics, I found that the analysis 
I had discovered did not touch only on the subject of geometry, as it had seemed before. 
Rather, I soon realized that I had come upon the domain of a new science, of which 
geometry itself is only a special application.” [italics added – H.-J. P.]29

Graßmann’s path of intellectual development is the main reason for his striving, 
discernible in the quotation above, for a closed systematic elaboration of his theoretical 
views, possessing as its underlying principles the greatest possible “purity” and the high-
est level of conceptual generality. On the one hand, we must remember the late awaken-
ing of Graßmann’s interest in mathematics and his prior philosophical education, which 
had revolved around Schleiermacher and his philosophy. On the other, we will have 
to think of the intense influence his father’s mathematical-philosophical conceptions 
exerted upon Graßmann. His father’s methodological principles on how to approach 
the theory of number and his Geometrical Theory of Combinations were preliminaries to 
Hermann Graßmann’s work.30 

By developing extension theory “without preconditions” and systematically, Graß-
mann gained enormous mathematical insight. This way of dealing with the matter bore 
fruit by yielding, among other aspects, the foundation of a general theory of conjunc-
tions (Graßmann’s “general theory of forms”) and the generalization of the traditional 
concept of geometry. As Graßmann emphasized, it is only by investigating n-dimen-
sional spaces that “the laws come to light in their full clarity and generality, and their 
essential interrelationships are revealed; and many regularities, which for three dimen-
sions either do not appear at all, or at best obscurely, present themselves perfectly clearly 
with this generalization.”31

But this theoretical improvement meant that communication with the mathemati-
cians of his time had become almost impossible: before one could appreciate the im-
portance of Graßmann’s theory, which went far beyond the contemporary concept of 
mathematics, one had to have understood his entire system.32 Graßmann’s hope that his 
theory might become “a living limb of the organism of science”33 could hardly fulfill 
itself in 1844.

In Graßmann’s opinion, the systematic development of a new mathematical discipline 
had to include a comprehensive conception of the world and of a methodology. Here he 
was ahead of many contemporary mathematicians34: “Indeed, for the position and signifi-
cance of a new science to be properly recognized”, he wrote in the foreword to his Exten-
sion Theory of 1844, “it is absolutely necessary to show its applications and its links to 
related subjects simultaneously with its presentation. The introduction serves this purpose 
as well. It presents the nature of the subject from a more philosophical viewpoint…”35 
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Since mathematicians and scientists thought very little of Hegelian philosophy, 
Graßmann could foresee that his dialectical considerations would hardly be appreci-
ated and therefore he drew a line: “For there prevails among mathematicians (and not 
without some justification) a certain aversion to the philosophical discussion of mathe-
matical and physical subjects; and in fact most analyses of this type, as for example those 
of Hegel and his school, permit an obscurity and arbitrariness that nullifies any fruits 
of such an analysis.”36

Nevertheless, in the introduction to his Extension Theory of 1844, he developed and 
systematized his conceptions of a philosophical foundation of mathematics without let-
ting the possible rejection of his theories by the mathematical community dissuade him.

4.2  Hermann Graßmann’s basic philosophical principles  
concerning his determination of the essence of mathematics

By committing himself to creating a strict and systematic foundation for affine geom-
etry and vector algebra, Graßmann had been led to a theory of n-dimensional manifolds 
which at the time neither had any correspondence to reality, nor any conformity with 
the traditional mathematical understanding of geometry. He had discovered a type of 
geometry which did not offer a description of physical space. Nevertheless, as Georg 
Klaus remarked, these types of geometry depend on the mental activity of human be-
ings, given the fact that they are constructed by mathematicians. 37

In reflecting philosophically on this, Graßmann inevitably had to deal with the 
problem concerning the ontological status of mathematics and found it necessary to de-
termine the essence of mathematics in some fundamental way. “The principal division of 
the sciences”, he began his philosophical considerations, “is into the real and the formal. 
The real represent the existent in thought as existing independently of thought, and their 
truth consists in the correspondence of the thought with that existent. The formal on the 
other hand have as their object what has been produced by thought alone, and their truth 
consists in the correspondence between the thought processes themselves.”38 According 
to Graßmann, all empirical sciences were subsumed under the concept of real sciences; 
he viewed dialectics and pure mathematics as being part of the formal sciences.39

The basic standpoint informing this quotation requires a closer analysis of this 
worldview because its philosophical content and historical relevance only become dis-
cernible against the backdrop of Graßmann’s intellectual development.

In the first place, we will have to note that Graßmann never brought up the concept 
of God in his philosophical exploration of mathematics, either in this, or in any other 
passage. Here, he deviated from his father’s writings on mathematics and the natural 
sciences, despite his theological education.40 The strict theoretical development of his 
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ideas left no room for an explicit religious “confession”. If we take into account that 
important mathematicians of his time, such as Bolzano and Cantor, were still incapable 
of presenting their philosophical arguments without introducing the concept of God 
and without relying on the teachings of the Fathers of the Church, we can fathom the 
greatness of Graßmann’s scientific realism.41

Graßmann’s almost complete separation of religion and science must largely be at-
tributed to the influence the pantheistic elements of Schleiermacher’s philosophy ex-
erted upon him. At an early stage in his On Religion (Schleiermacher 1913), Schleier-
macher had demanded that religion be kept separate from philosophy and morality, and 
later, in his Dialectic (DIAL), he defined the concept of God as the limiting concept for 
the ultimate ground of existence, unreachable by scientific reflection.42   

Schleiermacher (DIAL) on the concept of knowledge: 

§ 14: “When one wants to grasp the rules of conjunction [of concepts in 
thought – H.-J. P.] in a scientific way, then they cannot be separated from the deepest 
foundations of knowledge. For in order to conjoin correctly, one cannot deviate from 
the way in which things are really conjoined, and the relationship between our knowl-
edge and the things is our only proof.”43

§ 94: “In every thought something that is being thought is posited outside thought.”44

§ 96: “Every thought that refers to something that is posited outside it, but does not 
correspond to the thing that is posited outside it, is not knowledge.”45

§ 101: Knowledge is “the correspondence of thought to an existent”.46

Lecture of 1818: “For in every thought we posit something outside of thought that is 
being thought. What is being thought may be inside or outside us, but a state of mind 
[Zustand] and action within us still are not the same as thought, for both can exist 
without being thought. So the object, even though it may be an internal one, is outside 
thought and it is only within us not because we think, but because we exist.”47

Lecture of 1831: “Knowledge = That kind of thought which corresponds to an existent.”48

Graßmann linked his philosophical explanations directly to Schleiermacher’s views. Ac-
cording to Graßmann himself, he “owed [Schleiermacher] infinitely in matters of the 
spirit”.49 A case in point is his concept of truth, cited above, – the correspondence of 
thought to an existent and of thought processes among themselves – which he took direct-
ly from the first paragraph of Schleiermacher’s Dialectic. It is important to note that Graß-
mann followed Schleiermacher in his “secular” approach to the concept of knowledge. 

In the end, Graßmann’s realism, which manifested itself when he stated that the 
object of empirical science is an existent, “independent, existing for itself outside of 
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thought” and “portrayed by the thought”50, as in Schleiermacher, remained ambiguous 
because the existent’s status was not determined more closely. But, if we recall the con-
text of his biographical background-knowledge, the remaining question concerning the 
“ultimate ground of existence” must have had an answer for Graßmann. 

This helps to explain why in a late treatise on the loss of faith (H. Graßmann 1878) 
he opted for theism and renounced the materialistic tendencies in science, which, in 
turn, he himself had implicitly strengthened in his Extension Theory by removing the 
concept of God from the philosophical foundation of mathematics.  

On the Loss of Faith. Appeals to the Scientifically Educated in Modern Times  
(Hermann Graßmann 1878)

“For decades now, the loss of Christian faith has become ever more widespread among 
educated people, hailed enthusiastically by some as a sign of progress, bewailed by  others 
as the ultimate struggle against all religious, moral, spiritual life.”51 
“In such times”, Graßmann went on to say, “it is our duty to remain firm and true to our 
faith, not to recoil from the thrust of the great, unfaithful multitude; we must acknowl-
edge our faith, without hesitation, without fear, with total frankness; but we must also 
delve more deeply and purely into God’s revelation … we must, while holding on firmly 
to a strict and clear manifestation of our faith, also hold on to our spiritual unity…”52 
Against the claims voiced by “unfaithful science”, Graßmann especially defended his 
unshakable faith in miracles. Science supposedly claimed that miracles had to violate 
the laws created by God himself, something a God could not possibly permit:
“And this weak-minded conclusion is reiterated … even in most recent times … If one 
bears in mind how little we know about the laws of nature, how complete our ignorance 
is when it comes to the laws of plant life or even the soul-life of animals, and what is 
more, concerning the development of the world and the laws it obeys, how could we, 
paying no attention to our ignorance, draw such a shaky conclusion from such a short 
period of time. One will have to say that this proof against miracles really relies on an 
almost miraculous presumptuousness.”53

Graßmann’s subsequent thoughts in the introduction to his Extension Theory are im-
pressively concise and strict in the way they develop his unitary basic conception. 

After having divided the sciences into the formal and the real, he goes on to de-
termine the formal sciences more precisely, following Schleiermacher closely. In his 
view, the formal sciences fall into two categories. They “treat either the general laws 
of thought or the particular as established by means of thought, the former being the 
dialectic (logic), the latter, pure mathematics.”54 And he goes on to say: Dialectics “is a 
philosophical science, since it seeks the unity in all thought, while mathematics has the 
opposite orientation in that it regards each individual thought as particular.”55 
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As a consequence, Graßmann, following Schleiermacher57, viewed dialectics primarily 
as a subjective dialectics and placed pure mathematics in the realm of ideal construc-
tions. Nevertheless, Graßmann deviated from Schleiermacher when he left the question 
concerning the relation between the “real” and the “formal” sciences unanswered – that 
is, the relation between objective and subjective dialectics on the one hand and mathe-
matics and reality on the other. Instead, Graßmann limited himself to a strictly struc-
tural analysis of contemporary science and, as a consequence, did not aim to explain the 
genesis of scientific thinking.

But it is very remarkable that he accorded such a fundamental place to dialectics in 
the system of the sciences, though he did not view it as an evolutionary dialectics58, at a 
time when the Hegelian dialectics had become worthless in the eyes of mathematicians 
and natural scientists.59

Graßmann then developed his philosophical determination of the object of math-
ematics, building it upon the concept of truth which he had postulated before. When 
he stated that “thought exists only in reference to an existent that confronts it and is 
portrayed by the thought”60, this was to say that, after mathematics had been placed 
among the “formal sciences”, its object may only be taken as “established by thought 
itself, when a second thought process is confronted as an existent.”61 

By assuming this point of view, pure mathematics became, for Graßmann, “the science 
of the particular existent that has come to be by thought. The particular existent, viewed in 
this sense, we call a thought form or simply a form; thus pure mathematics is the theory of 
forms.”62 And he went on to explain: “On the other hand the expression ‘form’ might seem 
rather too broad, and the name ‘thought form’ more appropriate; but the form in its pure 
meaning, devoid of all content, is precisely nothing but the thought form…”63 

In the further course of the book, Graßmann used this agenda, sketched in ex-
tremely abstract terminology and representing a constructive foundation of mathemat-
ics, to determine the objects of the different mathematical disciplines and to develop the 
basic concepts of his Extension Theory.64 Before dealing with related questions, we will 
briefly turn to the intellectual roots of this conception.

The idea of a constructive foundation for mathematics goes back to Kant. In his 
Critique of Pure Reason (Kant 2007), in which he attempted to conceive recognition as 
the active process of entering into the essence of entities, mathematics and philosophy 

The essence of Schleiermacher’s Dialectic: the last 3 paragraphs
“§ 344. The idea of knowledge under the isolated form of the general is dialectics.
§ 345. The idea of knowledge under the isolated form of the particular is mathematics.
§ 346. Every real thought contains as much science as it contains dialectics and 
mathematics.”56
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played an exceptional role as the two forms of thinking in which reason yields theoreti-
cal knowledge.65 In his attempt at founding a theory of “synthetic judgments a priori”, 
Kant primarily turned to mathematics. His answers to the ensuing questions, asking 
under which preconditions pure mathematics may exist, on the one hand, and what the 
essence of mathematics may be, on the other, were quite different. While his reply to 
the first question – How is mathematics possible? – led to subjective idealism, which 
in Kant’s elaborations on transcendental esthetics manifested itself in his denial of the 
objectivity of space and time66, he solved the second question concerning the essence 
of mathematics – What is mathematics? – by bringing forward the brilliant notion of 
a mathematical and constructive foundation.67 The following quotation will just serve 
as one typical example: “Philosophical knowledge is the knowledge gained by reason from 
concepts; mathematical knowledge is the knowledge gained by reason from the construc-
tion of concepts. … Thus philosophical knowledge considers the particular only in the 
universal, mathematical knowledge the universal in the particular, or even in the single 
instance, though still always a priori and by means of reason. Accordingly, just as this 
single object is determined by certain universal conditions of construction, so the object 
of the concept, to which the single object corresponds merely as its schema, must like-
wise be thought as universally determined.”68 With this point of view, Kant became the 
point of departure for a movement working on a foundation for mathematics, consti-
tuted in the late 19th century and leading into the present along the lines of a construc-
tive approach to mathematics and the works of Brouwer, Weyl and Skolem.69 

Hermann Graßmann adopted the Kantian view in a modified way from Schleier-
macher’s works and, most notably, from his father’s writings. 

In his treatise On the Concept and Extent of the Pure Theory of Number (“Ueber den 
Begriff und Umfang der reinen Zahlenlehre”, ZL), Justus Graßmann had stripped the 
Kantian view of mathematics of its subjective and idealist dimensions. Following Kant, 
he located the essence of mathematics in the generation of “its first concepts through 
its own inherent synthesis (which we call a construction in the widest sense)”70, while 
this synthesis “completely ignores the content of the elements that will be conjoined 
… positing the conjoined elements as devoid of content”71. But, for him, the object of 
mathematics was “not the form of this synthesis, but the product resulting from it…”72

So J. Graßmann drew a line between himself and Kant when he stated that “no 
concept of truth may be attributed to this mathematical synthesis, and it is just this 
which distinguishes it from synthetic judgments…”73 In J. Graßmann’s view, contents 
in mathematics were rooted in the fact that its theorems were “statements about the 
characteristics of this specific mathematical synthesis, and about that which is simulta-
neously given along with it”74. 

Friedrich Schleiermacher, in turn, assumed that true thought could only exist when 
it referred to an existent. This explains why such an existent also had to be present in the 
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pure (that is, scientific) thinking of mathematics, in the synthesis taking place in cogni-
tion. With the characteristics of knowledge in mind (“Identity of the process and im-
mutability of the thoughts in their relation to the existent”75), the object of mathematics 
still remained undefined. For Schleiermacher, finally, the object of pure mathematics 
was the “action of the subject”, and he remarked: “So action and being, as objects of 
thought, behave in exactly the same way.”76 

Schleiermacher also stated that the process of reflection in mathematics only begins 
with knowledge, and went on to clarify: “Namely, since we agreed on a concept called 
“thought”, we cannot exclude the [mathematical – H.-J. P.] operations from thought. 
Nevertheless, because every one of these acts begins with total certainty, they constitute 
a domain completely closed in itself. … But it [mathematical thought – H.-J. P.] draws 
its certainty from the fact that it is an activity. Certainty only refers to this activity be-
cause the manifestation of this activity, as a symbol – that is to say, calculus –, is set aside 
as something insignificant. As a domain completely closed in itself, it contrasts with 
pure thought, which refers to an existent, and with everyday thought … As soon as it … 
becomes active in all its applications … it becomes aware of its uncertainty concerning 
its relation to an existent…”77 The elements of a constructive, “operational” understand-
ing of the essence of mathematics appear very clearly, and the problem of the application 
of mathematics is already visible here.78 

Hermann Graßmann took up this approach of a constructive foundation for mathe-
matics, which had started with Kant, had been modified by Justus Graßmann and en-
riched by Schleiermacher’s conception of the essence of mathematics. It appeared in his 
characterization of mathematics as a “theory of forms”, preceding his Extension Theory, 
and became the core element of his subsequent philosophical and mathematical investi-
gations. Hereby he became the precursor of a mathematical movement which only began 
to form by the late 19th century, in connection with the fundamental crisis of mathemat-
ics, and which – in its modern shape – gave important mathematical results. 

The definition of the object of mathematics as “the particular as established by 
means of thought”79 went along with another element, which simultaneously extended 
and surpassed the traditional understanding of mathematics.

In Kant, the constructive generation of mathematical objects had remained linked 
to the concept of quantity: “The form of mathematical knowledge is the cause why it is 
limited exclusively to quantities. For it is the concept of quantities that allows of being 
constructed…”80 Up until the mid-19th century, mathematics was considered the science 
of quantities and their relationships. 

But for Hermann Graßmann this traditional characterization of the object of math-
ematics had already become too limited, since he, just like his father, took the theory 
of combinations to be an essential branch of mathematics, while permutations did not 
appear as magnitudes. So it was strictly logical for him to emphasize in his Extension 
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Theory: “The name ‘theory of magnitude’ is inappropriate for all of mathematics, since 
one finds no use for magnitude in a substantial branch of it, namely combination the-
ory…”81 This is why he extended the concept of mathematics to include the theory of 
forms. Next to Bolzano and Boole82, Graßmann paved the way for our modern, abstract 
understanding of mathematics, which views mathematics83 “as a storehouse of abstract 
forms – the mathematical structures”84. 

The following discussion of Graßmann’s concept of the element illustrates the ex-
traordinary level of abstraction which he attained in his foundation of mathematics, 
and which brings him into the vicinity of Cantor, the founder of set theory: “First, in 
place of the point … we here substitute the element, by which we mean a simple particu-
lar, conceived as distinguished from other particulars; and indeed we attribute to the 
element in the abstract science absolutely no other content. There can therefore be no 
question as to what sort of particular it actually is – for it is simply a particular, devoid 
of any real content –, or in what sense this one is distinguished from the others – for it 
is merely defined as distinct, without establishing any real content to the sense in which 
the distinction exists.”85 

So even though the object of mathematics is in this sense grasped as “simply a par-
ticular”, mathematics is always viewed as part of the universal, that is to say, it partici-
pates in the potential possibilities of being interpreted by a diversity of relationships in 
reality. Seeing extension theory as a mathematical science, developed from geometry by 
means of abstractions, Graßmann showed how this potentiality could be realized also 
in cases of non-spatial relationships, such as the mathematical treatment of the theory of 
color. Here, as he demonstrated, each color valency could be represented by a three-di-
mensional vector of color valencies, with colors acting as representatives of non-spatial 
extensive magnitudes.86 

Robert Graßmann’s opinion on Kant’s philosophy also highlighted the general dif-
ferences: “Kant further claims”, he wrote, “that two forms of perception are a priori (not 
taken from experience, but necessary intuitions a priori) to mathematics: namely that the 
a priori intuitions of time, for numbers, and of space, for the theory of space, are foun-
dational. This claim also follows from an error of Kant’s. In rigorous mathematics, as it is 
developed in the theory of cognition, there are no underlying forms of perception.”87

Summing up, we get the following picture of Hermann Graßmann’s views on the 
foundation of mathematics: Science aims to uncover truth. But since truth consists in a 
thought-content’s correspondence to an independent entity, not arising from thought, 
thought as a process of establishing correspondence must always be confronted by an 
existent which is independent from it. But mathematical thought, in turn, which has no 
immediate reference to knowledge about the outside world, can only gain its object by 
an original act of ideal construction. Pure mathematics begins constructively by posit-
ing the simplest forms, which are abstracted from any real content. Then, in another 
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cognitive step, the mathematician is confronted with these forms as givens, which he 
reflects upon in thought, connecting and reorganizing them. 

The certainty of mathematical insights is based on the laws of logic; the mathemati-
cian ascends to ever more complex and differentiated mathematical relations by pro-
ceeding on the basis of the general dialectical rules of thought. 

Intellectual activity creates the connections between mathematical forms, so mathe-
matical diversity arises from “movement” in thought. The dialectical patterns of thought 
hereby determine the mathematical developments. In the course of its theoretical de-
velopment, the particular, posited by thought, continuously gains more attributes, and 
it therefore becomes increasingly concrete on an abstract level and only maintains its 
particularity when it is detached from its empirical content.

As we have already seen, this conception of mathematics contains many elements 
which are highly relevant for today’s discussions. 

Because of the high level of abstraction in his philosophical and mathematical views, 
Graßmann, in his analysis of the foundations of mathematics, was capable of acceding to a 
new mathematical understanding of geometry. It was becoming increasingly clear to him, 
he wrote, “that geometry can in no way be regarded as a branch of mathematics like arithme-
tic or combination theory; instead, geometry relates to something already given in nature, 
namely space. I had also realized that there must be a branch of mathematics that yields in a 
purely abstract way laws similar to those that in geometry seem bound to space.”88 

While his father had viewed the object of mathematics as a given without any con-
tent whatsoever and nevertheless had inconsistently made geometry a part of mathe-
matics89, Hermann Graßmann removed geometry from pure mathematics because he 
did not consider physical space a product of consciousness. He created, in its place, 
abstract n-dimensional extension theory. Simultaneously, he formulated a critique of 
Kant’s subjective-idealistic concept of space, highly remarkable at the time: “This is 
clear because the concept of space can in no way be produced by thought, but rather 
emerges as something given. Anyone who would maintain the contrary must undertake 
the task of deducing the necessity for the three dimensions of space from the laws of 
pure thought, a problem whose solution is patently impossible.”90 

Since for Graßmann mathematics was not founded on perception, but on thought, 
he could still tolerate the Kantian aprioristic conception of spatial perception because 
there was no reason to discard it as a psychological phenomenon: Only a few lines after 
having characterized objective space, Graßmann discussed the concept of human spa-
tial perception. He explained: “Although just now we said that perception confronts 
thought as something independently given, it is not thereby asserted that space percep-
tion emerges only from the consideration of solid objects; rather, it is that fundamental 
perception imparted to us by the openness of our senses to the sensible world, which adheres 
to us as closely as body to soul. [italics added – H.-J. P.].”91 
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Only his brother would radically contradict Kant later: “It is also one of Kant’s errors 
when he states: space and time do not arise from experience, but are intuitions a priori”, 
he wrote in his 1890 Introduction to the Theory of Knowledge or Philosophy (“Einleitung 
in die Wissenslehre oder Philosophie”). “As long as the child has not learned to move its 
eyes and hands, it knows nothing of space; it only experiences space by its movements. 
And human beings also have no aprioristic knowledge that space consists of three exten-
sions; rather, they can assume any given number of extensions; but external space has 
only three extensions, and this, again, man knows only from experience.”92 

Along with Lobačevskij93, the Graßmann brothers were among the first mathemati-
cians who, equipped with well-founded scientific knowledge, broke through the limits 
which Kant had set up for mathematics with his aprioristic concept of space. 

4.3  Hermann Graßmann’s views on restructuring mathematics  
and on locating Extension Theory

In his philosophical reflections on determining the different mathematical disciplines, 
Hermann Graßmann assumed that thinking is the activity of uniting, opposing and 
equating, of conjoining and separating: a dialectical process. By constructively defining 
the object of mathematics as the “particular as established by means of thought”, he ob-
tained a double conceptual and dialectical characterization – on the one hand “simply 
the particular”, on the other, “coming to be”. This conceptual development then took 
place – continuing his father’s approach from the Pure Theory of Number (ZL) – within 
the dialectical opposition of discreteness and continuousness on the one hand, and of 
particularity and generality (as equality and inequality) on the other.

His account begins by developing the modes of becoming of the mathematical 
forms: “Each particular existent brought to be by thought … can come about in one of 
two ways, either through a simple act of generation or through a twofold act of placement 
and conjunction. That arising in the first way is the continuous form, or magnitude in the 
narrow sense, while that arising in the second way is the discrete or conjunctive form.”94 
If, then, the discrete magnitude is a “mere conjunctive act”95 of the given, Graßmann al-
ready viewed the process of “generating” a continuous form as a complicated dialectical 
act. In analogy to the act of generating a discrete form, “one discerns in the concept of the 
continuous form a twofold act of placement and conjunction, but in this case the two 
are united in a single act, and thus proceed together as an indivisible unit.”96 

Here Graßmann was saying that the dialectical process of movement, of becom-
ing (which he explicated by showing the movement of mathematical reflection), in its 
conceptual components, always brings us to oppositions (placement and conjunction) 
which, in turn, must be grasped in their unity: “Both acts, placement and conjunction, 
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are thus merged together so that conjunction cannot precede placement, nor is place-
ment possible before conjunction. …that which newly emerges does so precisely upon 
that which has already become, and thus, in that moment of becoming itself, appears in 
its further course as growing there.”97

From this point of view, becoming is a contradiction which constantly resolves it-
self, only to reappear again. 

Even though mathematics, in this sense, is organized in continuous and discrete 
components, these opposing domains are not completely isolated: “The opposition be-
tween the discrete and the continuous is (as with all true oppositions) fluid, since the 
discrete can be regarded as continuous, and the continuous as discrete. The discrete 
may be regarded as continuous if that conjoined is itself again regarded as given, and 
the act of conjoining as a moment of becoming. And the continuous can be regarded as 
discrete if every moment of becoming is regarded as a mere conjunctive act, and that so 
conjoined as given for the conjunction.”98

The second opposition, which demanded a close examination of mathematical dis-
ciplines, arose from an analysis of the concept of the particular: “Each particular exist-
ent becomes such through the concept of the different, whereby it is coordinated with 
other particular existents, and through this with the equal, whereby it is subordinated 
to the same universals with other existents. That arising from the equal we may call the 
algebraic form, that from the different the combinatorial form.”99

“From the interaction of these two oppositions100 [continuous – discrete, equal – un-
equal; H.-J. P.], the former of which is related to the type of generation, the latter to the 
elements of generation, arise four species of form and the corresponding branches of the 
theory of forms”101. 

Up to this point, Hermann Graßmann was essentially following his father’s ideas.102 
But the subsequent elaboration of the dialectical schema: 

discrete continuous

equal

unequal

went beyond the framework of his father’s developments. 
While Hermann Graßmann and his father shared the view that the “algebraic-dis-

crete form” represented the object of the theory of number and that the “combinatori-
al-discrete form” was the object of the theory of combinations, theoretical differences 
appeared when it came to determining the mathematical discipline arising from the 
“continuous synthesis of equals” – that is to say, the discipline whose object is the “alge-
braic-continuous form”. According to Justus Graßmann, this discipline was geometry. 
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But Hermann Graßmann – after having banned geometry from the domain of pure 
mathematics – was closer to the point when he connected the “algebraic-continuous 
form” to the “intensive magnitude”: when variable magnitudes “constitute the founda-
tion of function theory, that is differential and integral calculus”103. 

The “combinatorial-continuous form” (unequal and continuous), for which Justus 
Graßmann had not been able to find a place in the structure of mathematics, had now 
become essential: 

discrete continuous

equal theory of number geometry

unequal combinatorics ?

According to Hermann Graßmann, the equivalent of this form was the “extensive mag-
nitude”, which was the basis for his Extension Theory. “It is thus somewhat as if the 
intensive magnitude is number become fluid,” he explained, “the extensive magnitude 
[that is, vectors and multivectors – H.-J. P.] combination become fluid.”104 

He thereby obtained the following complete classification of the basic mathemati-
cal disciplines:

discrete continuous

equal theory of number theory of intensive magnitudes 
(theory of functions, differential 
and integral calculus)

unequal combinatorics theory of extensive magnitudes 
(extension theory)

These developments are very enlightening when it comes to understanding the genesis 
of Graßmann’s theory of n-dimensional manifolds. 

In Graßmann’s way of thinking, which was strictly dialectical, his father’s incom-
plete dialectical schema must have been unacceptable. In its incompleteness, it must 
therefore have exerted a heuristic pressure upon him. After having excluded geometry 
from the domain of pure mathematics, his Extension Theory, though at first limited to 
three dimensions as the theory of extensive magnitudes in a Kantian sense105, could only 
position itself in a blank space in his father’s schema as a “continuous combination”106. 
In this analogy between the theory of combinations and n-chain terms of “complex-
ions” (permutations), a generalization to n dimensions had become a conceivable step. 

It is likely that this approach, arising from a dialectical mindset, was one of the roots 
of Graßmann’s generalized concept of geometry. 
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Enriques’ assertion: “The possibility of a … generalization [of the concept of geom-
etry to n-dimensions – H.-J. P.] had been hinted at, for example, by Herbart, whose philo-
sophical views, as we all know, exerted a strong influence on Graßmann’s and  Riemann’s 
way of thinking”107, which we can also find in the History of Science108, cannot be upheld 
with such absolute certainty. 

Unquestionable historical proof exists for Herbart’s influence on Riemann.109 But 
Herbart’s name appears in none of Graßmann’s writings accessible to us. The only thing 
we know is that a brother-in-law of Graßmann, the headmaster of the Stettin Friedrich-
 Wilhelmsschule C. G. Scheibert, was a follower of Herbart’s philosophical and pedagogi-
cal teachings.110 We cannot exclude the possibility of Herbart’s ideas influencing Graß-
mann through this connection, but there is no proof to justify the rigorousness in the 
quotation above. Interestingly, Roberto Torretti has pointed out that Riemann’s construc-
tion of an n-dimensional manifold has more in common with Graßmann’s ideas than with 
Herbart’s. He therefore concludes that Riemann possibly was inspired by Graßmann.111  

If one wanted to accept Enriques’ claim, then one could also say that Graßmann 
was under the sway of Kant’s early writings when he found the concept of n-dimension-
al space. In Kant’s treatise Thoughts on the True Estimation of Living Forces (“Gedanken 
von der wahren Schätzung der lebendigen Kräfte”, Kant 1929) from 1746, we find the 
following interesting thoughts in the first section:

Riemann, Herbart and the concept of n-dimensional manifolds

Riemann presented his conception of n-dimensional manifolds in his habilitation lecture 
On the Hypotheses which lie at the Bases of Geometry (Riemann 1876a). In this lecture, 
he pointed directly to inspiration he had received from Herbart.112 In Riemann’s philo-
sophical fragments (Riemann 1876b) he further remarked: “The author is a  Herbartian 
in psychology and epistemology…, but he usually cannot accept … Herbart’s philosophy 
of nature and the related metaphysical disciplines.”113

It seems probable that Herbart’s elaborations on “conceptive series of lower and higher 
order” in his Psychology114 were mostly responsible for Riemann’s creation of the con-
cept of n-dimensional manifolds.

Here we read:
“The interconnection of series consists in the fact that, when several of them are realized, 
not only each term simultaneously creates a series (that is, a conceptive series – H.-J. P.) 
starting from it, but also that the secondary series are united according to a rule with 
other series, term by term; so that the points where they join are always more than one, 
and that the construction curves back into itself in infinite multiplicity, without creating 
an internal contradiction with itself. The product of such series, which reciprocally gen-
erate one another, is in any case a spatial one, though not necessarily one in the sensible 
space of the world.”115  
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According to Kant, the three-dimensional extension of space depends on the effect 
of the forces caused by the substances.116 Therefore he concludes “that from a different 
law an extension with other properties and dimensions would have arisen. A science 
of all these possible kinds of space would undoubtedly be the highest enterprise which 
a finite understanding could undertake in the field of geometry.”117 The young Kant’s 
remarkable reflections prove that the “critical Kant” was more dogmatic about his con-
cept of space than the “pre-critical Kant”. Graßmann could certainly have related to 
some of the points made by Kant. 

Nevertheless, we shall return to the thoughts Graßmann developed in his Extension 
Theory. 

In the following words, he once more summed up his object of investigation: “As 
with number there prevails the unification of that imagined together, and with combi-
nation the separation; so also with the intensive magnitude there appears the unifica-
tion of elements, indeed separate conceptually, but which form the intensive magnitude 
only in their essential quality. In contrast, with the extensive magnitude there prevails 
the separation of elements that are indeed unified insofar as they form a single magni-
tude, but which constitute that magnitude precisely in their mutual separation.”118 

Summing up, we should note in this context that Graßmann decomposed the con-
structive limits of mathematical objects into their opposing components. He then iso-
lated these oppositions and separately integrated them into the foundations of the cor-
responding mathematical disciplines, with one side of the opposition elevated to form 
the point of departure of the subsequent reflections, while the corresponding other side 
of the opposition is always kept in mind.119 

This is how Graßmann moved from dialectical thought to “metaphysical” determi-
nations, giving mathematics the shape of a dialectically developed “metaphysics”.120

But this view of mathematics as a dialectically unfolded “metaphysics” is already 
contradictory in a dialectical sense and carries with it at least three aspects in which the 
non-dialectical contents must be put into perspective:

Mathematical reflection is essentially movement and, like every movement, dialec-
tical in nature.

The basic terminology and basic objects of mathematics, even if they have arisen 
from the act of isolating the opposing sides of a dialectical unity, are in themselves an-
other complicated dialectical unity, a lower level of dialectical complexity and a poten-
tial for development within the corresponding mathematical discipline. In this sense, 
every formal mathematical construction contains as much objective dialectics as the 
concepts and their definitions manage to capture.121

This means that through combining basic terminology, through analysis, synthesis 
and construction, new concepts, objects and relationships can be created – or neces-
sarily come to be –, which again necessarily have dialectical properties (the more dif-
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ferential power and complexity a mathematical construction possesses, the stronger its 
dialectical potential in mathematical thinking will be).

But at the same time Graßmann was also aware of the objective dialectics inherent 
to the phenomena of nature and knew that it was possible to grasp various relationships 
in reality with mathematics. “It is also clear”, he remarked, “that each real magnitude 
can be viewed in two ways, both as intensive and extensive: thus lines may also be re-
garded as intensive magnitudes if one removes from their nature the way their elements 
lie apart, and retains simply the quantity of their elements; and in the same way a point 
associated with a specific force can be thought of as an extensive magnitude, since one 
can represent the force in the form of a line.”122

Even though Graßmann had managed to more or less isolate the mathematical dis-
ciplines by his (historically limited) classification, and had thereby attempted to ob-
tain greater clarity in his concepts and subject of study, he went another important step 
further by conceiving the general theory of forms: “Antecedent to the division of the 
theory of forms into its four branches is a more general subject that we may call the 
general theory of forms. In it are presented the general conjunctive laws that apply to all 
branches alike.”123

This “general theory of forms” – a term also used by Hankel at a later point in 
time124 – was supposed to provide the basis for all of mathematics. Graßmann’s way of 
proceeding shows a profoundly dialectical mindset, along with the goal of reaching the 
highest possible level of abstraction in order to highlight the universal within the par-
ticular. In the process of developing his theory of extensive magnitudes, Graßmann had 
provoked first radical changes in mathematics, and this led him to submit the whole of 
mathematics to a close analysis. This radical change, which potentially had already been 
a part of mathematical developments up to this point in time and which Graßmann had 
created in a specific way – by transferring terms, rules and approaches from arithmetic 
to geometry (“negative” displacements, “addition” of displacements, “multiplication” of 
displacements etc.) –, involved at least a threefold epistemological and methodological 
analysis: 
a) The analysis of the new theory’s position in the total structure of mathematics;
b) The confirmation, or revision, of the worldview and philosophy making up the foun-

dation of this new mathematical structure;
c) The analysis of the invariance of terms and operations with respect to all mathemati-

cal disciplines, or the generalization of those principles and concepts which have a 
universal meaning in all fields of mathematics. 

While we have already discussed Graßmann’s treatment of the points a) and b) in detail, 
point c) must be placed in the context of his attempt to develop a “general theory of 
forms”. 
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By applying mathematical language to objects for which, strictly speaking, it was no 
longer valid – see above – and for which mathematical language could merely provide a 
pattern of thought, yielding new concepts and relationships (the non-commutativity of 
vector multiplication as opposed to “common” multiplication, for example), the atten-
tion of scientists was now drawn to the invariant elements in every mathematical con-
junction. As a consequence, the structure of a certain number of formal conjunctions 
had become visible, conjunctions whose specificities were then elaborated in different 
disciplines, the objects of which had arisen from their own mathematical synthesis. 
While, from a philosophical point of view, Graßmann’s point of departure had been 
the conceptual fragmentation of the old unity into a multiplicity of mathematical dis-
ciplines, he also searched for the remaining structural unity within this multiplicity. He 
then placed this unity, as an intra-mathematical foundation, before the whole structure 
of mathematics.125

In developing his general theory of forms, Graßmann, who in the spirit of Schleier-
macher flatly opposed an axiomatic approach to mathematics, once again remained true 
to himself. As L. G. Birjukova and B. V. Birjukov pointed out, the Extension Theory of 
1844 “presented, for the first time in the history of science, a concise genetic and con-
structive program for the structure of mathematics. In the process, Extension Theory also 
formulated a system of postulates which yielded a large number of modern algebraic 
structures [semigroups, groups, rings, etc. – H.-J. P.]…”.126

Thus, obviously, the general theory of forms contains no principles about what might 
be valid in mathematics, nor does it include axioms concerning content or form – which 
later led to frequent creative misreadings, as in Whitehead’s formal foundation of mathe-
matics127. Instead, the general theory of forms remains within the framework of Graß-
mann’s constructive approach, which assumes that the objects of mathematics arise from 
their own, particular synthesis. On the one hand, it grows upon the universal precondi-
tions of mathematical synthesis. On the other, it stands for the anticipated universal ele-
ment in the concrete manifestations of mathematical synthesis.128 The latter legitimate 
the former. Whatever in the further course of Extension Theory appears as an interpreta-
tion serves as a heuristics for the reader and is, in Graßmann’s sense, a return from the 
abstract to the concrete.129

4.4  Hermann Graßmann’s views on the essence of the mathematical 
method and its relation to the method of philosophy

Building on the analysis of his creative work and linking himself to his father’s ideas, 
Hermann Graßmann, under Schleiermacher’s direct influence, came to essential insights 
on the relation between the mathematical and philosophical methods. Even though just 
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the fact that these insights became part of his work in individual scientific fields is ex-
emplary, Graßmann’s effort to explicitly formulate these insights, thereby attempting to 
produce more than merely “pure” knowledge130, but also to provide the methodological 
tools for attaining and further elaborating this knowledge, is all the more worthy of 
our admiration. Graßmann’s way of proceeding shows how strong and sustainable dia-
lectical thinking can be. His point of departure was the following: “The philosophical 
method characteristically proceeds by oppositions, and thus progresses from the general 
to the particular, whereas the mathematical method proceeds from the most elementary 
concepts to the more complex, and thus produces new and more general concepts by 
the conjunctions of particulars.”131 

Here Graßmann clearly echoed the Kantian view on the relation between the 
mathematical and philosophical methods.132 But he went beyond the Kantian posi-
tion – inspired by Schleiermacher133 – by characterizing the philosophical method 
as a dialectical one. Furthermore, in contrast to Kant, Graßmann shifted the focus 
of his concept of science by letting himself be influenced by the spirit of the Roman-
tic philosophy of nature: “Thus whereas in the former [in philosophy – H.-J. P.] the 
overview over the whole predominates, and its development consists precisely in the 
gradual ramification and articulation of the whole, in the latter the interconnection 
of particulars is emphasized, and separate, independent developments combine to-
gether, each becoming only a factor in the following concatenation. This difference in 
method is implicit in their concepts; for in philosophy the primitive is precisely the 
unity of the idea, the particular being derived, whereas in mathematics the particular 
is the primitive, the unifying idea, the last aspired to; and thus are caused their oppos-
ing developments.”134 

By comparing the philosophical to the mathematical method, Graßmann concluded 
that both had to have something in common. On the one hand, he found this common 
feature in their demands for scientific rigor, on the other, in the fact that both require a 
mode of presentation favoring an overview of the whole.135 

For Graßmann, the issue of the overview – resulting from his study of the geo-
metrical methods of Euclid and Descartes – was extraordinarily important because he 
felt that the reader had to stay on top of theoretical developments if he wanted to gain 
independent insights. Only then would the reader be able to master the material himself 
and become independent from “that particular method by which he found that truth 
established.”136

Graßmann linked this form of presentation to the concept of the idea: “For each 
given part of the presentation, the nature of its further development is essentially fixed 
by a dominant idea that is either nothing more than a supposed analogy with cognate 
and already familiar branches of knowledge, or, and this is the better case, is a direct 
intuition of the next succeeding truth.”137 
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A heuristic pattern (analogy) and intuition (presentiment) hereby become the keys 
to the act of mathematical creation. Even though Graßmann showed little interest in 
analogy, calling it a “makeshift”, the developmental history of Extension Theory proves 
him wrong and indirectly confirms a statement of Poincaré’s, who noted that “…despite 
the exceptions … it is none the less true that sensible intuition is in mathematics the 
most usual instrument of invention.”138 But Graßmann thought highly of intuition. He 
emphasized that one cannot find new truths by “blind combinations”139. The leading 
idea was to be that “an overall view of the entire course of development leads to a new 
truth, but not yet at an opportune moment for its development, and thus initially only 
as a dim presentiment; the detailing of that moment includes both the discovery of the 
truth and the critique of the presentiment.”140

Other great scientists later repeatedly emphasized the importance of scientific in-
tuition, which Graßmann described so fittingly here. But Graßmann did not content 
himself with merely witnessing this phenomenon, but drew direct conclusions on how 
science should present its findings: “The essence of a scientific presentation is thus an 
interlocked pair of approaches, one of which leads consistently from one truth to an-
other and forms the actual content, while the other controls the treatment and thus 
determines the form.”141 

But since in mathematics “these two separate lines of development diverge most 
acutely”142, it is important for its form of presentation that “the reader be placed in the 
position in which a discoverer of the truths is certain to be found in the best cases [ital-
ics added – H.-J. P.]. In these circumstances, as the truths are discovered there occurs a 
continual reflection about the course of development; a characteristic line of thought 
develops in the reader about the procedure followed and about the idea lying at the 
foundation of the whole; and this line of thought forms the true nucleus and spirit of 
his activity, while the consistent detailing of the truths is only the embodiment of that 
idea.”143

In his Extension Theory, Graßmann did his best to communicate the historical, psy-
chological and logical aspects of his concept of science to the reader. He unfolded – as 
far as the analysis of his own approach would let him – his entire program of inquiry, his 
“paradigm”: the ruptures and elements of continuity in his new theory, embedded in a 
foundational philosophical framework. 

This ambitious project was one of the reasons why, on the one hand, his scientific 
results were ignored by his mathematical contemporaries, and, on the other, once his 
theory had become valued in mathematics, why an entire mathematical school – the 
“Graßmannians” – emerged from it.144  
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4.5  Graßmann’s Extension Theory and Schleiermacher’s Dialectic

The scientific literature about the history of mathematics has repeatedly posed the ques-
tion whether the form of the Extension Theory of 1844 may be linked to a certain philo-
sophical movement or, more precisely, whether an individual philosopher might be re-
sponsible for it. Without a doubt, we can find indirect connections to Leibniz, Schelling 
and Kant. These were influences in which Justus Graßmann also played a part. When 
it comes to direct influences, things are more complicated. Herbart has been named145, 
but a direct influence on his part is highly improbable and therefore should be ruled 
out. Judging from the evidence we have, Fries – who also has been mentioned – is also 
an unlikely candidate.146 

We have also rejected the unconvincing position that Graßmann experienced no di-
rect influence from any philosopher at all, but only from his younger brother Robert.147 

As the only remaining alternative, the present biography brings forward the view 
that when Hermann Graßmann expressed utmost respect for Schleiermacher and his 
exemplary philosophical and methodological approach to science in the curriculum 
vitae of 1833, submitted to the examination committee in theology, he was sincere148 
about his feelings. Therefore we can assume that his further scientific work was substan-
tially influenced by Schleiermacher.

A. R. Schweitzer (1915), in his dissertation149, was probably the first to favor this 
point of view, saying that Schleiermacher’s influence on Graßmann was especially strong 
in his reflections on the problem of what “guiding idea” may be behind the evolution 
of mathematics. Then this line of thought was abandoned and only taken up again later 
by Lewis (1977) and, independently, by the author (1979a). Lewis begins his text by 
discussing Schleiermacher’s Dialectic separately, and then continues with Graßmann’s 
Extension Theory. He concludes that Schleiermacher exerted a major influence on 
Graßmann, but does not make this connection completely clear. This led to Schubring’s 
(1996a) rejection of Lewis’ arguments for, in his view, being inconsistent. Schubring de-
nies the possibility of any relevant influence of Schleiermacher on Graßmann. Instead, 
relying on new documentation, he thinks it is highly probable that Robert Graßmann 
stimulated his brother philosophically. Even though Lewis defended some of the points 
he made in 1977 in an essay published in 2004, he generally – as the essay’s title sug-
gests – reduced the force of his initial argument. 

The following paragraphs aim to substantiate the view that not only Lewis was right, 
but that Schleiermacher’s influence was even greater than Lewis assumed in 1977. 

The foundation of Extension Theory, the internal development of its concepts and 
its external integration into the totality of the sciences, is a closed, unified structure and 
neatly fits into the conception of Schleiermacher’s Dialectic. A detailed synopsis would 
lead too far. Instead, the following paragraphs will assemble evidence for the Graßmann 
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brothers’ profound respect for Schleiermacher’s “philosophical theory of scientific dis-
covery”, or “Erspähungslehre” in the words of Robert Graßmann150. They will attempt to 
paraphrase the basic idea of Extension Theory in the spirit of Schleiermacher’s Dialectic. 
In this context, the foundation of Extension Theory reads as follows (the corresponding 
paragraphs from the German Jonas edition of the 1839 Dialectic appear in parentheses. 
Positions attributable to Graßmann are set in italics in the following text):

The architecture of knowledge relies on the positive double relative opposition 
(§§ 289/290; §§ 340/341). This opposition has its ultimate ground in the opposition of 
the ideal and the real in reason and nature, an opposition whose contradictory moments 
reappear – in shifting relations of dominance – on both of its sides (§ 341).

The highest division of the sciences into real and formal sciences (or, in Schleier-
macher’s words, into empirical and speculative sciences) follows this principle (§ 342). 
These sciences, then, internally split up again into an opposition of the real and the for-
mal. This means that the formal sciences are structured into a science dealing with the 
general (dominated by speculative thinking) and a science dealing with the particular 
(dominated by empirics): the latter is mathematics, the former dialectics (§§ 344 – 346). 
But the opposition between the ideal and the real remains alive in mathematics: So mathe-
matics again splits up into a predominantly speculative part (the general theory of forms) 
and a predominantly empirical part (the four mathematical disciplines, generated by the 
double relative opposition between equal and unequal, continuous and discrete). On the 
other hand, dialectics also possesses a predominantly empirical part, apart from the mostly 
speculative part. The former is formal logic and is related to mathematics.

According to Schleiermacher, all knowledge is thought (§§ 86sqq), that is, a process 
in which thought refers to an existent (§§ 9sqq) and in which truth relies on the cor-
respondence of thought to this existent. If this is the case, knowledge in mathematics, 
as a formal science standing next to the empirical sciences (§ 346), relies on a thought 
that refers to an existent posited by thought itself. It possesses truth in the correspondence of 
thought to this existent. Since all thought is also a part of the opposition between the real 
and the ideal, it is always a unity of the intellectual and organic functions, of concept and 
schema (§§ 105sqq). The particular existent, which mathematics posits as its object, is devoid 
of all content, a pure thought-form of the real, with the highest possible degree of ideality and 
a minimum of intuition: a conceptual schematism, open to any possible content taken from 
reality. Since all knowledge arises from an act of production (§§ 87sqq), only the charac-
teristics of this productive act of positing the particular can form the basis of mathematics. Ac-
cording to Graßmann, this particular may only be posited conceptually as equal or unequal, 
discrete or continuous. These four concepts are the concepts creating a positive double rela-
tive opposition, which fulfills all of Schleiermacher’s requirements for the foundation of 
an architecture of science (§§ 289sqq). The general theory of forms deals with the analysis 
of the conditions under which the possibility of mathematical synthesis and the conjunctions 
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it posits arise, as required by this opposition. This analysis gives us the necessary general 
dimension of any given conjunction (principle of congruence – § 331) and therefore not 
only serves a basis of proof, but also as a heuristics for finding conjunctions in the different 
branches of mathematics. The “principle of analogy” (§ 332) gives us a second element of 
this heuristics. In his Extension Theory, Graßmann obtains this principle from geometry. 
In the best case, it is accompanied by presentiment as the intuition of further possibilities 
of developing a mathematical construction (§ 330). We can hereby determine the nature 
of the true development of a mathematical theory. It is the interlacing of two opposing 
methods (§§ 240ff.), namely of a heuristic and predominantly philosophical method, with 
an architectonical method, characterized by the rigor of mathematical construction. 

In this sense, Graßmann’s Extension Theory of 1844 can be read as the strict re-
alization of the principles of Schleiermacher’s Dialectic. In the process, Graßmann ex-
tends them to form a “dialectic of mathematics”, compensating for the inadequacies in 
Schleiermacher’s treatment of mathematics.151

In this context, the pair of oppositions equal/unequal and discrete/continuous, as 
developed by Justus Graßmann, constitutes the philosophical and mathematical point 
of departure for the project of harmoniously embedding mathematics into Schleier-
macher’s dialectical program, a project superseding the Kantian point of view.

But how did Justus Graßmann find this approach?
It is a tempting option to suppose that Justus Graßmann’s conception of mathemat-

ics had already arisen under Schleiermacher’s influence, and that Justus and Hermann 
Graßmann’s view followed the Schleiermacherian path.

Justus Graßmann’s years as a student in Halle from 1799 to 1801 coincided with the 
heyday of the philosophy of nature. Shortly afterwards, in 1804, Schleiermacher came to 
Halle and gave lectures in which he developed an early version of his philosophical ethics. 
He became a close friend of Henrik Steffens, who had become a professor for the phi-
losophy of nature. Notes taken in Schleiermacher’s first lectures began to circulate among 
interested readers. Bartholdy, a representative of the local school board in Stettin who was 
advocating a better education for elementary school teachers and the foundation of a peda-
gogical seminar,152 had also received a copy. An intimate friend of Schleiermacher and also 
of Justus Graßmann, Bartholdy studied this text carefully with Gaß, copied it down for 
himself and spoke very positively about Schleiermacher’s ideas. According to a letter from 
Gaß to Schleiermacher from July 1805, the lectures on philosophical ethics contained a 
detailed explanation of Schleiermacher’s transcendental postulates. Here he developed his 
own position as an alternative to Schelling’s. Gaß wrote: “Bartholdy is especially apprecia-
tive of your deviation from Schelling, whose first lecture on academic studies we also read, 
and wishes that in this matter you may never move in his direction again.”153

This opposition to Schelling consisted in, as Arndt concluded, the view that the 
contrast of the ideal and the real in the domain of objective knowledge was a relative 



4.5 Graßmann’s Extension Theory and Schleiermacher’s Dialectic 247

one,154 and we therefore also have good reason to assume that Justus Graßmann came 
into contact with Schleiermacher’s conception of dialectics as early as 1805.

Since we also know that Gaß possessed a copy of Schleiermacher’s 1814/15 Dia-
lectic155 (Schleiermacher had sent the booklet to Breslau for Gaß to study it, as he had 
already done with the First Draft of Ethics), we must also consider the possibility that 
Bartholdy, who had met Schleiermacher rather frequently because he was a correspond-
ent and member of the Berlin scientific deputation (after 1810), was also well informed 
about Schleiermacher’s Dialectic. Even though Bartholdy died in May 1815, it is prob-
able that Justus Graßmann, who continued Bartholdy’s work with the 1817 Geometry 
for Elementary Schools156, knew a lot about the essential ideas of Schleiermacher’s Dia-
lectic and was inspired by them. 

Unfortunately, we are speculating now and more hard proof is unlikely to appear. 
It is important to know that the fascinating mathematical and philosophical edifice 

of the Extension Theory of 1844 could not withstand the process of its further math-
ematical elaboration, which according to Robert Graßmann set in as early as 1847.157 
After only a few years – though almost unnoticed – it collapsed. 

The Textbook of Arithmetic of 1861 meant the end for the underlying concept of a 
double opposition which was supposed to provide the foundation for mathematics. The 
idea behind the whole conceptual structure, including the idea of erecting a general theory 
of forms, had become obsolete. 

Giuseppe Veronese: On the Foundations of Geometry of Multiple Dimensions…

Taking essential passages from Graßmann’s introduction to his Extension Theory of 
1844 as a point of departure in his foreword158, Veronese opens his treatise with the 
following paragraphs:
“§ 1. I think.
§ 2. I think one thing or multiple things. …
§ 3. I think one thing first, after which I think one thing. …
§ 4. Def. That phenomenon which corresponds to a thing in thought, we will call the 
representation, concept or mental image of a thing.
§ 5. Des. A single or multiple things or concepts are designated by signs, e. g. with letters 
of the alphabet. …
§ 6. Def. When I think a thing, one will say: The thing has been given or posited by the 
thought; when I think of a thing, one will say: The thing is a given for the thought.”159

He continues with an analysis of the fundamental operations, and goes on to develop 
the first “properties of abstract mathematical forms”. Then he develops arithmetic and 
the elementary systems of one dimension, and finally arrives at an analysis of the con-
tinuum and the forms of multiple dimensions. 
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Now, in a grandiose construction, all of mathematics had become included in exten-
sion theory. But the philosophical foundational structure it had once possessed had been 
lost in the course of this development. Mostly because Graßmann faced a total lack of 
appreciation for his mathematical and, especially, his mathematical and philosophical 
achievements in the scientific community, he never undertook the project of recreating 
this foundational structure.  

Nevertheless we might surmise that Giuseppe Veronese’s 1891 (philosophical) 
foundation for a geometry of multiple dimensions – the German translation of his work 
appeared exactly 50 years after Graßmann’s first Extension Theory in 1894 – might have 
come close to Hermann Graßmann’s new concept of mathematics, if one leaves the heu-
ristic method out of the question.160 

Closing remarks

It was the intention of the present book to provide insights into the life and works of 
Hermann Graßmann, a scholar who today is unjustly underestimated and forgotten.  

Fig. 47. Etching of Graßmann from the first  
volume of his collected works
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It has become clear that Graßmann, rooted in the provinciality of his – not always 
beloved – job as a teacher in Stettin, was peculiarly capable of connecting himself to 
the Zeitgeist and to the fundamental problems of the scientific fields he was working 
in. Far ahead of contemporary scientific thought, but neglected and misunderstood, 
Graßmann made great progress. His historical merit lies in the way in which he partially 
abandoned old ways of thinking, consciously drawing inspiration from the revolution-
ary philosophical spirit of his time and foreshadowing developments in present-day  
mathematics.

Graßmann is worthy of entering into the ranks of the 19th century’s most exception-
al scientists. In our day, nobody can deny the importance of his scientific achievements, 
which for decades he had tried to communicate to his contemporaries. 

The history of science has largely confirmed the hopeful words Graßmann wrote in 
1861 in the foreword to his second Extension Theory and which will bring the present 
book to a close:

“For I have every confidence that the effort I have applied to the science reported 
upon here … is not to be lost. Indeed I well know that the form I have given the sci-
ence is, and must be, imperfect. But I also know and must declare, even at the risk 
of sounding presumptuous, – I know, that even if this work as well should lie idle 
yet another seventeen years or more without influencing the living development of 
science, a time will come when it will be drawn forth from the dust of oblivion and 
the ideas laid down here will bear fruit.”161    
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Chronology of Graßmann’s life

1809 15 April: Hermann Günther Graßmann is born in Stettin. Napoleonic  troops 
have been occupying the city since November 1806.

1814 Hermann Graßmann begins to attend a private school. He will attend the 
Stettin “Gymnasium” for 7 ½ years.

1817 Justus Graßmann publishes Geometry for Elementary Schools, Part 1 ( J. Graß-
mann 1817).

1820 In autumn the ballad composer Carl Loewe comes to Stettin and joins the 
Graßmanns in their apartment for a year. 

1824 Graßmann’s father publishes Geometry for Elementary Schools, Part 2 ( J. Graß-
mann 1824).

1827 Justus Graßmann publishes On the Concept and Extent of the Pure Theory of 
Number (ZL).

1827 Möbius publishes Barycentric Calculus (Möbius 1827).
1827 17 September: Hermann Graßmann graduates from “Gymnasium”. He and 

his brother Gustav begin their studies of theology at the University of Berlin.
1829 Justus Graßmann publishes Physical Crystallonomy and the Geometrical Theo-

ry of Combinations (KRY).
1830 In autumn Hermann Graßmann ends his studies in Berlin and returns to 

 Stettin. Until December 1831 he works on mathematics, physics, mineralogy 
and botany. 

1831 At Easter Graßmann obtains a position at the Stettin Seminar for Teachers.
1831 In December Graßmann privately works on the treatise On Geometrical Ana-

lysis and the Application of Arithmetic and Algebra to Geometry.
1831 On 17 December Hermann Graßmann passes the first examination for teach-

ers.
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1832 Hermann Graßmann works on botany and mathematics. First steps in vector 
algebra. Studies Plato’s Dialogues. 

1833/34 First examination in theology. He signs up for the examination on 
23 March 1833, completes the written assignment, passes the oral examinati-
on (21 May 1834) and receives his graduation certificate on 22 May 1834.

1834 Graßmann obtains a position at the Berlin School of Commerce on 29 Sep-
tember.

1835 Hermann Graßmann makes corrections in his father’s Textbook of Trigono-
metry ( J. Graßmann 1835).

1835 In December Graßmann gives up his position at the Berlin School of Com-
merce and returns to Stettin on 1 January 1836. He will never leave Stettin 
again.

1836 Graßmann becomes a teacher at the “Ottoschule”.
1838 On 24 May Graßmann signs up for the second examination in theology.
1839 On 28 February Graßmann asks the examination commission in Berlin for a 

second round of examinations in physics and mathematics.
1839 On 10 March Graßmann receives the written assignment on “low and high 

tides”.
1839 Between May and June Graßmann takes the second examination in theology. 
1839 Schleiermacher’s Dialectic (DIAL) is published posthumously.
1840 On 20 April Graßmann sends the examination thesis on low and high tides to 

the commission in Berlin. On 1 May he takes the oral examination in mathe-
matics, physics, mineralogy and chemistry. 

1840 Hermann and Robert Graßmann study Schleiermacher’s Dialectic (DIAL).
1842 At Easter Hermann Graßmann returns to ideas from his examination thesis 

and begins to present “extension theory” to a small family circle.
1843 At Easter Graßmann obtains a newly created position at the “Friedrich-

 Wilhelmsschule”.
1843 In autumn Graßmann finishes work on the first volume of Extension Theory 

(A1).
1843 On 16 October Hamilton discovers quaternions. That same year, Möbius 

pub lishes his Celestial Mechanics (“Mechanik des Himmels”, Möbius 1887a) 
in Germany. 

1844 Graßmann visits Möbius in Leipzig.
1844 Graßmann’s Linear Extension Theory (A1) is in bookstores. 
1845 Hermann Graßmann publishes his treatise New Theory of Electrodynamics and 

has to review Extension Theory himself (H. Graßmann 1845a, 1845b). That 
same year he publishes an article on a Purely Geometrical Theory of  Curves. 
Eleven more articles will follow.
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1845 On 2 February Möbius informs Graßmann in a letter about the prize  question 
issued to commemorate Leibniz’s 200th birthday. 

1845 Graßmann reads Schleiermacher’s Aesthetic and spends the following year 
studying Hegelian philosophy with his brother. 

1846 Graßmann publishes a Collection of Texts for Young Readers from Age 8 to 12 
with Langbein (Graßmann/Langbein 1868).

1846 On 1 July Graßmann is awarded the prize honoring Leibniz for his Geometri-
cal Analysis (PREIS). Ideas from his Extension Theory receive public recogni-
tion for the first time.

1846 In autumn Graßmann begins to revise traditional mathematical concepts 
with his brother.

1847 In May Graßmann for the first time attempts to receive a professorship in 
mathe matics at a university. Kummer’s assessment destroys Graßmann’s  hopes.

1847 The “hunger revolts” prompt Hermann and Robert Graßmann to focus on 
politics. The two brothers read Schleiermacher’s Theory of the State (1840) 
and Dahlmann’s Politics (1835). 

1848 On 18 and 19 March the bourgeois Revolution shakes Germany.
1848 On 1 April Graßmann publishes his first political article. 
1848 Hermann and Robert Graßmann publish the conservative “German  Weekly 

for Politics, Religion and National Life” from 20 May to 24 June. On 1 July 
the journal is replaced by the daily newspaper “North-German Newspa-
per”.

1848 Hermann Graßmann and Marie Therese Knappe become engaged.
1849 Hermann Graßmann and Marie Therese Knappe get married on 12 April.
1849 Graßmann publishes his last article in the “North-German Newspaper” on 

27 September. In February 1850 he leaves the newspaper while his brother 
carries on. Graßmann resumes his work on mathematics and physics and be-
gins to study Sanskrit.

1852 Graßmann’s father dies on 9 March. In July Graßmann becomes his father’s 
successor at the Stettin “Gymnasium”. A month later he receives the title of 
Professor.

1852 On 28 October Graßmann gives a lecture in the Stettin Physics Society: “On 
the newest discoveries in the field of color theory”. He presents his color laws 
for the first time. In December he replaces his father as the head of the Physics 
Society. 

1853 Graßmann resumes his correspondence with Möbius. He publishes an article 
on color theory.

1853 Hamilton’s Lectures on Quaternions (Hamilton 1853) are published.  Hamilton 
admiringly mentions Graßmann. 
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1854 Graßmann’s article Sur les différents genres de multiplication is dated 5  February. 
The article defends his rights of authorship against Cauchy. In April Graß-
mann addresses the Academy in Paris, claiming priority for his discoveries. 
The Academy does not respond.

1854 On 10 June Riemann gives his habilitation lecture On the hypotheses which lie 
at the Bases of Geometry (Riemann 1876a).

1854 On 2 November Graßmann gives a lecture on the theory of vowels in the 
Physics Society.

1855 to 1856 Hermann and Robert Graßmann work on a new foundation for 
number theory, extension theory, logic and combinatorics. 

1855 Graßmann publishes five articles on the theory of curves.
1856 Graßmann becomes a speaker at the Stettin lodge of Freemasons. 
1857 Graßmann becomes a member of the Society for the Evangelization of  China. 

At Easter 1858 he begins to publish the Society’s leaflet “Reports from China” 
(1858 – 61).

1860 Graßmann publishes his Textbook of Arithmetic (LA). That same year, he pub-
lishes his first article on philology. 

1861 The completely revised and restructured version of Extension Theory (A2) is 
published. 

1862 For the second time, Hermann Graßmann officially applies for a professorship 
in mathematics. When the project fails, he feels disappointed with mathe-
matics and focuses exclusively on Sanskrit and Rig-Veda. 

1862 The philological article in which Graßmann develops his law of aspiration is 
dated 4 September (H. Graßmann 1863).

1864 On Knoblauch’s initiative Graßmann becomes a member of the Society for 
Natural Science Research in Halle. 

1865 Publication of Graßmann’s Textbook of Trigonometry (H. Graßmann 1865). 
1866 Graßmann begins an exchange of letters with Hankel in which the two discuss 

certain aspects of Extension Theory.
1867 Publication of Hankel’s Theory of Complex Number Systems (Hankel 1867). 

In the book, Hankel recognizes the importance of Graßmann’s work. 
1868 Graßmann believes that thanks to Grunert he has a chance of obtaining a 

professorship in mathematics. By March of the following year, he realizes that 
his hopes have been in vain.

1869 In January Klein discovers Graßmann by reading Hankel. 
1869 At Easter Graßmann’s oldest son sets out to study mathematics in Göttingen. 

He brings Clebsch and Stern a copy of Extension Theory.
1869 Schlegel begins to work on his System of Geometry. According to the Principles of 

Graßmann’s Extension Theory and an Introduction Thereto (Schlegel 1872a).
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1870 Graßmann and Fuess discuss a heliostat designed by Graßmann. The heliostat 
is built in 1872.

1870 Hermann Graßmann publishes German Plant Names (H. Graßmann 1870).
1871 On 2 February Clebsch begins his correspondence with Graßmann.
1871 In autumn Klein studies Graßmann’s Extension Theory while elaborating his 

Erlangen Program (Klein 1974). He informs Lie of Graßmann’s treatment of 
the Pfaffian problem.

1871 On Clebsch’s initiative Graßmann becomes a member of the Göttingen 
Science Society on 2 December. During the same reunion Clebsch gives a 
commemorative lecture for Plücker (Clebsch 1871) in which he repeatedly 
mentions Graßmann’s achievements. Reassured by these signs of recognition, 
Graßmann resumes some of his mathematical work.

1872 After years of silence, Graßmann publishes some articles on mathematics. In 
December he completes his Rig-Veda dictionary (H. Graßmann 1955). The 
process of editing the book extends until 1875.

1872 Graßmann attends the Reunion of Philologists in Leipzig.
1872 In late autumn Schlegel’s System of Geometry is published (Schlegel 1872a).
1872 Lie visits Graßmann in Stettin in October and November to learn about 

Graßmann’s approach to the Pfaffian problem. 
1872 Clebsch dies on 7 November.
1874/75 Graßmann’s health begins to deteriorate.
1875 In August Graßmann is diagnosed with a valvular heart defect. 
1876 Preyer visits Graßmann in Stettin on 11 March to discuss his theory of sensa-

tions. 
1876 Graßmann is made a member of the American Oriental Society. On Roth’s 

initiative, the University of Tübingen accords Graßmann an honorary doctor-
ate for his philological work.

1877 Graßmann writes and publishes a large number of treatises in mathematics 
and physics.

1877 Graßmann has to give up teaching on 27 August for health reasons. 
1877 Hermann Günther Graßmann dies on 26 September.
1878 Graßmann’s last treatise On the Loss of Faith (H. Graßmann 1878) is pub-

lished. Also, a second printing of Graßmann’s Extension Theory of 1844 is in 
bookstores.

1894  to 1911 Publication of Graßmann’s collected works.

A list of Graßmann’s writings can be found in (GW32). 
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A1  Graßmann, H. (1844): Linear Extension Theory. In: A new branch of math-
ematics. The Ausdehnungslehre of 1844 and Other Works by Hermann Graß-
mann. Translated by Lloyd C. Kannenberg. Chicago and La Salle: Open 
Court 1995, p. 3 – 312. Also in: (GW11, p. 4 – 312).

A2  Graßmann, H. (1862): Extension Theory. Translated by Lloyd C. Kannen-
berg. Providence: American Mathematical Society 2000. (History of Mathe-
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LA  Graßmann, H. (1861): Lehrbuch der Mathematik für höhere Lehranstalten. 
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DIAL  Schleiermacher, F. D. (1839): Dialektik. Aus Schleiermacher’s handschrift-
lichem Nachlasse herausgeg. von L. Jonas. Berlin 1839. In: F. D. Schleier-
macher. Sämmtliche Werke. 3. Abt.: Zur Philosophie. Vol. 4.2. Berlin.

ZL  Graßmann, J. G. (1827): Ueber den Begriff und Umfang der reinen Zahlen-
lehre. Programmabhandlung des Stettiner Gymnasiums. Stettin.

KRY  Graßmann, J. G. (1829): Zur physischen Krystallonomie und geometrischen 
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MECW Marx, K.; Engels, F. (1975 – 2005): Collected Works. Moscow. 



Bibliography

Alexandroff, P. S.; Markuschewitsch, A. I.; Chintschin, A. J. (eds.) (1971): Enzyklopädie der 
 Elementarmathematik. Vol. 5. Berlin.

Allgemeine Deutsche Biographie (1875sqq).Vol. 1sqq. Auf Veranlassung seiner Majestät des Kö-
nigs von Bayern herausgeg. durch die historische Commission bei der Königlichen Akademie 
der Wissenschaften. Leipzig.

Allgemeine Encyklopädie der Wissenschaften und Künste (1868). In alphabetischer Folge von 
genannten Schriftstellern bearbeitet und herausgeg. von J. S. Brach u. J. G. Gruber. Erste Sek-
tion. Vol. 28. Herausgeg. von H. Brockhaus. Leipzig.

Altenburg, O. (1936): Albert Emil Nüscke (1817 – 1891). In: Pommersche Lebensbilder. Vol. 2: 
Pommern des 19. und 20. Jhds. Stettin, p. 160 – 171.

Arndt, A. (1986): Einleitung. In: F. D.E. Schleiermacher: Dialektik (1811).Hamburg, p. IX–
LXXVI.

Ballauff, L. (1878): Die Wissenschaftslehre oder Philosophie. Von Robert Graßmann. Stettin, 
1875 – 76. In: Jahrbuch des Vereins für Wissenschaftliche Pädagogik. 10 (1878), p. 172 – 194.

Bartholdy, G. (1907): Bemerkungen zu Albert Heintzes Abhandlung: Drei Jahre auf dem 
Marien stiftsgymnasium zu Stettin. In: Neue Jahrbücher für Pädagogik. (10), p. 289 – 294.

Becker, O.; Hofmann, J. E. (1951): Geschichte der Mathematik. Bonn.
Beintker, H. (1962): Einleitung. In: Friedrich Schleiermacher. I. Die Anfänge 1768 – 1808. Aus-

gewählt und eingeleitet von H. Beintker. Berlin, p. 5 – 12.
Bell, E. T. (1986): Men of Mathematics. The Lives and Achievements of the Great Mathemati-

cians from Zeno to Poincaré. New York/London/Toronto/Sydney.
Bellavitis, G. (1835): Calcolo delle Equipollenze. Padova.
Beutelspacher, A. (1996): A survey of Graßmann’s ‚Lineale Ausdehnungslehre‘. In: Schubring, 

G. (Ed.): Hermann Günther Graßmann (1809 – 1877): Visionary Mathematician, Scientist 
and Neohumanist Scholar. Dordrecht, p. 3 – 6.

Beyer, L. (1925): Graßmannsches Familien-Buch. Sondershausen.
Bezzenberger, A. (1873): Rezension: Deutsche Pflanzen. Stettin 1870. Von H. Graßmann. In: 

Zeitschrift für deutsche Philologie 5, p. 228 – 231.
Biermann, K.-R. (1973): Die Mathematiker und ihre Dozenten an der Berliner Universität, 

1810 – 1920. Stationen auf dem Wege eines mathematischen Zentrums von Weltgeltung. 
Berlin.

Birjukov, B. (1960): Grasman, Robert. In: Filosofskaja énciklopedija. T. 1. Redakcionnaja  kollegija. 
Glavnyj redaktor F. V. Konstantinov. Moskva, p. 403.



266 Bibliography

Birjukova, L. G.; Birjukov, B. V. (1997): U istokov aksiomatik fundamental’nych algebraičeskich 
struktur: dostiženija germana u roberta grassmanov. In: Modern Logic 7 (1997), no. 2, 
p. 131 – 159.

Blaschke, W. (1948): Projektive Geometrie. 2nd edition, Wolfenbüttel u. Hannover.
Bloch, S.Sch. (1951): Angenäherte Synthese von Mechanismen. Wiedergabe, Anwendung und 

Entwicklung der Methoden des Akademikers P. L. Tschebyschew. Berlin.
Böhm, J.; Börner, W.; Hertell, E.; Krötenheerdt, O.; Mögling,W.; Stammler, L. (1975): Geo-

metrie. II. Analytische Darstellung der euklidischen Geometrie, Abbildungen als Ordnungs-
prinzip in der Geometrie, geometrische Konstruktionen. Berlin.

Bopp, F. (1833 – 1852): Vergleichende Grammatik des Sanskrit, Zend, Griechischen, Latei-
nischen, Litthauischen, Gothischen und Deutschen. Vol. 1 – 3. Berlin.

Bourbaki, N. (1950): The Architecture of Mathematics. In: The American Mathematical Month-
ly, Vol. 57, No. 4. (Apr. 1950), p. 221 – 232.

Bourbaki, N. (1998): Elements of the History of Mathematics. Translated by J. Meldrum. Berlin.
Briefwechsel zwischen dem Comitee des Pommerschen Hauptvereins für Evangelisierung Chi-

nas und dem Missionar Vögler vom 5. April 1859 bis zum 26. Mai 1860. (1861) Stettin.
Browne, J. M. (2001- ): Graßmann Algebra. Exploring applications of extended vector algebra 

with Mathematica. Incomplete Book Draft. Melbourne. URL: http://www.ses.swin.edu.au/
homes/browne/Graßmannalgebra/book/index.htm [March 2005]

Burali-Forti, C. (1897): Introduction à la géométrie differentielle suivant la méthode de H. Graß-
mann. Paris.

Burali-Forti, C. (1921): Elementi di calcolo vettoriale. 2nd edition. Bologna.
Burau, W. (1953): Projektive Klassifikation der Graßmannrelationen und Kennzeichnung der 

Minimalmodelle für die Gesamtheiten der verallgemeinerten Raumelemente des Sn. In: 
 Annali di Matematica pura ed applicata. 4th series, (34), p. 133 – 160.

Cantor, M. (1879): Justus Günther Graßmann. In: Allgemeine Deutsche Biographie. Vol. 9. 
Leipzig, p. 593 – 599.

Cartan, E. (1913): Besprechung: H. Graßmanns Gesammelte Werke. In: Bibliothèque de l’école 
des hautes études. Bulletin des sciencesmathémat. Paris, 2nd series, 1st section. 48, p. 238 – 243.

Cartan, E. (1952): Notice sur les travaux scientifiques. In: Cartan, E.: Oeuvres complètes. Par-
tie I., Vol. 1. Paris, p. 1 – 98.

Cartan, E. (1953): Sur certaines expressions differentielles et le problème de Pfaff. In: Annales 
de l’Ecole Normale. Paris. 16 (1899), p. 239 – 332. See also: Cartan, E.: Oeuvres complètes. 
Partie II. Vol. 1. Paris.

Carus, P. (1881): Metaphysik in Wissenschaft, Ethik und Religion. Eine philosophische Unter-
suchung. Dresden.

Carus, P. (1908): The foundations of mathematics. A contribution to the philosophy of geometry. 
Chicago.



Bibliography 267

Cassirer, E. (1923): Substanzbegriff und Funktionsbegriff. Untersuchungen über die Grund-
fragen der Erkenntniskritik. Berlin.

Châtelet, G. (1992): La capture de l’extension comme dialectique géométrique: dimension et puis-
sance selon l’Ausdehnung de Graßmann (1844). In: Boi, L.; Flament, D. (eds.): 1830 – 1930: 
a century of geometry: epistemology, history and mathematics. Berlin, p. 222 – 244.

Clebsch, A. (1871): Zum Gedächtnis an JULIUS PLÜCKER. In: Abhandlungen der Königl. 
Gesellschaft der Wissenschaften zu Göttingen. (16), p. 1 – 40.

Clebsch, A. (1874): Rudolf Friedrich Alfred Clebsch. Versuch einer Darlegung und Würdigung 
seiner wissenschaftlichen Leistungen von einigen seiner Freunde. In: Mathematische Anna-
len. 7, p. 1 – 55.

Coolidge, J. L. (1947): A History of Geometrical Methods. Oxford.
Couturat, L. (1908): Die philosophischen Prinzipien der Mathematik. Translated from French 

by C. Siegel. Leipzig.
Couturat, L. (1969): La Logique de Leibniz, d’après des documents inédits. Paris 1901. Unpub-

lished reprint Hildesheim.
Cremona, M. (1860): Méthode de Graßmann et propriété de la cubique gauche. In: Nouvel-

les Annales de Mathématiques. Journal de Candidats aux Ecoles Polytechnique et Normale. 
Tome 19. Paris, p. 356 – 360.

Crowe, M. J. (1994): A history of vector analysis: the evolution of the idea of a vectorial system. 
New York.

Dahlmann, F. C. (1835): Die Politik, auf den Grund und das Maaß der gegebenen Zustände 
zurückgeführt. Vol. 1: Staatsverfassung. Volksbildung. 1st edition, Göttingen.

Dascal, M (2008): G. W. Leibniz, The Art of Controversies. Dordrecht.
Delbrück, B. (1877): Nekrolog auf Hermann Graßmann. In: Augsburger Allgemeine Zeitung. 

No. 291, p. 4371.
Deutsche Wochenschrift für Staat, Kirche und Volksleben. (1848) Herausgeg. von H. und 

R. Graßmann. Stettin, No. 1 to 6 (20 May/27 May/3 June/10 June/17 June/24 June).
Diesterweg, F. A.W. (1956): Sämtliche Werke. 1st section: Zeitschriftenbeiträge. Vol. 1. Berlin.
Diesterweg, F. A.W. (1959): Sämtliche Werke. 1st section: Zeitschriftenbeiträge. Vol. 3. Berlin.
Dieudonné, J. (1990): The tragedy of Graßmann. Villetaneuse, Séance du 19 Février 1979. Paris.
Dilthey, W. (1985): Schleiermachers politische Gesinnung und Wirksamkeit. In: Dilthey, W.: 

Gesammelte Schriften. Vol. 12, p. 1 – 36.
Dingeldey, Fr. (1885): Über die Erzeugung von Curven vierter Ordnung durch Bewegungs-

mechanismen. Inaugural-Dissertation. Leipzig.
Dingeldey, F. (1886): Ueber Curven dritter Ordnung mit Doppelpunkt. In: Mathematische An-

nalen, (27), p. 272 – 276.
Dorier, J.-L. (1996): Basis and Dimension – from Graßmann to van der Waerden. In: Schubring, 

G. (ed.): Hermann Günther Graßmann (1809 – 1877): Visionary Mathematician, Scientist 
and Neohumanist Scholar. Dordrecht, p. 175 – 196.



268 Bibliography

Dorner, J. A. (1867): Geschichte der protestantischen Theologie, besonders in Deutschland, 
nach ihrer principiellen Bewegung und im Zusammenhang mit dem religiösen, sittlichen und 
intellectuellen Leben betrachtet. München.

Droysen, G. (1911): Johann Gustav Droysen. Part 1. Leipzig.
Dyck,W. v. (1882): Gruppentheoretische Studien. I. In: Mathematische Annalen, (20), p. 1 – 44.
Eikenjäger, K.-G. (1977): Brüder und Gebrüder. In: Spectrum. (8), 3, p. 34 – 36.
Einstein, A. (1955): Mein Weltbild. Berlin.
Einstein, A. (2004): Geometry and Experience. In: Albert Einstein: Sidelights on Relativity. 

 Kessinger Pub., p. 12 – 23.
Eisenreich, G. (1971): Vorlesungen über Vektor- und Tensorrechnung. Leipzig.
Elfering, K. (1995): Über die sprachwissenschaftlichen Forschungen und das Aspiratengesetz 

von Hermann Günther Graßmann. In: Schreiber, P. (ed.): Hermann Graßmann: Werk und 
Wirkung. Universität Greifswald, p. 33 – 36.

Encyklopädie der mathematischen Wissenschaften mit Einschluß ihrer Anwendungen. Vol. 1 
to 6. (1898sqq) Herausgeg. im Auftrage der Akademieen der Wissenschaften zu Göttingen, 
Leipzig, München und Wien sowie unter Mitwirkung zahlreicher Fachgenossen. Leipzig.

Engel, Fr. (1890): Der Geschmack in der neueren Mathematik. Antrittsvorlesung an der Univer-
sität Leipzig, gehalten am 24. Okt. 1890. Leipzig.

Engel, Fr. (1909a): Hermann Graßmann. In: Sitzungsberichte der Berliner mathematischen Ge-
sell. (8), p. 79 – 88.

Engel, Fr. (1909b): Hermann Graßmann. Sonderabdruck aus dem 18. Bande des Jahresberichts 
der Deutschen Mathematiker-Vereinigung. Leipzig u. Berlin.

Engel, Fr. (1910): Hermann Graßmann. In: Jahresbericht der deutschen Mathematiker-Vereini-
gung. 19, p. 1 – 13.

Engel, Fr. (1911): Graßmanns Leben. Nebst einem Verzeichnisse der von Graßmann veröffentlich-
ten Schriften und einer Übersicht des handschriftlichen Nachlasses. In: GW32, p. 1 – 400.

Engel, Fr. (1922/23): Hermann Graßmann (d. J.). In: Leopoldina. Amtl. Organ d. k. k. Leopol-
din. Carolin. Deutschen Akademie der Naturforscher. (58), p. 10.

Engel, Fr. (1936): Hermann Graßmann (1809 – 1877). In: Pommersche Lebensbilder. Vol. 2: 
Pommern des 19. und 20. Jahrhunderts. Stettin, p. 74 – 84.

Engelhardt, D. v. (1993): Henrik Steffens über Natur und Naturforschung im autobiographi-
schen Rückblick „Was ich erlebte“ (1840 – 44). In: Albrecht, H. (ed.): Naturwissenschaft und 
Technik in der Geschichte. Stuttgart, p. 81 – 94.

Engels, Fr. (1959): Der Status quo in Deutschland. (1847) In: Marx, K.; Engels, F.: Werke. Vol. 4. 
Berlin, p. 40 – 57. See MECW, Vol. 6. 

Engels, Fr. (1960): Revolution und Konterrevolution in Deutschland. VI. (1851) In: Marx, K.; 
Engels, F.: Werke. Vol. 8. Berlin, p. 39 – 43. See MECW, Vol. 11.

Engels, Fr. (1962a): Dialektik der Natur. (1873 – 1883) In: Marx, K.; Engels, F.: Werke. Vol. 20. 
Berlin, p. 307 – 620. See MECW, Vol. 25.



Bibliography 269

Engels, Fr. (1962b): Marx und die „Neue Rheinische Zeitung“, 1848 – 1849. (1884) In: Marx, 
K.; Engels, F.: Werke. Vol. 21. Berlin, p. 16 – 24. See MECW, vol 26.

Engels, Fr. (1967a): Brief an Joseph Bloch in Königsberg, 21./22. September 1890. In: Marx, K.; 
Engels, F.: Werke. Vol. 37. Berlin, p. 462 – 465.

Engels, Fr. (1967b): Ernst Moritz Arndt. ( Jan. 1841) In: Marx, K.; Engels, F.: Werke. Supple-
ment 2. Berlin, p. 118 – 131. See MECW, Vol. 2.

Engels, Fr. (1967c): Nord- und süddeutscher Liberalismus. (1842) In: Marx, K.; Engels, F.:  Werke, 
supplement 2. Berlin, p. 246 – 248. See MECW, Vol. 2.

Engels, Fr. (1975): Brief an Friedrich Graeber in Berlin. Bremen, 13.–27. Juli 1839. In: Marx, K.; 
Engels, F.: Gesamtausgabe (MEGA). 3rd section: Briefwechsel, Vol. 1. Berlin, p. 145 – 150. 
See MECW, Vol. 2.

Enriques, F. (1907): Prinzipien der Geometrie. (1907) In: ENCYK, Vol. 3.1,Art. IIIA, B1., 
p. 1 – 129.

Enriques, F. (1910a): Probleme der Wissenschaft. Teil 1:Wirklichkeit und Logik. Dt. Überset-
zung von K. Grelling. Leipzig u. Berlin 1910.

Enriques, F. (1910b): Probleme der Wissenschaft. Teil 2: Die Grundbegriffe der Wissenschaft. 
Dt. Übersetzung von K. Grelling. Leipzig u. Berlin.

Erpenbeck, J.; Hörz, H. (1977): Philosophie contra Naturwissenschaft? Berlin.
Fano, G. (1907): Gegensatz von synthetischer und analytischer Geometrie und seine histo-

rische Entwicklung im XIX. Jahrhundert. (1907) In: ENCYK, Vol. 3.1, Art. III A, B 4a, 
p. 221 – 288.

Fearnley-Sander, D. (1979): Hermann Graßmann and the creation of linear algebra. In: Ameri-
can Mathematical Monthly. 86 (1979), 809 – 817.

Fearnley-Sander, D. (1982): Hermann Graßmann and the prehistory of universal algebra. In: 
American Mathematical Monthly. 89 (1982), 161 – 166.

Feuerbach, L. (1957): Das Wesen des Christentums. Neu herausgeg. und eingeleitet von D. Bergner. 
Leipzig.

Fischer, E. G. (1826): Lehrbuch der mechanischen Naturlehre. 2 vols., 3rd edition, Berlin.
Fischer, H. (2001): Friedrich Daniel Ernst Schleiermacher. München.
Flachsmeyer, J.; Prohaska, L. (1975): Algebra. Mit historischen Bemerkungen von H. Wußing. 

Berlin.
Flament, D. (1989): La „lineale Ausdehnungslehre“ (1844) de Hermann Günther Graßmann. 

In: Boi, L.; Flament, D. (ed.): 1830 – 1930: a century of geometry: epistemology, history and 
mathematics. Berlin, p. 205 – 221.

Flament, D. (1994): Hermann Günther Graßmann: L’homme et l’œuvre. Préface. In: Hermann 
Günther Graßmann. La science de la grandeur extensive. La „Lineale Ausdehnungslehre“. 
Paris 1994, p. 7 – 47.

Fries, J. F. (1822): Die mathematische Naturphilosophie, nach philosophischer Methode be-
arbeitet. Heidelberg.



270 Bibliography

Friesler, H. (1953): Die Graßmannschen Gesetze. In: Die Farbe. Wiesbaden, (2), 3/4, p. 91 – 108.
Fuchs, E. (1969):Von Schleiermacher zu Marx. Herausgeg. von H. Fink und H. Trebs. Berlin.
Geerdts, H. J. (ed.) (1966): Deutsche Literaturgeschichte in einem Band. Berlin.
Geldsetzer, L. (1999): Jakob Friedrich Fries’ Stellung in der Philosophiegeschichte. In:  Hogrebe, 

W.; Herrmann, K. (eds.): Jakob Friedrich Fries – Philosoph, Naturwissenschaftler und Mathe-
matiker. Frankfurt a.M., p. 13 – 56.

Geliebte Brüder in Christo! (1858). Handzettel zur ersten Nummer der „Mittheilungen aus 
China. Herausgeg. vom Pommerschen Hauptverein für die Evangelisierung Chinas. Stettin.

Gerhardt, G. I. (1877): Geschichte der Mathematik in Deutschland. Herausgeg. durch die histor. 
Commission bei der Kgl. Academie der Wissenschaften zu Bayern. München.

Geschichte der Grossen National-Mutterloge in den Preußischen Staaten genannt zu den drei 
Weltkugeln. (1903) 6th edition, Berlin.

Gibbs, J. W. (1891): Quaternions and the Ausdehnungslehre. In: Nature. (44), p. 79 – 82.
Gibbs, J. W. (1906): The scientific papers of J. W. Gibbs. Vol. 2: Dynamics. Vector analysis and 

multiple algebra. London.
Graßmann, G. L. (1776): Bestimmung des Landes zu dem reichlichen Unterhalt einer Bauern-

familie. Preisschrift. Berlin.
Graßmann, Gottfried Ludolf (1868). In: Allgemeine Encyklopädie der Wissenschaften und 

Künste. In alphabetischer Folge von genannten Schriftstellern bearbeitet und herausgeg. 
von J. S. Brach u. J. G. Gruber. Erste Sektion. Vol. 28. Herausgeg. von H. Brockhaus. Leipzig, 
p. 82.

Graßmann, H. (1831): Curriculum vitae et studiorum ratio. 17 December 1831. Written for the 
first examination as a teacher. Typescript reproduction, 6 April 1938, department of auto-
graphs, Ksiażnica Pomorska [Pomeranian Library] Szczecin.

Graßmann, H. (1833): Lebens-Lauf. Stettin, 23 March 1833. Written for the examination in 
theology. Typescript reproduction. Department of autographs, Ksiażnica Pomorska [Pome-
ranian Library] Szczecin.

Graßmann, H. (1839): Ableitung der Krystallgestalten aus dem allgemeinen Gesetze der Krystall-
bildung. In: Programmabhandlung der Stettiner Ottoschule. Stettin 1839. See also: GW22, 
p. 115 – 146.

Graßmann, H. (1840): Theorie der Ebbe und Flut. Prüfungsarbeit von 1840. In: GW31, 
p. 8 – 203.

Graßmann, H. (1842): Grundriß der deutschen Sprachlehre. In: Programmabhandlung der Stet-
tiner Ottoschule. Stettin 1842. p. 2 – 56.

Graßmann, H. (1842/43): Theorie der Centralen. In: Journal für die reine und angewandte 
Mathematik. 24 (1842), p. 262 – 282 and p. 372 – 380, also 25 (1843), p. 57 – 73. See also: 
GW31, p. 3 – 48.

Graßmann, H. (1844): Die Wissenschaft der extensiven Grösse oder die Ausdehnungslehre, eine 
neue mathematische Disciplin. Erster Theil: Die lineale Ausdehnungslehre ein neuer Zweig 



Bibliography 271

der Mathematik, dargestellt und durch Anwendungen auf die übrigen Zweige der Mathema-
tik, wie auch auf die Statik, Mechanik, die Lehre vom Magnetismus und die Krystallonomie 
erläutert. 1st edition. Leipzig 1844 (2nd edition: Leipzig 1878) See also: GW11, p. 4 – 312 and 
Graßmann, H. (1995), p. 3 – 312.

Graßmann, H. (1845a): Neue Theorie der Elektrodynamik. In: Poggendorffs Annalen der Phy-
sik und Chemie. 64 (1845), p. 1 – 18. See also: GW22, p. 147 – 160.

Graßmann, H. (1845b): Kurze Uebersicht über das Wesen der Ausdehnungslehre. In: Archiv der 
Mathematik und Physik. 6 (1845), p. 337 – 350. See also: GW11, p. 297 – 312.

Graßmann, H. (1846): Grundzüge zu einer rein geometrischen Theorie der Kurven, mit Anwen-
dung einer rein geometrischen Analyse. In: Journal für die reine und angewandte Mathema-
tik. 31 (1846), p. 111 – 132. See also: GW21, p. 49 – 72.

Graßmann, H. (1847): Geometrische Analyse geknüpft an die von Leibniz erfundene geometri-
sche Charakteristik. Gekrönte Preisschrift. Leipzig 1847. See also: GW11, p. 321 – 398 and 
Graßmann, H. (1995), p. 315 – 414.

Graßmann, H. (1848a): Über die Erzeugung der Kurven dritter Ordnung durch gerade Linien 
und über geometrische Definitionen dieser Kurven. In: Journal für die reine und angewandte 
Mathematik. 36 (1848), p. 177 – 184. See also: GW21, p. 73 – 79.

Graßmann, H. (1848b): Das Wahlgesetz. In: Vossische Zeitung in Berlin. Nr. 78 vom 1. 
April 1848.

Graßmann, H. (1848c): Eingesandt. In: Vossische Zeitung in Berlin. Nr. 85 vom 10. April 1848.
Graßmann, H. (1850): Der chemische Unterricht auf der höheren Bürgerschule. In: Pädagogi-

sche Revue 11 (1850), Vol. 25, section 1, p. 45 – 54. 
Graßmann, H. (1851a): Der allgemeine Satz über die Erzeugung aller algebraischen Kurven 

durch Bewegung gerader Linien. In: Journal für die reine und angewandte Mathematik. 42 
(1851), p. 187 – 192. See also: GW21, p. 80 – 85.

Graßmann, H. (1851b): Die höhere Projektivität und Perspektivität in der Ebene; dargestellt 
durch geometrische Analyse. In: Journal für die reine und angewandte Mathematik. 42 (1851), 
p. 193 – 203. See also: GW21, p. 86 – 98.

Graßmann, H. (1851c): Die höhere Projektivität in der Ebene; dargestellt durch Funktionsver-
knüpfungen. In: Journal für die reine und angewandte Mathematik. 42 (1851), p. 204 – 212. 
See also: GW21, p. 99 – 108.

Graßmann, H. (1851d): Besprechung zweier Religionslehrbücher: 1. Lehrbuch der christlichen 
Religion für die oberen Classen der Stadt- und Landschulen . . . von E. Thierbach, 3rd edition 
Freiberg 1849. 2. Lehrbuch der Religion für die oberen Classen protestantischer hoher Schu-
len von L. A. Petri, 3rd edition Hannover 1850. In: Pädagogische Revue. 1st section a, (27), 
p. 341 – 348.

Graßmann, H. (1852): Erzeugung der Kurven vierter Ordnung durch Bewegung gerader Linien. 
In: Journal für die reine und angewandteMathematik. 44 (1852), p. 1 – 25. See also: GW21, 
p. 109 – 135.



272 Bibliography

Graßmann, H. (1853): Zur Theorie der Farbenmischung. In: Poggendorffs Annalen der Physik 
und Chemie. 89 (1853), p. 69 – 84. See also: GW22, p. 161 – 173.

Graßmann, H. (1854): Übersicht der Akustik und der niederen Optik. In: Programmabhand-
lung des Stettiner Gymnasiums. Stettin 1854. See also: GW22, p. 174 – 202.

Graßmann, H. (1855a): Allgemeiner Satz über die lineale Erzeugung aller algebraischen 
Oberflächen. In: Journal für die reine und angewandte Mathematik. 49 (1855), p. 1 – 9. See 
also: GW21, p. 136 – 144.

Graßmann, H. (1855b): Grundsätze der stereometrischen Multiplikation. In: Journal für die 
reine und angewandte Mathematik. 49 (1855), p. 10 – 20. See also: GW21, p. 145 – 154.

Graßmann, H. (1855c): Über die verschiedenen Arten der linealen Erzeugung algebraischer 
Oberflächen. In: Journal für die reine und angewandte Mathematik. 49 (1855), p. 21 – 36. 
See also: GW21, p. 155 – 169.

Graßmann, H. (1855d): Die stereometrische Gleichung zweiten Grades und die dadurch dar-
gestellte Oberfläche. In: Journal für die reine und angewandte Mathematik. 49 (1855), 
p. 37 – 46. See also: GW21, p. 170 – 179.

Graßmann, H. (1855e): Die stereometrischen Gleichungen dritten Grades und die dadurch 
erzeugten Oberflächen. In: Journal für die reine und angewandte Mathematik. 49 (1855), 
p. 47 – 65. See also: GW21, p. 180 – 198.

Graßmann, H. (1855f ): Sur les différents genres de multiplication. In: Journal für die reine und 
angewandte Mathematik. 49 (1855), p. 123 – 141. See also: GW21, p. 199 – 217.

Graßmann, H. (1855g): Die lineale Erzeugung von Kurven dritter Ordnung. In: Journal für die 
reine und angewandte Mathematik. 52 (1856), p. 254 – 275. See also: GW21, p. 218 – 238.

Graßmann, H. (1861): Lehrbuch der Mathematik für höhere Lehranstalten. Teil 1: Arithmetik. 
Berlin 

Graßmann, H. (1862): Die Ausdehnungslehre. Vollständig und in strenger Form begründet. 
Berlin 1862. See also: GW12, p. 1 – 383.

Graßmann, H. (1863): Ueber die aspiraten und ihr gleichzeitiges vorhandensein im an- und aus-
laute der wurzeln. In: Zeitschrift für Vergleichende Sprachforschung. Herausgeg. von A. Kuhn. 
12 (1863) 2, p. 81 – 138.

Graßmann, H. (1865): Lehrbuch der Mathematik für höhere Lehranstalten. Teil 3: Trigonome-
trie. Berlin.

Graßmann, H. (1867): Grundriss der Mechanik. In: Programmabhandlung des Stettiner Gym-
nasiums. Stettin 1867.

Graßmann, H. (1870): Deutsche Pflanzennamen. Stettin.
Graßmann, H. (1873 – 75): Wörterbuch zum Rig-Veda. Leipzig.
Graßmann, H. (1874): Die älteste Religion der Inder. In: Allgemeine Missions-Zeitschrift. 

 Monatshefte für geschichtliche und theoretische Missionskunde. (1), p. 473 – 482.
Graßmann, H. (1877a): Die Mechanik nach den Prinzipien der Ausdehnungslehre. In: Mathe-

matische Annalen. 12 (1877), p. 222 – 240. See also: GW22, p. 46 – 72.



Bibliography 273

Graßmann, H. (1877b): Zur Elektrodynamik. In: Journal für die reine und angewandte Mathe-
matik. 83 (1877), p. 57 – 64. See also: GW22, p. 203 – 210.

Graßmann, H. (1877c): Bemerkungen zur Theorie der Farbempfindungen. In: Preyer, W.: 
Elemente der reinen Empfindungslehre. Jena 1877, appendix, p. 85 – 93. See also: GW22, 
p. 213 – 221.

Graßmann, H. (1877d): Über die physikalische Natur der Sprachlaute. In: Wiedemanns Anna-
len der Physik und Chemie. 1 (1877), p. 606 – 629. See also: GW22, p. 222 – 240.

Graßmann, H. (1877e): Der Ort der Hamiltonschen Quaternionen in der Ausdehnungslehre. 
In: Mathematische Annalen. 12 (1877), p. 375 – 386. See also: GW31, p. 268 – 282.

Graßmann, H. (1878): Über den Abfall vom Glauben. Mahnungen an die wissenschaftlich Ge-
bildeten der Neuzeit. Stettin.

Graßmann, H. (n. d. a): Ätheratome. (From the posthumous papers) In: GW31, p. 342 – 343. 
Graßmann, H. (n. d. b): Hypothese der aus E und –E zusammengesetzten Ätheratome. (From 

the posthumous papers). In: GW31, p. 337 – 341.
Graßmann, H. (1894): Gesammelte mathematische und physikalische Werke. Vol. 1.1. Heraus-

geg. von Fr. Engel unter Mitwirk. von E. Study. Leipzig.
Graßmann, H. (1896): Gesammelte mathematische und physikalische Werke. Vol. 1.2. Heraus-

geg. von Fr. Engel unter Mitwirkung von H. Graßmann (d. J.). Leipzig.
Graßmann, H. (1904): Gesammelte mathematische und physikalische Werke. Vol. 2.1. Heraus-

geg. von E. Study, G. Scheffers und Fr. Engel. Leipzig.
Graßmann, H. (1902): Gesammelte mathematische und physikalische Werke. Vol. 2.2. Heraus-

geg. von J. Lüroth und Fr. Engel. Leipzig.
Graßmann,H. (1911a): Gesammelte mathematische und physikalische Werke. Vol. 3.1. Heraus-

geg. von J. Graßmann und Fr. Engel. Leipzig.
Graßmann, H. (1911b): Gesammelte mathematische und physikalische Werke. Vol. 3.2. Heraus-

geg. von Fr. Engel. Leipzig.
Graßmann, H. (1955): Wörterbuch zum Rig-Veda. 3rd unpublished printing of the 1873 – 1875 

edition, Leipzig.
Graßmann, H. (1994): La science de la grandeur extensive: la „Lineale Ausdehnungslehre“. 

 Traduction et Préface de D. Flament et B. Bekemeier. Paris.
Graßmann, H. (1995): A new branch of mathematics : the „Ausdehnungslehre“ of 1844 and 

other works. Translated by L. C. Kannenberg. Foreword by A. C. Lewis. Chicago.
Graßmann, H. (1996): Wörterbuch zum Rig-Veda. 6th edition, Wiesbaden.
Graßmann, H. (2000): Extension Theory. Translated by Lloyd C. Kannenberg. Providence.
Graßmann, H.; Langbein, W. (1868): Deutsches Lesebuch. 6th edition, Berlin.
Graßmann, H. (d. J.) (1886): Anwendung der Ausdehnungslehre auf die allgemeine Theorie der 

Raumkurven und krummen Flächen. Part 1: Raumkurven. In: Programm d. Lateinischen 
Hauptschule zu Halle a.S. Halle.



274 Bibliography

Graßmann, H. (d. J.) (1888): Anwendung der Ausdehnungslehre auf die allgemeine Theorie der 
Raumkurven und krummen Flächen. Part 2.1: Krumme Flächen. In: Programm d. Lateini-
schen Hauptschule zu Halle a.S. Halle.

Graßmann, H. (d. J.) (1893): Anwendung der Ausdehnungslehre auf die allgemeine Theorie der 
Raumkurven und krummen Flächen. Part 2.2: Krumme Flächen. Inaugural-Dissertation an 
der Philosophischen Fakultät der Universität Halle vom 26 June 1893. Halle.

Graßmann, H. (d. J.) (1894): Punktrechnung und projektive Geometrie. Part 1: Punktrechnung. 
In: Festschrift d. Lateinischen Hauptschule zur 200jährigen Jubelfeier der Universität Halle-
Wittenberg. Halle.

Graßmann, H. (d. J.) (1896): Punktrechnung und projektive Geometrie. Part 2: Grundlagen der 
projektiven Geometrie. In: Programm d. Lateinischen Hauptschule zu Halle a.S. Halle.

Graßmann, H. (d. J.) (1898): Punktrechnung und projektive Geometrie. Part 3: Die linearen 
Verwandtschaften in der Ebene. In: Festschrift d. Lateinischen Hauptschule zur 200jährigen 
Jubelfeier der Franckeschen Stiftungen. Halle.

Graßmann, H. (d. J.) (1909): Projektive Geometrie der Ebene unter Benutzung der Punktrech-
nung. Vol. 1: Binäres. Halle.

Graßmann, H. (d. J.) (1913): Projektive Geometrie der Ebene unter Benutzung der Punktrech-
nung. Vol. 2.1: Ternäres. Halle.

Graßmann, H. (d. J.) (1922): Projektive Geometrie der Ebene unter Benutzung der Punktrech-
nung. Vol. 2.2: Ternäres. Halle.

Graßmann, J. G. (1817): Raumlehre für Volksschulen. Erster Theil: Ebene räumliche Verbin-
dungslehre. Berlin.

Graßmann, J. G. (1824): Raumlehre für die untern Klassen der Gymnasien und für Volksschulen. 
Zweiter Theil: Ebene räumliche Größenlehre. Berlin.

Graßmann, J. G. (1827): Ueber den Begriff und Umfang der reinen Zahlenlehre. Programm-
abhandlung des Stettiner Gymnasiums. Stettin.

Graßmann, J. G. (1829): Zur physischen Krystallonomie und geometrischen Combinationslehre. 
Erstes Heft. Stettin.

Graßmann, J. G. (1835): Lehrbuch der ebenen und sphärischen Trigonometrie. Für die Obern 
Klassen der Gymnasien. Berlin.

Graßmann, J. G. (1837): Zur Akustik. Programmabhandlung des Stettiner Gymnasiums. Stettin.
Graßmann, J. G. (1846): Luther und Schiller. Rede zur Feier des academischen Erinnerungs-

festes zum gemeinschaftlichen Jahrestage ihrer Geburt am 10-ten November, gehalten im 
Jahre 1824 und 1845. Stettin.

Graßmann, J. G. (1862): Vorträge über Raphaelsche Bilder, nach Kupferstichen bekannter Meis-
ter. Herausgeg. von H. u. R. Graßmann. 2nd edition, Stettin.

Graßmann, J. G. (1868) In: Allgemeine Encyklopädie der Wissenschaften und Künste. In al-
phabetischer Folge von genannten Schriftstellern bearbeitet und herausgeg. von J. S. Brach u. 
J. G. Gruber. Erste Sektion. Vol. 28. Herausgeg. von H. Brockhaus. Leipzig, p. 82 – 84.



Bibliography 275

Graßmann, R. (1872): Die Formenlehre oder Mathematik. Stettin 1872. Reprint, Hildes-
heim 1966.

Graßmann, R. (1873): Der Krieg von 1870 – 1871 zwischen Frankreich und Deutschland. 2. 
edition, Stettin.

Graßmann, R. (1875a): Die Wissenschaftslehre oder Philosophie. Erster Teil: Die Denklehre. 
Stettin.

Graßmann, R. (1875b): Die Wissenschaftslehre oder Philosophie. Zweiter Teil: Die Wissens-
lehre. Stettin.

Graßmann, R. (1876a): Die Wissenschaftslehre oder Philosophie. Dritter Teil: Die Erkenntnis-
lehre. Stettin.

Graßmann, R. (1876b): Die Wissenschaftslehre oder Philosophie. Vierter Teil: Die Weisheits-
lehre. Stettin.

Graßmann, R. (1876c): Graßmannsches Familienbuch, aus alten Urkunden zusammengetragen. 
Stettin.

Graßmann, R. (1876d): Fürst Bismarck, ein Lebensbild. Stettin.
Graßmann, R. (1882 – 90): Das Gebäude des Wissens. Vol. 1 to Vol. 10. Stettin.
Graßmann, R. (1890a): Vorwort zum Gebäude des Wissens. In: R. Graßmann: Das Gebäude des 

Wissens. Vol. 1.1. Stettin.
Graßmann, R. (1890b): Einleitung in die Wissenslehre oder Philosophie. In: R. Graßmann: Das 

Gebäude des Wissens. Vol. 1.1. Stettin.
Graßmann, R. (1890c): Die Denklehre. Zweites Buch der Wissenslehre oder Philosophie. In: 

R. Graßmann: Das Gebäude des Wissens. Vol. 1.2. Stettin.
Graßmann, R. (1890d): Die Wesenslehre oder Ontologie. Viertes Buch der Wissenslehre oder 

Philosophie. In: R. Graßmann: Das Gebäude des Wissens. Vol. 2.1. Stettin.
Graßmann, R. (1890e): Die Wissenslehre oder die Philosophie. Zweiter Teil. Erste Hälfte: Die 

Erkenntnislehre. In: R. Graßmann: Das Gebäude des Wissens. Vol. 2.2. Stettin.
Graßmann, R. (1890sq): Das Weltleben oder die Metaphysik. Erstes Buch der Lebenslehre oder 

Biologie. In: R. Graßmann: Das Gebäude des Wissens. Vol. 3.1. Stettin.
Graßmann, R. (1891): Die Zahlenlehre oder Arithmetik streng wissenschaftlich in strenger 

Formel-Entwicklung. In: Die Formenlehre oder Mathematik in strenger Formelentwicklung. 
Stettin.

Graßmann, R. (1901): Auszüge aus der von den Päpsten Pius IX. und Leo XIII. ex cathedra 
als Norm für die römisch-katholische Kirche sanktionirten Moraltheologie des Heiligen Dr. 
Alphonsus Maria de Liguori und die furchtbare Gefahr dieser Moraltheologie für die Sitt-
lichkeit der Völker. Achtzigste Auflage. Als Manuskript gedruckt für Staatsmänner, Richter, 
Offiziere, Geistliche, Lehrer und Familienväter. Stettin.

Grattan-Guinness, I. (1996): Where does Graßmann fit in the history of logic? In: Schubring, G. 
(ed.): Hermann Günther Graßmann (1809 – 1877): Visionary Mathematician, Scientist and 
Neohumanist Scholar. Dordrecht, p. 211 – 216.



276 Bibliography

Graves, R. P. (1889): Life of Sir William Rowan Hamilton. Vol. 3. Dublin.
Gröbner, W. (1966): Matrizenrechnung. Vol. 1. Mannheim.
Groh, H. (1956): Zur Theorie der Ideale in der äusseren Algebra. In: Annales universitatis sara-

viensis. Reihe Naturwissenschaften. (5) 2/3, p. 128 – 136.
Grützner, P. (1907): William Thierry Preyer. In: Allgemeine Deutsche Biographie. Vol. 57.  Leipzig, 

p. 116sqq.
Guhrauer, G. E. (1842): Gottfried Wilhelm Freiherr von Leibnitz. Eine Biographie. Erster Theil. 

Breslau.
Haenchen, K. (1934): Friedrich Graf von Wrangel (1784 – 1877). In: Pommersche Lebensbil-

der. Vol. 1: Pommern des 19. und 20. Jhds. Stettin, p. 71 – 87.
Hamilton, W. R. (1853): Lectures on quaternions: containing a systematic statement of A New 

Mathematical Method, of which the principles were communicated in 1843 to the Royal 
Irish Academy; and which has since formed the subject of successive courses of lectures, deli-
vered in 1848 and subsequent years, in the halls of Trinity College, Dublin. Dublin/London/
Cambridge.

Hankel, H. (1867): Vorlesung über die complexen Zahlen und ihre Functionen. 1. Theil: Theorie 
der complexen Zahlensysteme insbesondere der gemeinen imaginären Zahlen und der Ha-
miltonschen Quaternionen nebst ihrer geometrischen Darstellung. Leipzig.

Hankel, H. (1874): Zur Geschichte der Mathematik in Altertum und Mittelalter. Leipzig.
Hao Wang (1957): The axiomatization of arithmetic. In: The Journal of Symbolic Logic. (22), 

p. 145 – 158.
Heath, A. E. (1917): Hermann Graßmann. The neglect of his work. In: Monist 27 (1917), 

p. 1 – 56.
Heaviside, O. (1951): Electromagnetic Theory. The complete and unabridged edition of Volu-

mes 1 – 3 (1893 – 1912). Introduction by E. Weber. London.
Heine, H. (1831): Einleitung zu „Kahldorf über den Adel in Briefen an den Grafen M. von Molt-

ke“. In: H. Heine. Werke in fünf Bünden. Vol. 3. Berlin u. Weimar 1968, p. 311 – 324.
Heine, H. (1833): Die romantische Schule. In: H. Heine. Werke in fünf Bänden. Vol. 4. Berlin 

and Weimar 1968, p. 185 – 326.
Heine, H. (1853/54): Geständnisse. In: H. Heine. Werke in fünf Bänden. Vol. 5. Berlin and 

Weimar 1968, p. 317 – 374.
Heine, H. (2007): On the History of Religion and Philosophy in Germany and Other Writings. 

Edited by Terry Pinkard; translated by Howard Pollack-Milgate. Cambridge.
Heinrich, G. (1976): Geschichtsphilosophische Positionen der deutschen Frühromantik.  (Friedrich 

Schlegel und Novalis). Berlin.
Heinrici, K.Fr.G. (1889): August Twesten nach Tagebüchern und Briefen. Berlin.
Heintze, A. (1907): Drei Jahre auf dem Marienstiftsgymnasium zu Stettin (1846 – 49). Ein 

Beitrag zur Geschichte des höheren Schulwesens. In: Neue Jahrbücher für Pädagogik. (10), 
p. 33 – 51.



Bibliography 277

Heitsch, W. (1976): Zur materialistischen Begründung der Mathematik durch Friedrich Engels. 
In: Wissenschaftliche Hefte der PH „Wolfgang Ratke“ Köthen, (3) 1, p. 45 – 60.

Helmholtz, H. v. (1852). Über die Theorie der zusammengesetzten Farben. In: Poggendorff ’s 
Annalen der Physik und Chemie. 87 (1852), p. 45 – 66.

Helmholtz, H. v. (1855): Ueber die Zusammensetzung von Spectralfarben. In: Poggendorff ’s 
Annalen der Physik und Chemie. 94 (1855), p. 1 – 28. See also: H. von Helmholtz. Wissen-
schaftliche Abhandlungen. Vol. 2. Leipzig 1883, p. 45 – 70.

Helmholtz, H. v. (1868): On the origin and significance of geometrical axioms. In: H. Helm-
holtz: Popular Lectures on Scientific subjects. Translated by E. Atkinson, London 1881, 
p. 27 – 72.

Helmholtz, H. v. (1887): Zählen und Messen erkenntnistheoretisch betrachtet. (1887) In: H. v. 
Helmholtz: Philosophische Vorträge und Aufsätze. Herausgeg. von H. Hörz und S. Wollgast. 
Berlin 1971, p. 301 – 335.

Herbart, J.Fr. (1890): Psychologie als Wissenschaft neu gegründet auf Erfahrung, Metaphysik 
und Mathematik. Erster synthetischer Theil. (1824) See also: Joh.Fr. Herbart. Sämtliche Wer-
ke. Vol. 5. Herausgeg. von K. Kehrbach. Langensalza, p. 177 – 434.

Herbart, J.Fr. (1912): Lehrbuch zur Einleitung in die Philosophie. Mit Einführung herausgeg. 
von K. Häntsch. 4th edition, Leipzig.

Herzberger, M. (1966): Ideen von Graßmann bis Hamilton. In: Sitzungsberichte der bayrischen 
Akademie der Wissenschaften. Math.-naturwissenschaftl. Klasse. München, p. 27 – 39.

Heuser, M.-L. (1996): Geometrical Product – Exponentiation – Evolution. Justus Günther Graß-
mann and Dynamist Naturphilosophie. In: Schubring, G. (ed.): Hermann Günther Graßmann 
(1809 – 1877): Visionary Mathematician, Scientist and Neohumanist Scholar. Dordrecht, 
p. 47 – 58.

Hilbert, D. (1900): Grundlagen der Geometrie. Leipzig.
History of science. Vol. 3 (1965): Science in the nineteenth century. New York.
Hölder, O. (1900): Anschauung und Denken in der Geometrie. Akademische Antrittsvorlesung, 

gehalten am 22. Juli 1899. Leipzig.
Hölder, O. (1914): Die Arithmetik in strenger Begründung. Programmabhandlung der Philo-

soph. Fakultät zu Leipzig. Leipzig.
Hörz, H.; Wessel, K.-F. (1969): Zur Naturphilosophie des Positivismus und Neothomismus. In: 

Hörz, H.; Löther, R.; Wollgast, S.: Naturphilosophie – von der Spekulation zur Wissenschaft. 
Berlin, p. 389 – 418.

Hoffmann, J. E. (1966): Vorwort zum reprographischen Nachdruck von: Graßmann, R.: Die 
Formenlehre oder Mathematik. Hildesheim.

Hültenschmidt, E. (1996): Hermann Graßmann’s contribution to the construction of a German 
„Kulturnation“. Scientific school grammar between Latin tradition and French conceptions. 
In: Schubring, G. (Ed.): Hermann Günther Graßmann (1809 – 1877): Visionary Mathema-
tician, Scientist and Neohumanist Scholar. Dordrecht, p. 87 – 113.



278 Bibliography

Ilberg, J. (1885): Friedrich Theodor Hugo Ilberg. Erinnerungen an sein Leben und Wirken. 
Leipzig.

Irmscher, J. (1966): Der Philhellenismus in Preußen als Forschungsanliegen. Berlin.
Jahnke, E. (1905): Vorlesungen über die Vektorrechnung. Mit Anwendung auf Geometrie, Me-

chanik und mathematische Physik. Leipzig.
Jahnke, E. (1909): Hermann Graßmanns Ausdehnungslehre. In: Sitzungsberichte der Berliner 

Mathematischen Gesellschaft. (8), p. 89 – 99.
Jaworski, B. M.; Detlaf, A. A. (1972): Physik griffbereit. Translated from Russian by F. Cap. 

 Berlin.
Junghans, F. (1978): Hermann Graßmann. (Nekrolog). In: Zeitschrift für mathematischen und 

naturwissenschaftlichen Unterricht. (2), p. 167 – 169 and 250 – 253.
Kant, I. (1912a): Gedanken von der wahren Schätzung der lebendigen Kräfte und Beurteilung 

der Beweise, deren sich Herr von Leibniz und andere Mechaniker in dieser Streitsache bedie-
net haben. (1746) In: Immanuel Kant. Werke. Herausgeg. von E. Cassirer. Vol. 1: Vorkriti-
sche Schriften. Herausgeg. von A. Buchenau. Berlin, p. 3 – 187.

Kant, I. (1912b): Versuch, den Begriff der negativen Größen in die Weltweisheit einzuführen. 
(1763) In: Immanuel Kant. Werke. Herausgeg. von E. Cassirer. Vol. 2: Vorkritische Schriften. 
Herausgeg. von A. Buchenau. Berlin, p. 203 – 242.

Kant, I. (1929): Inaugural Dissertation and Early Writings on Space. Translated by John 
 Handyside. Chicago.

Kant, I. (2007): Critique of Pure Reason. Translated by Norman Kemp Smith. With an Intro-
duction by Howard Caygill. Revised second edition. New York.

Kedrovskij, O. I. (1974): Vzaimosvjaz’ filosofii i matematiki v processe istoričeskogo razvitija. Ot 
epochi vozroždenija do načala XX veka. Kiev.

Keller, G.-H. (1963): Analytische Geometrie und lineare Algebra. Berlin.
Kennedy, H. (2002): Peano. Life and Works of Giuseppe Peano. San Francisco.
Klaus, G. (1965): Spezielle Erkenntnistheorie. Prinzipien der wissenschaftlichen Theorienbil-

dung. Berlin.
Klaus, G.; Buhr, M. (1974): Philosophisches Wörterbuch. Vol. 2. 10th new and extended edition, 

Leipzig.
Klein, F. (1893): A comparative review of recent researches in geometry. Translation from Ger-

man by M. W. Haskell. Bulletin of the New York Mathematical Society, Vol. 2, p. 215 – 249.
Klein, F. (1921): Gesammelte Mathematische Abhandlungen. Vol. 1. Herausgeg. von R. Fricke 

u. A. Ostrowski. Berlin.
Klein, F. (1924): Elementarmathematik vom höheren Standpunkte aus. Vol. 1. Bearb. von E. Hel-

linger u. F. Seyfarth. 3rd edition, Berlin.
Klein, F. (1925): Elementarmathematik vom höheren Standpunkte aus. Vol. 2. Bearb. von F. Sey-

farth. 3rd edition, Berlin.



Bibliography 279

Klein, F. (1926): Vorlesungen über die Entwicklung der Mathematik im 19. Jahrhundert. Teil 1. 
Für den Druck bearbeitet von R. Courant und O. Neugebauer. Berlin.

Klein, F. (1927): Vorlesungen über die Entwicklung der Mathematik im 19. Jahrhundert. Teil II. 
Für den Druck bearb. von R. Courant und St. Cohn-Vossen. Berlin.

Klein, F. (1939): Elementary mathematics from an advanced standpoint. Geometry. Translated 
by E. R. Hedrick and C. A. Noble. Dover Reprints. 

Klein, F. (1974): Das Erlanger Programm. „Vergleichende Betrachtungen über neuere geometri-
sche Forschungen. Leipzig. See also: idem (1893). 

Klein, F. (1979): Development of mathematics in the 19th century. Translated by M. Ackerman. 
Brookline/Mass.

Klügel, G. S. (1791): Die gemeinnützigsten Vernunftskenntnisse, oder Anleitung zu einer ver-
ständigen und fruchtbaren Betrachtung der Welt. 2nd edition, Berlin and Stettin.

Klügel, G. S. (1803 – 33): Mathematisches Wörterbuch. Section 1: Die reine Mathematik. Vols. 
1 to 5. Leipzig.

Klügel, G. S. (1805 – 07): Encyklopädie, oder zusammenhängender Vortrag der gemeinnützigs-
ten, insbesondere aus der Betrachtung der Natur und des Menschen gesammelten Kenntnisse. 
Parts 1 – 7, Berlin and Stettin.

Klügel, G. S. (1806): Anfangsgründe der Naturlehre, in Verbindung mit der Chemie und Mine-
ralogie. 2nd edition, Berlin and Stettin.

König, H. (1972): Zur Geschichte der bürgerlichen Nationalerziehung in Deutschland zwischen 
1807 und 1815. Part 1. Berlin.

König, H. (1973): Zur Geschichte der bürgerlichen Nationalerziehung in Deutschland zwischen 
1807 und 1815. Part 2. Berlin.

Kowalewski, G. (1938): Große Mathematiker. Eine Wanderung durch die Geschichte der Ma-
thematik vom Altertum bis zur Neuzeit. Berlin.

Kraft, P. (1893): Abriß des geometrischen Kalküls. Nach den Werken des Professors Dr. Her-
mann Graßmann. Leipzig.

Krug, W. T. (1827): Allgemeines Handwörterbuch der philosophischen Wissenschaften, nebst 
ihrer Literatur und Geschichte. Vol. II. Leipzig.

Kummer, W. (1972): Gesetze in der Mathematik. In: Griese, A.; Laitko, H. (ed.): Gesetz – Erkennt-
nis – Handeln. Beiträge zum marxistisch-leninistischen Gesetzesbegriff. Berlin, p. 277 – 312.

Kuntze, Fr. (1909a): Die Bedeutung der Ausdehnungslehre Hermann Graßmann’s für die 
Transzendentalphilosophie. In: Bericht über den 3. internat. Kongreß für Philosophie. Red.: 
Th. Elsenhans. Heidelberg, p. 429 – 437.

Kuntze, Fr. (1909b): Die Elektronentheorie der Brüder H. und R. Graßmann. In: Vierteljahres-
schrift für wiss. Philosophie und Soziologie. Leipzig, p. 273 – 298.

Kuntze, Fr. (1927): Erkenntnistheorie. In: Baeumler, A.; Schröter, M. (eds.): Handbuch der Phi-
losophie. Section 1,B. München and Berlin.



280 Bibliography

Kupcov, L. P. (1977): Vnešnee proizvedenie. In: Matematičeskaja enciklopedija. T. 1. Redakci-
onnaja kollegija: I. M. Vinogradov (glavnyj redaktor). Moskva, p. 731 – 732.

Küppers, B.-O. (1992): Natur als Organismus. Schellings frühe Naturphilosophie und ihre Be-
deutung für die moderne Biologie. Frankfurt a.M.

Lagrange, J. L. (1797): Theorie des fonctions analytiques. Paris.
Lagrange, J. L. (1811/15): Mécanique analytique. T. 1 et T. 2., 2nd edition, Paris.
Laplace, P. S. (1799 – 1827): Traité de mécanique céleste. T. 1 – 5. Paris.
Laugwitz, D. (1999): Bernhard Riemann, 1826 – 1866: Turning Points in the Conception of 

Mathematics. Boston.
Legendre, A. M. (1823): Eléments de géométrie, avec des notes., 12th edition, Bruxelles.
Leibniz, G. W. (1679): Project of a New Encyclopedia to be written following the method of 

invention (15 June 1679). In: Dascal, M (2008): G. W. Leibniz, The Art of Controversies. 
Dordrecht, p. 130 – 141.

Leibniz, G. W. (1686): Das Ideal und die Mittel mathematischen Denkens. (Um 1686) Deut-
sche Übersetzung von F. Schmidt nach: G. W. Leibniz. Opuscules et fragments inédits. Ex-
traits des manuscrits de la Bibliothèque royale de Hanovre par Louis Couturat. Paris 1903, 
p. 175 – 182. In: Leibniz, G. W.: Fragmente zur Logik. Ausgewählt, übersetzt und erläutert 
von F. Schmidt. Berlin 1960, p. 14 – 23.

Leibniz, G. W. (1960): Fragmente zur Logik. Ausgewählt, übersetzt und erläutert von F. Schmidt. 
Berlin.

Leibniz, G. W. (1976): Philosophical papers and letters. A selection translated and edited, with 
an introduction by Leroy E. Loemker. Dordrecht (Netherlands) and Boston.

Leichtweiss, K. (1961): Zur Riemannschen Geometrie in Graßmannschen Mannigfaltigkeiten. 
In: Mathematische Zeitschrift. (76), p. 334 – 367.

Leisewitz, C. (1879): Gottfried Ludolf Graßmann. In: Allgemeine Deutsche Biographie. Vol. 9. 
Leipzig, p. 593 – 595.

Lemcke, H. (1878): „Lebensbeschreibung“ Heydemanns. In: Zeitschrift für Gymnasialwesen. 
(32), p. 755sqq.

Lenoir, T. (2004): Operationalizing Kant: Manifolds, Models, and Mathematics in Helmholtz’s 
Theories of Perception, In: M. Friedman (ed.): Kant and the Sciences. Cambridge (in press). 
URL: http://www.stanford.edu/dept/HPST/TimLenoir/Publications/Lenoir_Helmholtz-
Kant.pdf [March 2005]

Lenz, M. (1910a): Geschichte der königl. Friedrich-Wilhelms-Universität zu Berlin. Vol. 1: 
Gründung und Ausbau. Halle a.S.

Lenz, M. (1910b): Geschichte der königl. Friedrich-Wilhelms-Universität zu Berlin. Vol. 2.1.: 
Ministerium Altenstein. Halle a.S.

Lenz, M. (1918): Geschichte der königl. Friedrich-Wilhelms-Universität zu Berlin. Vol. 2.2.: Auf 
dem Wege zur Deutschen Einheit im neuen Reich. Halle a.S.



Bibliography 281

Lewis, A. C. (1977): H. Graßmann’s 1844 ‚Ausdehnungslehre‘ and Schleiermacher’s ‚Dialektik‘, 
Annals of Science. 34 (1977) 2, p. 103 – 162.

Lewis, A. C. (1995): Hermann Graßmann and the Algebraization of Arithmetic. In: Schreiber, 
P. (ed.): Hermann Graßmann: Werk und Wirkung. Universität Greifswald, p. 47 – 58.

Lewis, A. C. (1996): The influence of Graßmann’s theory of tides on the ‚Ausdehnungslehre‘. In: 
Schubring, G. (ed.):Hermann Günther Graßmann (1809 – 1877): Visionary Mathematician, 
Scientist and Neohumanist Scholar. Dordrecht, p. 29 – 35.

Lewis, A. C. (2004): The unit of logic, pedagogy and foundations in Graßmann’s mathematical 
work. In: History and philosophy of logic. 25 (2004) 2, p. 15 – 36.

Ley, H. (1969): Zum Naturbild der klassischen deutschen Philosophie und der Romantik. In: 
Hörz, H.; Löther, R.; Wollgast, S. (eds.): Naturphilosophie – von der Spekulation zur Wis-
senschaft. Berlin, p. 133 – 186.

Licis, N. A. (1976): Filosofskoe i naučnoe značenie idej N. I. Lobačevskogo. Riga.
Lie, S. (1934): Over en Classe geometriske Transformationer. In: Christiania Forhandlinger i. 

Videnskabs – Selskabet i Christiania. Aar (1871).WA in dt. Sprache: Lie, S.: Gesammelte 
Abhandlungen. Vol. 1. Leipzig/Oslo, p. 105 – 152.

Liebisch, Th.; Schönflies, A.; Mügge, O. (1905): Krystallographie. In: ENCYK, Vol. 5.1, Art. V. 
7, p. 391 – 492.

Lorenzen, P. (1969): Einführung in die operative Logik und Mathematik. 2nd edition, Berlin/
Heidelberg/New York.

Loria, G. (1888): Die hauptsächlichen Theorien der Geometrie in ihrer früheren und heutigen 
Entwicklung. Historische Monographie. Ins Deutsche übertragen von F. Schütte. Leipzig.

Lotze, A.; Betsch, Chr. (1923): Systeme geometrischer Analyse. Zweiter Teil. In: ENCYK, Vol. 3.1. 
Art. III AB 11, p. 1425 – 1595.

Lotze, A. (1929): Punkt- und Vektor-Rechnung. Berlin und Leipzig.
Löwe, K. (1870): Dr. Carl Loewes Selbstbiographie. Bearb. von C. H. Bitter. Berlin.
Magnus, L. I. (1833): Sammlung von Aufgaben und Lehrsätzen aus der analytischen Geometrie. 

Berlin.
Magnus, L. I. (1837): Sammlung von Aufgaben und Lehrsätzen aus der analytischen Geometrie 

des Raumes. Section 1. Berlin.
Malychina, G. I. (1981): „Formy strogoj nauki“ R. Grassmana i ich otnošenie k estestven-

nomu jazyku. Vestnik Belorussgogo Gosudarstvennogo Universiteta. Minsk. Ser. I (1981), 
p. 72 – 73.

Marx, K. (1956): Zur Kritik der Hegelschen Rechtsphilosophie. (1843/1844) In: Marx, K.; 
 Engels, F.: Werke. Vol. 1. Berlin, p. 378 – 391. See MECW, Vol. 3.

Marx, K. (1959): Die Bourgeoisie und die Konterrevolution. (1848) In: Marx, K.; Engels, F.: 
Werke. Vol. 6. Berlin, p. 102 – 124. See MECW, Vol. 8.

Marx, K., and Engels, Fr. (1958): Die deutsche Ideologie. (1845/46) In: Marx, K.; Engels, F.: 
Werke. Vol. 3. Berlin, p. 9 – 530. See MECW, Vol. 5.



282 Bibliography

Marx, K.; Engels, F. (1975 – 2005): Collected Works. Moscow.
Maxwell, J. C. (1873): A treatise on electricity and magnetism. Vol. 1 and 2. Oxford. Mehring, 

F. (1973): Deutsche Geschichte vom Ausgang des Mittelalters. In: Mehring, F.: Gesammelte 
Schriften. Vol. 5. Berlin.

Meisner, H. (ed.) (1922): Schleiermacher als Mensch. Sein Werden und Wirken. 1. Part. Sein 
Werden. Familien- und Freundesbriefe 1783 – 1804. Gotha.

Meisner, H. (ed.) (1923): Schleiermacher als Mensch. Sein Werden und Wirken. 2. Part: Sein 
Wirken. Familien- und Freundesbriefe 1804 – 1834. Gotha.

Memmert, W. (1963): Die Geschichte des Wortes „Anschauung“ in pädagogischer Hinsicht von 
Platon bis Pestalozzi. Erlangen-Nürnberg, Friedrich-Alexander-Univ., dissertation.

Meyer, D. H. (1962): Paul Carus and the Religion of Science. In: American Quarterly. 14 (1962), 
p. 597 – 607.

Meyer, J. T. (1819):Vollständiger Lehrbegriff der höheren Analysis. 2 Vols., Göttingen. 
Meyer, W.Fr. (1928): Flächen dritter Ordnung. In: ENCYK, Vol. 3.2, Art. III C 10a, 

p. 1437 – 1531.
Mikulinskij, S. R. (1977): Mnimye kontroversy i real’nye problemy teorii razvitija nauki. In: 

 Voprosy filosofii, Moskva, (31). 11, p. 88 – 104.
Mittheilungen aus China. (1858 – 61) Herausgeg. vom Pommerschen Hauptverein für die Evan-

gelisierung Chinas. Redigiert von H. Graßmann. 1. bis 4. Jg., Stettin.
Moderow, H. (1903): Die Evangelischen Geistlichen Pommerns von der Reformation bis zur 

Gegenwart. 1. Part: Der Regierungsbezirk Stettin. Stettin.
Möbius, A. F. (1827): Der barycentrische Calcul, ein neues Hülfsmittel zur analytischen Behand-

lung der Geometrie dargestellt und insbesondere auf die Bildung neuer Classen von Aufgaben 
und die Entwicklung mehrerer Eigenschaften der Kegelschnitte angewendet. Leipzig.

Möbius, A. F. (1847): Die Graßmannsche Lehre von Punktgrössen und den davon abhängenden 
Grössenformen. In: Geometrische Analyse geknüpft an die von Leibniz erfundene Geometri-
sche Charakteristik. Gekrönte Preisschrift von H. Graßmann. Leipzig, p. 62 – 79.

Möbius, A. F. (1885): GesammelteWerke. Herausgeg. von R. Baltzer, 1. Vol., Leipzig.
Möbius, A. F. (1887a): Die Elemente der Mechanik des Himmels. Leipzig 1843. See also:  Möbius, 

A. F.: Gesammelte Werke. Vol. 4. Herausgeg. von W. Schreiber. Nachtrag von F. Klein. Leip-
zig, p. 1 – 318.

Möbius, A. F. (1887b): Ueber geometrische Addition und Multiplication. (From the posthumous 
papers, 1862) In: Möbius, A. F.: Gesammelte Werke. Vol. 4. Herausgeg. von  W.  Schreiber. 
Nachtrag von F. Klein. Leipzig, p. 659 – 697.

Moigno, F. (1840/61): Leçons de calcul différentiel et de calcul intégral, rédigées d’après les mé-
thodes de A.-L. Cauchy. T. 1 et T. 2. Paris.

Molodschi, W. N. (1977): Studien zu philosophischen Problemen der Mathematik. Translated 
from Russian by F. Ruben, P. Ruben and L. Boll. Berlin.

Monge, G. (1827): Géometrie descriptive. 5th edition, Paris.



Bibliography 283

de Moor, E. (1999): Abstract: Van Vormleer naar Realistische Meetkunde. Een historisch-di-
dactisch onderzoek van het meetkundeonderwijs aan kinderen van vier tot veertien jaar in 
Nederland gedurende de negentiende en twintigste eeuw. Utrecht, Promotie. URL: http://
www.ru.nl/w-en-s/gmfw/samenv/prom99-3.html [ January 2005]

Müller, Aug. (1878): Hermann Graßmann. In: Beiträge zur Kunde der indogermanischen Spra-
chen. (2), p. 342 – 347.

Müller, F. (1909): Hermann Graßmann. In: Sitzungsberichte und Abhandlungen der naturwiss. 
Gesell. „Isis“. 2. Heft, p. 43 – 47.

Müller, H. (1926): Carl Gottfried Scheibert der Vorläufer Kerschensteiners und Gaudigs. 
 Leipzig.

Müller, J. H.J.; Pouillet, C. S.M. (1932): Lehrbuch der Physik. Vol. 4, part 1, 11th edition, Braun-
schweig 

Müsebeck, C. (1909): Hermann Graßmann. In: Math.-naturwissenschaftliche Blätter. (6), 
p. 33 – 36.

Naas, J.; Schmid, H. L. (ed.) (1972a): Mathematisches Wörterbuch. Vol. 1. Unpublished reprint 
of the third edition. Berlin and Leipzig.

Naas, J.; Schmid, H. L. (ed.) (1972b): Mathematisches Wörterbuch. Vol. 2. Unpublished reprint 
of the third edition. Berlin and Leipzig.

Natorp, P. (1901): Zu den logischen Grundlagen der neueren Mathematik. In: Archiv für syste-
matische Philosophie. Herausgeg. von P. Natorp. (7), p. 177 – 209 and p. 372 – 384.

Neue Berliner Beiträge zur Landwirthschaftswissenschaft. (1792 – 94). Berlin, Vol. 1 and Vol. 2.
Ohm, M. (1829 – 55): Versuch eines vollkommen consequenten Systems der Mathematik. 

Part 1 – 9. Nürnberg (Berlin).
Oniščik, A. L. (1977a): Vnešnjaja algebra. (algebra Grassmana) In: Matematičeskaja enciklopedija.T. 

1.Redakcionnaja kollegija: I. M.Vinogradov (glavnyj redaktor). Moskva, p. 732 – 733.
Oniščik, A. L. (1977b): Grassmana mnogoobrazie. In: Matematičeskaja enciklopedija. T. 1. 

 Redakcionnaja kollegija: I. M. Vinogradov (glavnyj redaktor). Moskva, p. 1104 – 1105.
Otto (1852): Rezension: Deutsches Lesebuch für Schüler von acht bis zwölf Jahren, von 

H. Graßmann und W. Langbein. Stettin 1852. In: Pädagogische Revue. 1. section b. (31), 
p. 148 – 149.

Peano, G. (1888): Calcolo geometrico secondo l’Ausdehnungslehre di H. Graßmann preceduto 
dalle operazioni della logica deduttiva. Torino.

Peano, G. (1889a): I principii di Geometria, logicamente expositi. Torino.
Peano, G. (1889b): Arithmeticas principia, novo methodo exposita. Torino.
Peano, G. (1891): Die Grundzüge des geometrischen Kalküls. Übersetzt von A. Schepp. 

 Leipzig.
Peano, G. (1898): Entwicklung der Grundbegriffe des geometrischen Calculs. Autorisierte deut-

sche Übersetzung von A. Lanner. Salzburg.



284 Bibliography

Peano, G. (2000): Geometric calculus: according to the Ausdehnungslehre of H. Graßmann. 
Transl. by L. C. Kannenberg. Boston.

Peckhaus, V. (1996): The influence of Hermann Günther Graßmann and Robert Graßmann 
on Ernst Schröder’s algebra of logic In: Schubring, G. (ed.): Hermann Günther Graßmann 
(1809 – 1877): Visionary Mathematician, Scientist and Neohumanist Scholar. Dordrecht, 
p. 217 – 227.

Peckhaus, V. (2003): The Mathematical Origins of 19th Century Algebra of Logic. URL: http://
www-fakkw.upb.de/institute/philosophie/Personal/Peckhaus/Schriftenverzeichnis/0504-001.
pdf [March 2005]

Petsche, H.-J. (1979a): Leben und Wirken Hermann Günther Graßmanns. Vol. 1. 164 p.; Vol. 2. 
226 p. Potsdam, Päd. Hochschule Hist. Phil. Fak., Diss. A.

Petsche, H.-J. (1979b): Leben und Wirken Hermann Günther Graßmanns. In: Wiss. Z. d. Päd. 
Hochschule Potsdam. Potsdam (23) 4, p. 626 – 629.

Petsche, H.-J. (1980a): Einige Bemerkungen zur Bedeutung des mathematischen Lebenswerkes 
von Hermann Günther Graßmann (1809 – 1877) für die Mathematikgeschichte. In: Wiss. 
Z. d. Päd. Hochschule Köthen. Köthen (7) 1, p. 83 – 86.

Petsche, H.-J. (1980b): Hermann G. Graßmanns 1844er „Ausdehnungslehre“ und die Begrün-
dungsproblematik der Mathematik. In: Wiss. Z. d. Päd. Hochschule Güstrow. Güstrow (18) 
2, p. 219 – 235.

Pillis, J. de (1968): Graßmann algebras as Hilbert space. In: Journal of algebra. (10), p. 485 – 500.
Pleger, W. H. (1988): Schleiermachers Philosophie. Berlin/New York.
Poggendorff, J. C. (1863sqq): Biographisch-literarisches Handwörterbuch der exakten Natur-

wissenschaften. Vol. 1 – 5. Leipzig.
Poincaré, H. (1914): Wissenschaft und Hypothese. Autorisierte Dt. Ausg. von F. L. Lindemann. 

3rd edition, Leipzig.
Poincaré, H. (2007): The Value of Science. Translator: George Bruce Halstead. New York.
Polak, L. S. (1993): Uil’jam Gamil’ton. Moskva.
Poncelet, J. V. (1822): Traité des propriétés projectives des figures. Paris.
Preyer, W. (1877): Elemente der reinen Empfindungslehre. Jena.
Preyer, W. (1882): Die Seele des Kindes. Beobachtungen über die geistige Entwicklung des Men-

schen in den ersten Lebensjahren. 1st edition, Leipzig.
Quenstedt, Fr.A. (1873): Grundriß der bestimmenden und rechnenden Krystallographie. 

 Tübingen.
Radu, M. (2000): Nineteenth Century Contributions to the Axiomatization of Arithmetic – 

A Historical Reconstruction and Comparison of the Mathematical and Philosophical Ideas 
of Justus Graßmann, Hermann and Robert Graßmann, and Otto Hölder. Diss. Universität 
Bielefeld.

Redeker, M. (1968): Friedrich Schleiermacher. Leben und Werk. Berlin.



Bibliography 285

Reich, K. (1989): Das Eindringen des Vektorkalküls in die Differentialgeometrie. In: Archive for 
History of Exact Sciences 40 (1989), p. 275 – 303.

Reich, K. (1995): Über die Ehrenpromotion Hermann Graßmanns an der Universität Tübingen 
im Jahre 1876. In: Schreiber, P. (ed.): Hermann Graßmann: Werk und Wirkung. Universität 
Greifswald, p. 59 – 63.

Reich, K. (1996): The emergence of vector calculus in physics: The early decades. In: Schubring, 
G. (ed.): Hermann Günther Graßmann (1809 – 1877): Visionary Mathematician, Scientist 
and Neohumanist Scholar. Dordrecht, p. 197 – 210.

Reich, K. (1996): Die Rolle Arnold Sommerfelds bei der Diskussion um die Vektorrechnung, 
dargestellt anhand der Quellen im Nachlaß des Mathematikers Rudolf Mehmke. In: Histo-
ry of Mathematics: states of the art. Herausgeg. von Joseph W. Dauben [et al]. San Diego, 
p. 319 – 341. URL: http://www.kk.s.bw.schule.de/mathge/mehm2.htm [March 2005]

Reif, R.; Sommerfeld, A. (1898sqq): Standpunkt der Fernwirkung. Die Elementargesetze. In: 
Encyklopädie der mathematischen Wissenschaften mit Einschluß ihrer Anwendungen. Vol. 5. 
Herausgeg. im Auftrage der Akademien der Wissenschaften zu Göttingen, Leipzig, München 
und Wien sowie unter Mitwirkung zahlreicher Fachgenossen. Leipzig.

Reye, Th. (1877): Die Geometrie der Lage. Hannover.
Riemann, B. (1876a): Ueber die Hypothesen, welche der Geometrie zu Grunde liegen. (Habili-

tationsschrift, 1854, aus dem dreizehnten Bande der Abhandlungen der Königlichen Gesell-
schaft der Wissenschaften zu Göttingen.) In: Bernhard Riemann’s gesammelte mathemati-
sche Werke und wissenschaftlicher Nachlaß. Herausgeg. unter Mitwirkung von R. Dedekind 
von H. Weber. 1st edition, Leipzig, p. 254 – 269.

Riemann, B. (1876b): Fragmente philosophischen Inhalts. In: Bernhard Riemann’s gesammelte 
mathematische Werke und wissenschaftlicher Nachlaß. Herausgeg. unter Mitwirkung von 
R. Dedekind von H. Weber. 1st edition, Leipzig, p. 477 – 506.

Rodnyj, N. I.; Solowjew, Ju.I. (1977): Wilhelm Ostwald. 1st edition, Leipzig.
Rothe, H. (1916): Systeme geometrischer Analyse. Erster Teil. In: ENCYK, Vol. 3.1, Art. III AB 

11, p. 1277 – 1423.
Rowe, D. E. (1996): On the reception of Graßmann’s work in Germany during the 1870’s. In: 

Schubring, G. (ed.): Hermann Günther Graßmann (1809 – 1877): Visionary Mathemati-
cian, Scientist and Neohumanist Scholar. Dordrecht, p. 131 – 145.

Ruben, P. (1975): Die romantische Naturphilosophie – Standort und Grenzen. Zum 200. 
Geburtstag Friedrich Wilhelm Joseph Schellings. In: Wissenschaft und Fortschritt. (25) 1, 
p. 32 – 37.

Rühl, H. (1887): Geschichte der Leibesübungen in Stettin. (Festschrift zum 40-jährigen Stif-
tungsfest des Stettiner Turnvereins) Hof.

Runze, G. (1907): Eine merkwürdige Episode aus der pädagogischen Wirksamkeit Ferdinand 
Calos. In: Neue Jahrbücher für Pädagogik. (10), p. 348 – 360.

Runze, M. (1903): Carl Loewe. Leipzig.



286 Bibliography

Runze, M. (1910): Das Ilberg-Album und das alte Stettiner Gymnasium. Ein Beitrag zur Ge-
schichte des Pommerschen Unterrichtswesens. In: Neue Jahrbücher für Pädagogik. (13), 
p. 429 – 458.

Ruzavin, G. I. (1977): Die Natur der mathematischen Erkenntnis. Studien zur Methodologie der 
Mathematik. Aus dem Russ. von G. Rieske. Berlin.

Sarton, G. (1945): Graßmann – 1844. In: Isis 35 (1945), p. 326 – 330.
Schatz, N. (1970): Die Gruppe der projektiven Transformationen einer Graßmannschen Man-

nigfaltigkeit in sich. In: Sitzungsberichte der österreichischen Akademie der Wissenschaften, 
mathematisch-naturwissenschaftliche Klasse. 2. Abteilung, (178), 3. 39 – 44.

Scheel, O. (1926): Der junge Dahlmann. Breslau.
Scheibert, C. G. (1834): Lehrbuch der Arithmetik und ebenen Geometrie für die mittlern Clas-

sen der Gymnasien. Berlin.
Scheibert, C. G. (1854): Justus Günther Graßmann. In: Neuer Nekrolog der Deutschen. 1852. 

Erster Teil. Herausgeg. von F. A. Schmidt, Weimar.
Scheibert, K. (1937): Geschichte des Geschlechts Graßmann und seiner Nebenlinien. Görlitz.
Schelling, F. W. J. v. (1859): Allgemeine Deduktion des dynamischen Processes oder der Katego-

rien der Physik (1800). See also: Friedrich Wilhelm Joseph von Schellings sämmtliche Werke, 
Vol. 4. Stuttgart and Augsburg, p. 1 – 78.

Schelling, F. W.J. v. (1859): Vorlesungen über die Methode des akademischen Studiums. (1803) 
See also: Friedrich Wilhelm Joseph von Schellings sämmtliche Werke. First section, Vol. 5. 
Stuttgart and Augsburg, p. 207 – 352.

Scheminzky, F. (1943): Die Welt des Schalles. 2nd edition, Salzburg.
Schendel, L. (1885): Grundzüge der Algebra nach Graßmann’schen Prinzipien. Halle.
Scherwatzky, R. (1939): Die großen Meister deutscher Musik in ihren Briefen und Schriften. 

Göttingen.
Schlegel, V. (1872a): System der Raumlehre. Nach den Prinzipien der Graßmann’schen Ausdeh-

nungslehre und als Einleitung in dieselbe. 1. Part: Geometrie. Die Gebiete des Punktes, der 
Geraden und der Ebene. Leipzig.

Schlegel, V. (1872b): Ueber den Einfluß der Naturwissenschaft auf die ideale Richtung des geis-
tigen Lebens. Eine Rede, gehalten am Geburtstage Sr. Königl. Hoheit des Großherzogs von 
Mecklenburg-Schwerin, den 28. Febr. 1872. Waren.

Schlegel, V. (1878): Hermann Graßmann. Sein Leben und seine Werke. Leipzig.
Schlegel, V. (1896): Die Graßmann’sche Ausdehnungslehre. Ein Beitrag zur Geschichte der Ma-

thematik in den letzten fünfzig Jahren. Sonderabdruck aus der Zeitschrift für Mathematik 
und Physik. 41. Jg. Leipzig.

Schleiermacher, F. D. (1803): Grundlinien einer Kritik der bisherigen Sittenlehre. Berlin.
Schleiermacher, F. D. (1839): Dialektik. Aus Schleiermacher’s handschriftlichem Nachlasse heraus-

geg. von L. Jonas. Berlin 1839. In: F. D. Schleiermacher. Sämmtliche Werke. 3rd section: Zur 
Philosophie. Vol. 4.2. Berlin.



Bibliography 287

Schleiermacher, F. D. (1845): Die Lehre vom Staat. Aus Schleiermacher’s handschriftlichem 
Nachlasse herausgeg. von Chr.A. Brandis. Berlin 1845. In: F. D. Schleiermacher. Sämmtliche 
Werke. 3rd section: Zur Philosophie. Vol. 8. Berlin.

Schleiermacher, F. D. (1852): Briefwechsel mit J.Chr. Gaß. Herausgeg. von W. Gaß. Berlin.
Schleiermacher, F. (1893): On Religion. Speeches to its cultured despisers. Translated by John 

Oman. London.
Schleiermacher, F. D. (1910): Werke. Auswahl in vier Bänden. 1st vol., Leipzig.
Schleiermacher, F. D. (1913): Über die Religion. Reden an die Gebildeten unter ihren Veräch-

tern. (1799) In ursprüngl. Gestalt neu herausgeg. von R. Otto. 3rd edition, Göttingen.
Schleiermacher, F. D. (1914a): Monologen. (1800) Kritische Ausgabe. Mit Einleitung, Biblio-

graphie, Index u. Anmerk. von F. M. Schiele. 2nd edition by H. Mulert. Leipzig.
Schleiermacher, F. D. (1914b): Briefe Friedrich Schleiermachers an Ehrenfried und Henriette 

von Willich, geb. Mühlenfels, 1801 – 1806. In: Mitteilungen aus dem Litteraturarchive in 
Berlin. Neue Folge. (9).

Schleiermacher, F. (1926): Schleiermacher’s Soliloquies. An English translation of the Monolo-
gen with a critical introduction and appendix by Horace Leland Friess. Chicago.

Schleiermacher, F. D. (1942): Dialektik. Neu bearb. u. herausgeg. von R. Odebrecht. Leipzig.
Schleiermacher, F. D. (1969): Predigten. Ausgewählt von H. Urner. Mit einem Vorwort über 

Schleiermachers Leben. Berlin.
Schleiermacher, F. D. (1986): Dialektik (1811). Edited by A. Arndt. Hamburg.
Schleiermacher, F. D. (1988): Dialektik (1814/15). Einleitung zur Dialektik (1833). Edited by 

A. Arndt. Hamburg.
Schleiermacher, F. D. (1991): Occasional Thoughts on Universities in the German Sense. Trans-

lated and annotated by Terrence N. Tice, with Edwina Lawler, San Francisco. 
Schleiermacher, F.D. (1996): Dialectic, or The Art of Doing Philosophy. A Study Edition of the 

1811 Notes. Translated by Terrence N. Tice. Atlanta.
Schleiermacher, F. D. (2001): Dialektik. Hrsg. u. eingeleitet von M. Frank. Vol. 1 and 2. Frank-

furt a.M.
Schlote, K.-H. (1996): Hermann Günther Graßmann and the theory of hypercomplex number 

systems. In: Schubring, G. (ed.): Hermann Günther Graßmann (1809 – 1877): Visionary 
Mathematician, Scientist and Neohumanist Scholar. Dordrecht, p. 165 – 173.

Schmid, J. (1809): Die Elemente der Form und Größe (gewöhnlich Geometrie genannt) nach 
Pestalozzi’s Grundsätzen bearbeitet. 1st and 2nd part. Bern.

Smith, D. E. (ed.) (1929): A Source Book in Mathematics. Dover Reprints.
Schneider, Fr.W. (1824): Die Lehre von den Kegelschnitten für denkende Anfänger. Berlin.
Scholz, E. (1980): Geschichte des Mannigfaltigkeitsbegriffs von Riemann bis Poincaré. Boston.
Scholz, E. (1996): The Influence of Justus Graßmann’s Crystallographic Works on Hermann 

Graßmann. In: Schubring, G. (ed.): Hermann Günther Graßmann (1809 – 1877): Visionary 
Mathematician, Scientist and Neohumanist Scholar. Dordrecht, p. 37 – 45.



288 Bibliography

Schouten, J. A. (1914): Grundlagen der Vektor- und Affinoranalysis. Leipzig und Berlin.
Schreiber, P. (ed.) (1995): Hermann Graßmann: Werk und Wirkung. Internationale Fachta-

gung anläßlich des 150. Jahrestages des ersten Erscheinens der „linealen Ausdehnungslehre“ 
 (Lieschow/Rügen, 23.–28. 5. 1994). Universität Greifswald.

Schröder, E. (1873): Lehrbuch der Arithmetik und Algebra. Vol. 1: Die sieben algebraischen 
Operationen. Leipzig.

Schubert, H. (1898): Grundlagen der Arithmetik. In: ENCYK, Vol. 1.1, art. I A1, p. 1 – 27.
Schubring, G. (1991): Die Entstehung des Mathematiklehrerberufs im 19. Jahrhundert. Studien 

und Materialien zum Prozeß der Professionalisierung in Preußen (1810 – 1870). 2nd edition, 
Weinheim.

Schubring, G. (Ed.) (1996a): Hermann Günther Graßmann (1809 – 1877): Visionary Mathe-
matician, Scientist and Neohumanist Scholar. Dordrecht.

Schubring, G. (1996b): Introduction – reflections on the complex history of Graßmann’s recep-
tion. In: Schubring, G. (ed.): Hermann Günther Graßmann (1809 – 1877): Visionary Ma-
thematician, Scientist and Neohumanist Scholar. Dordrecht, p. IX–XXIX.

Schubring, G. (1996c): Remarks on the fate of Graßmann’s Nachlaß. In: Schubring, G. (ed.): 
Hermann Günther Graßmann (1809 – 1877): Visionary Mathematician, Scientist and Neo-
humanist Scholar. Dordrecht, p. 19 – 25.

Schubring, G. (1996d): The cooperation between Hermann and Robert Graßmann on the found-
ations of mathematics. In: Schubring, G. (ed.): Hermann Günther Graßmann (1809 – 1877): 
Visionary Mathematician, Scientist and Neohumanist Scholar. Dordrecht, p. 59 – 70.

Schuffenhauer, H. (1956): Der fortschrittliche Gehalt der Pädagogik Schleiermachers. Berlin.
Schulze, Fr. (ed.) (1906): Briefe eines alten Schulmannes. Aus dem Nachlasse des Provinzial-

schulrats und Geh. Regierungsrats Dr. Carl Gottfried Scheibert. Leipzig.
Schulze, Fr. (1939): Carl Gottfried Scheibert (1803 – 1898). In: Pommersche Lebensbilder. 

Vol. 3: Pommern des 18., 19. und 20. Jhds. Stettin, p. 277 – 283.
Schwartze, H. (1996): On Hermann Graßmann’s life and his work as a mathematics teacher. 

In: Schubring, G. (ed.): Hermann Günther Graßmann (1809 – 1877): Visionary Mathemati-
cian, Scientist and Neohumanist Scholar. Dordrecht, p. 7 – 18.

Schweitzer, A. R. (1915): Les idées directrices de la logique génétique des mathématiques. A Dis-
sertation, submitted to the faculty of the graduate school of arts and literature in candidacy 
for the degree of doctor of philosophy (Department of mathematics). Chicago.

Schwerdtfeger, H. (1950): Introduction to linear algebra and the theory of Matrices.  Groningen. 
Segre, C. (1912): Mehrdimensionale Räume. In: ENCYK, Vol. 3.2, art. III C 7, p. 769 – 972.
Severi, P. (1916): Sulle varietà che rappresentano gli spazi subordinati. In: Annali di Matematica 

pura ed applicata. 2. series, (34), p. 89 – 120.
Šljachin,G. G. (1976):Kantovskaja filosofijamatematiki i sovremennost’. In:Voprosy filosofii, 

Moskva, (30), 1, p. 129 – 138.
Spranger, E. (1959): Pestalozzis Denkformen. Heidelberg.



Bibliography 289

Stäckel, P. (1912): Hermann Graßmann, ein Beitrag zur Psychologie des Mathematikers. In: In-
ternationale Monatsschrift für Wissenschaft, Kunst und Technik. (6), p. 1185 – 1194.

Staudt, Chr. v. (1847): Geometrie der Lage. Nürnberg.
Steiner, J. (1832): Systematische Entwicklung der Abhängigkeit der geometrischen Gestalten 

voneinander. Th. 1. Berlin.
Steiner, J. (1833): Die geometrischen Konstructionen, ausgeführt mittelst der geraden Linie und 

Eines festen Kreises. Berlin.
Steiner, J. (1881): Gesammelte Werke. Vol. 1. Hrsg. auf Veranlassung der Königlich Preussischen 

Akademie der Wissenschaften von K. Weierstraß. Berlin.
Stroik, D.Ja. (1969): Kratkii očerk istorii matematiki. Perevod c nemeckogo i dopolnenija 

I. B. Pogresbysskogo. Izdanie 2. Moskva.
Struik, D. J. (1987): A concise history of mathematics. Fourth revised edition. New York.
Study, B. (1898): Theorie der gemeinen und höheren complexen Zahlen. In: ENCYK, Vol. 1.1, 

art. I A4, p. 147 – 207.
Sturm, R.; Schröder, B.; Sohncke, L. (1879): Hermann Graßmann. Sein Leben und seine mathe-

matisch-physikalischen Arbeiten. In: Mathematische Annalen. (14), p. 1 – 45.
Sveistrup, H. (1929): Friedrich Kuntze. In: Kant-Studien. Philosophische Zeitschrift. Heraus-

geg. von P. Menzel u. A. Liebert. (34), 3/4, p. 291 – 299.
Tchebychef, P. L. (1899/1907): Oeuvres. T. 1 et T. 2. Publiées par les soins de M. A. Markoff et 

N. Sonin. St.-Pétersbourg.
Thiede, Fr. (1849): Chronik der Stadt Stettin. Stettin.
Tobies, R. (1996): The Reception of H. Graßmann’s mathematical achievements by A.Clebsch 

and his school. In: Schubring,G. (ed.): Hermann Günther Graßmann (1809 – 1877): Visio-
nary Mathematician, Scientist and Neohumanist Scholar. Dordrecht, p. 117 – 130.

Toeppell, M. (1995): Zum Einfluß Graßmanns auf die Grundlagen der Geometrie. In: Schreiber, 
P. (ed.): Hermann Graßmann: Werk und Wirkung. Universität Greifswald, p. 71 – 86.

Toporov, V. (1960): Vedy. (vedičeskaja literatura) In: Filosofskaja enciklopedija. T. 1. Redakci-
onnaja kollegija. Glavnyj redaktor F. V. Konstantinov. Moskva, p. 233 – 235.

Torretti, R. (1984): Philosophy of Geometry from Riemann to Poincaré. Dordrecht.
Trendelenburg, F. (1961): Einführung in die Akustik. 3rd edition, Berlin, Göttingen, Heidelberg.
Turner, R. S. (1996): The origins of colorimetry: What did Helmholtz and Maxwell learn from 

Graßmann? In: Schubring, G. (ed.): Hermann Günther Graßmann (1809 – 1877): Visionary 
Mathematician, Scientist and Neohumanist Scholar. Dordrecht, p. 71 – 85.

Ueberweg, F. (1923): Grundriß der Geschichte der Philosophie. Vol. 4: Die deutsche Philoso-
phie des neunzehnten Jahrhunderts und der Gegenwart. 12th edition by T. K. Oesterreich. 
Berlin.

Vega, G. V. (1802): Vorlesungen über die Mathematik. Vol. 1: Rechenkunst und Algebra. 3rd edi-
tion, Wien.



290 Bibliography

Verhulst, P. F. (1841): Traité élémentaire des fonctions elliptiques: ouvrage destiné à faire suite 
aux traités élémentaires de calcul intégral. Bruxelles. 

Veronese, G. (1894): Grundzüge der Geometrie von mehreren Dimensionen und mehreren Ar-
ten gradliniger Einheiten in elementarer Form entwickelt. Übers. Von A. Schepp. Leipzig.

Wagner, F. (1974): Schleiermachers Dialektik. Eine kritische Interpretation. Gütersloh.
Wandel,G. (1888): Studien und Charakteristiken aus Pommerns ältester und neuester Zeit. An-

klam.
Weber, E. v. (1900): Partielle Differentialgleichungen. In: ENCYK, Vol. 2.1, art. II A5., 

p. 294 – 399.
Wehrmann,M. (1894): Geschichte des Marienstifts-Gymnasiums von 1544 – 1894. In: Fest-

schrift zum dreihundertfünfzigjährigen Jubiläum des Königlichen Marienstifts-Gymnasiums 
zu Stettin, am 24. und 25. Sept. 1894. Stettin, p. 1 – 166.

Wehrmann, M. (1906): Geschichte von Pommern. 2. volume: Bis zur Gegenwart. Gotha. 
Wehrmann, M. (1909): Tagebuch über die Belagerung Stettins im Jahre 1813. In: Baltische Stu-

dien. Herausgeg. von d. Gesell. für Pommersche Geschichte und Altertumskunde. Neue Fol-
ge. Vol. 13. Stettin, p. 67 – 113.

Wehrmann, M. (1911): Geschichte der Stadt Stettin. Stettin (reprint 1979, Frankfurt a.M.).
Wehrmann, M. (1934): Hugo Lemcke (1835 – 1925). In: Pommersche Lebensbilder. Vol. 1: 

Pommern des 19. und 20. Jhds. Stettin, p. 266 – 274.
Wehrung, G. (1920): Die Dialektik Schleiermachers. Tübingen.
Whitehead, A. N. (1898): A treatise on Universal Algebra. With Applications. Volume 1. Cam-

bridge.
Windelband, W. (1928): Lehrbuch der Geschichte der Philosophie. 12th edition, Tübingen.
Winter, K. (1976): Rudolf Virchow. 1st edition, Leipzig.
Wirzberger, K.-H. (ed.) (1973): Die Humboldt-Universität zu Berlin. Berlin.
Wolf, J. A. (1963): Space forms of Graßmann manifolds. In: Canadian Journal of Mathematics. 

(15), 3., 193 – 205.
Wußing, H. (1976): Carl Friedrich Gauß. Leipzig.
Wußing, H. (1977): Isaac Newton. Leipzig.
Wußing, H.; Arnold, W. (eds.) (1975): Biographien bedeutender Mathematiker. Eine Samm-

lung von Biographien. Berlin.
Wussing, H. (1994): The Genesis of the Abstract Group Concept. A Contribution to the His-

tory of the Origin of Abstract Group Theory. Translated by Abe Shenitzer with the editorial 
assistance of Hardy Grant. Cambridge and London.

Zaddach, A. (1994): Graßmanns Algebra in der Geometrie mit Seitenblick auf verwandte Struk-
turen. Mit einem Beitrag v. J. Pfalzgraf. Mannheim/Leipzig/Wien/Zürich.

Zahn, W. v. (1874): Einige Worte zum Andenken an Hermann Hankel. In: Mathematische An-
nalen. (7), p. 583 – 590.

Zapp, A. (1888): Aus meinem Leben. Ein Beitrag zur Reform des deutschen Schulwesens. Zürich.



Bibliography 291

Zeller, E. (1875): Geschichte der deutschen Philosophie seit Leibniz. München.
Ziegler, Th. (1921): Die geistigen und sozialen Strömungen Deutschlands im 19. und 20. Jahr-

hundert bis zu Beginn des Weltkrieges. 7th edition, Berlin.



List of illustrations

Fig. 2, 3  from (Wehrmann 1911).
Fig. 4  from (Löwe 1870).
Fig. 5  from (Scheibert 1937).
Fig. 6  from (G. L. Graßmann 1776).
Fig. 7, 8  from (Scheibert 1937).
Fig. 9  title page of ( J. Graßmann 1817).
Fig. 10  title page of ( J. Graßmann 1824).
Fig. 11  the University of Berlin around 1860. Courtesy of Humboldt-Universität zu Berlin.
Fig. 12  portrait of A. Boeckh. Courtesy of the university library, Humboldt-Universität zu 

Berlin.
Fig. 13  from (Schleiermacher 1910).
Fig. 14  from (Steiner 1881).
Fig. 15  from (Runze 1910).
Fig. 16  title page from GW11.
Fig. 17  from (Guhrauer 1842).
Fig. 18  title page from (Graßmann 1847).
Fig. 19  from: Festschrift zur Feier des 100. Geburtstages Eduard Kummers mit Briefen an 

seine Mutter und an Leopold Kronecker / hrsg. vom Vorstande der Berliner Mathe-
matischen Gesellschaft. Leipzig/Berlin 1910.

Fig. 20  from: Illustrated London News. Vol. 10, no. 263, 15 May 1847.
Fig. 21  from (Dahlmann 1835).
Fig. 22  title page from (Dahlmann 1835).
Fig. 23  photocopy of (Graßmann 1848c).
Fig. 24  photocopy of the title page of “Deutschen Wochenschrift für Staat, Kirche und Volks-

leben” 1848, no. 1 (20 May 1848).
Fig. 25  from “Deutschen Wochenschrift für Staat, Kirche und Volksleben” 1848, no. 5 

(17 June 1848).
Fig. 26 first page of a registration form of the Stettiner Provinzial-Schul-Collegium of 

1 June 1866. Landesarchiv Greifswald. Rep. 62, no. 1050, p. 1. Reproduction courte-
sy of the Landesarchiv Greifswald. First published in Schubring (1996c). 

Fig. 27  portrait of H. v. Helmholtz. Courtesy of the Archive of the Berlin-Brandenburgi-
schen Akademie der Wissenschaften.

Fig. 28 from (Wehrmann 1911).
Fig. 29  from (Wehrmann 1894).



294 List of illustrations

Fig. 30  from (Runze 1910).
Fig. 31  photocopy of the leaflet „Geliebte Brüder in Christo!“, 1858.
Fig. 32  from (Möbius 1885).
Fig. 33  from (Kowalewski 1938).
Fig. 34  portrait of Hamilton from: Dublin University Magazine, Vol. XIX (1842), page 95.
Fig. 35  title page of (Hamilton 1853).
Fig. 36  title page of (Graßmann 1861).
Fig. 37  title page of (Graßmann 1862).
Fig. 38  Graßmann’s honorary doctorate from the University of Tübingen, 18. Juli 1876. 

From (Reich 1995). Photocopy courtesy of the author.
Fig. 39  from (Graßmann 1870).
Fig. 40  from (Hankel 1874).
Fig. 41  courtesy of the Ernst-Moritz-Arndt-Universität Greifswald.
Fig. 42  from (Zeitschrift für technische Physik. Bd. 7, 1926).
Fig. 43  from the chronicle of the history of mathematics-section of the Deutsche Mathema-

tiker-Vereinigung. Courtesy of Prof. Dr. Peter Schreiber (Greifswald) and Prof. Dr. 
Michael v. Renteln (Karlsruhe).

Fig. 44  Excerpt from the first page ( J. Graßmann 1827).
Fig. 45  from (Schleiermacher 1888).
Fig. 46  portrait of H. Steffens. Courtesy of the archive of the Berlin-Brandenburgischen Aka-

demie der Wissenschaften.
Fig. 47  from (GW11).



List of persons mentioned

Alberti, Leon Battista (1404 – 1472), Italian Renaissance artist, 168
Alembert, Jean–Baptiste le Rond de (1717 – 1783), French mathematician, natural scientist and 

philosopher, 156, 167
Ampère, André–Marie (1775 – 1836), French physicist and mathematician, 39 – 40
Apelt, Ernst Friedrich (1812 – 1850), philosopher in Jena, X, XIX, 38, 94
Apollonius von Perge (about 262 – 190 BC), Greek mathematician und geometer, 168
Argand, Jean Robert (1768 – 1822), Swiss mathematician, 167, 173
Aristotle (384 – 322 BC), Greek philosopher, 7, 134, 135
Arndt, Ernst Moritz (1769 – 1860), patriotic publicist and author, 6, 126, 132, 143 – 144, 

159, 246, 254, 265, 269, 287, 294 – 295
Arnim, Ludwig Achim von (1781 – 1831), Romantic poet, physicist and philosopher of na-

ture, 12
Baltzer, Richard (1818 – 1887), mathematician in Gießen, X, XIX, 38, 84, 94, 282
Bartholdy, Georg Wilhelm (1765 – 1815), Stettin school administrator, 3, 12 – 13, 96, 98, 

102, 155 – 156,246 – 247, 265
Bassermann, Friedrich Daniel (1811 – 1855), liberal politician, 51
Basso, Giuseppe (1842 – 1895), mathematical physicist in Turin, 219 
Baumgarten, Sigmund Jakob (1706 – 1757), theologian and philosopher in Halle, 10
Bell, Erik Temple (1883 – 1960), American mathematician and historian of mathemat-

ics, 98 – 99, 216, 223, 250, 265
Bellavitis, Giusto (1803 – 1880), Italian mathematician, 97, 173, 214, 265
Beltrami, Eugenio (1835 – 1900), Italian mathematician and physicist, 168
Bernoulli, Jacob I. (1655 – 1705), Swiss mathematician and physicist in Basel, 156
Bethmann–Hollweg, Theobald von (1856 – 1921), conservative politician, 1909/17 Chancellor 

of the German Reich and President of Prussia, 77, 99
Binet, Jacques Philippe Marie (1786 – 1856), French mathematician and astronomer, 71
Biot, Jean Baptiste (1774 – 1862), French physicist, 39, 118
Bleek, Friedrich (1793 – 1880), theologian in Bonn, 118
Boeckh, August (1785 – 1867), classical philologist in Berlin, 19, 21 – 22, 293
Bolyai, Janos (1802 – 1860), mathematician, co–founder of non–Euclidean geometry, 167, 194
Bolzano, Bernard (1781 – 1848), Czech philosopher and mathematician, 206, 228, 233
Boole, Georges (1815 – 1864), English mathematician, 170, 206
Bopp, Franz (1791 – 1867), founder of historical and comparative grammar of Indo–European 

languages, 65 – 66, 266



296 List of persons mentioned

Bourbaki, Nicolas; Pseudonym for a French school of mathematicians, 206, 210, 212, 217 – 218, 
220, 252, 266

Bowditch, Nathaniel (1773 – 1838), American mathematician, 172
Brandis, Christian August (1790 – 1867), Historian of philosophy in Berlin und Bonn, 118, 

287
Brentano, Clemens (1778 – 1842), Romantic poet, 6
Brianchon, Charles Julien (1783 – 1864), French mathematician in Paris, 168
Brinckmann, Karl Gustav von (1764 – 1847), Swedish diplomat in Prussia, France und Great 

Britain, 135, 140 – 141, 143 – 144, 161 – 162
Brockhaus, Friedrich Arnold (1772 – 1823), publisher, 78, 265, 270, 274
Brouwer, Luitzen Egbertus Jan (1881 – 1966), Dutch mathematician, 231
Bülow, Hans Adolf Karl Graf von (1807 – 1858), Prussian politician, 133
Bunsen, Robert (1811 – 1899), chemist in Heidelberg, 61
Burali–Forti, Cesare (1861 – 1931), Italian mathematician, 219, 266
Cantor, Georg (1845 – 1918), mathematician, founder of set theory, 206, 228, 233
Cantor, Moritz (1829 – 1920), historian of mathematics, X, XIX, 37, 94, 97, 104, 156, 266
Carnot, Lazare Nicolas Marguerite (1753 – 1823), French mathematician, pupil of Monge, 168
Cartan, Élie (1869 – 1951), French mathematician, XIII, 211, 220, 266
Carus, Paul (1852 – 1919), German–American philosopher, pupil of the Stettin “Gymnasi-

um”, 254, 266, 282
Catel, Samuel Heinrich (1758 – 1838), journalist at the Vossische Zeitung, 160
Cauchy, Augustin–Louis (1789 – 1857), French mathematician, 35, 60, 69 – 72, 98, 118, 260, 

282
Cayley, Arthur (1821 – 1895), British mathematician, 170 – 171, 186, 206, 209, 212, 219
Chasles, Michel (1793 – 1880), French mathematician, 168, 186, 189, 206
Clausius, Rudolf Justus Emanuel (1822 – 1888), physicist in Zürich, Würzburg and Bonn, 7 – 8, 

40, 94
Clebsch, Alfred (1833 – 1872), mathematician and physicist in Karlsruhe, Gießen and Göttin-

gen, X, 84 – 88, 100, 165, 175, 185, 212, 214 – 215, 260 – 261, 267, 289
Clifford,William Kingdon (1845 – 1879), English mathematician in Cambridge and Lon-

don, 220
Conrad, Carl Ludwig (1796 – 1861), secondary–school teacher of mathematics and French in 

Berlin, 33, 35, 93
Couturat, Louis (1868 – 1914), French mathematician and logician, 217, 267, 280
Crelle, August Leopold (1780 – 1855), German mathematician, 296
Cremona, Luigi (1830 – 1903), Italian mathematician, 190, 216, 267
Dahlmann, Friedrich Christoph (1785 – 1860), liberal politician, political theorist and histo-

rian, 47 – 48, 95, 124, 259, 267, 286, 293
Dedekind, Richard (1831 – 1916), mathematician in Berlin, 84, 207, 219, 285



List of persons mentioned 297

Desargues, Gérard (1593 – 1661), French mathematician, 168
Descartes, René (1596 – 1650), French philosopher, mathematician und physicist, XVII, 166, 

169, 193, 222, 224, 242
Diesterweg, Friedrich Adolf Wilhelm (1790 – 1866), progressive pedagogical theorist and poli-

tician, 13, 156, 267
Dohna–Schlobitten, Alexander Graf von (1771 – 1831), Prussian Minister of the Interior, 296
Dove, Heinrich Wilhelm (1803 – 1879), physicist and meteorologist in Königsberg und Ber-

lin, 118
Drobisch, Moritz Wilhelm (1802 – 1896), mathematician and philosopher in Leipzig, 38, 

41 – 43, 95, 205
Droysen, Johann Gustav (1808 – 1884), conservative historian, 49, 96, 268
Dürer, Albrecht (1471 – 1528), painter in Nürnberg, 168
Dyck, Walther von (1856 – 1934), German mathematician, XIII, 209, 219, 268
Eichhorn, Johann Albrecht Friedrich (1779 – 1856), Prussian politician, Minister of Culture 

and Education, 33, 44 – 45, 93, 95, 250
Einstein, Albert (1879 – 1955), physicist, founder of the theory of relativity, 211, 252, 268
Engel, Friedrich (1861 – 1941), mathematician in Leipzig, biographer of H. Graßmann, X, 

XIV, 27 – 28, 33, 59, 72, 85, 91 – 93, 97 – 98, 158, 166, 178, 208, 212, 214, 216 – 217, 219, 
263, 268, 273

Engels, Friedrich (1820 – 1895), co–founder of Marxism, XIV, XX, 3, 5, 48, 55, 89, 95 – 96, 
126, 131, 146, 159, 163, 251, 264, 268 – 269, 277, 281 – 282

Enriques, Federigo (1871 – 1946), Italian geometer, philosopher and historian of mathemat-
ics, 215, 238, 253, 269

Enslin, Theodor Christian Friedrich (1787 – 1851), Berlin publisher, 76
Euclid (around 300 BC), Greek mathematician, 38, 76, 103, 114 – 115, 120, 125, 166 – 171, 

174, 178, 180, 182, 194 – 198, 207, 210, 223, 242
Euler, Leonhard (1707 – 1783), Swiss mathematician, physicist and astronomer, 15, 166, 171
Faraday, Michael (1791 – 1867), English physicist, 61, 129 
Fechner, Gustav Theodor (1801 – 1887), physicist and physiologist in Leipzig, 42
Fermat, Pierre de (1601 – 1665), French mathematician, 166
Feuerbach, Ludwig (1804 – 1872), philosopher, 151, 269
Fichte, Immanuel Hermann (1797 – 1879), philosopher in Bonn und Tübingen, 118
Fichte, Johann Gottlieb (1762 – 1814), philosopher in Jena, Erlangen und Berlin, 7, 18, 118, 

132 – 133, 135, 137 – 140, 142, 145 – 147, 156
Fischer, Ernst Gottfried (1754 – 1831), physicist and mathematician, 26, 130 – 131, 160, 269
Foucault, Jean Bernard Léon (1819 – 1868), French physicist, 61
Fraenkel, Abraham (1891 – 1965), mathematician in Marburg, Kiel und Jerusalem, 219
Francesca, Piero della (1410 ?–1492), Italian painter, 168
Francke, August Hermann (1663 – 1727), Protestant theologian und pedagogue, 10



298 List of persons mentioned

Francoeur, Louis (1773 – 1849), French mathematician, 118
Frege, Gottlob (1848 – 1925), mathematician and logician, 206
Frederick II (1712 – 1786), King of Prussia from 1740 to 1786, 2, 3
Frederick William I (1688 – 1740), King of Prussia from 1713 to 1740, 1 – 2
Frederick William III (1770 – 1840), King of Prussia from 1797 to 1840, 47, 143
Frederick William IV (1795 – 1861), King of Prussia from 1840 to 1857, 47, 53
Fries, Jakob Friedrich (1773 – 1843), philosopher and mathematician in Heidelberg, 121, 156, 

244, 269 – 270
Fuchs, Emil (1874 – 1971), Protestant theologian in Leipzig, 139, 161, 270
Fuchs, Immanuel Lazarus (1833 – 1902), mathematician in Heidelberg und Berlin, 84
Fuess, Rudolf (1838 – 1917), mechanical engineer in Berlin, 65, 261
Galilei, Galileo (1564 – 1642), Italian natural scientist, 127, 212
Galois, Evariste (1811 – 1832), French mathematician, 206
Gaß, Joachim Christian (1766 – 1831), Lutheran minister in Stettin and Berlin, theologian in 

Breslau after 1810, 246 – 247, 254 – 255, 287
Gauß, Carl Friedrich (1777 – 1855), mathematician, astronomer, geodesist and physicist in Göt-

tingen, X, XIX, 38, 94, 167, 173, 175, 179, 213, 253, 290
Gergonne, Joseph Diaz (1771 – 1859), French mathematician in Montpellier, 168
Gibbs, Josiah Willard (1839 – 1903), American mathematician, XIV, 34, 210 – 211, 219, 270
Giesebrecht, Heinrich Ludwig Theodor (1792 – 1873), pedagogical theorist, poet and historian 

in Stettin, 6, 8
Gilbert, Ludwig Wilhelm (1769 – 1824), mathematician and physicist in Halle und Leipzig,  12
Gneisenau, August Wilhelm Anton Graf Neithardt von (1760 – 1831), military General and 

military theorist, 133
Görres, Joseph von (1776 – 1848), historian and liberal politician, 56
Goethe, Johann Wolfgang von (1749 – 1832), poet, also natural scientist, 138
Goldfuß, Georg August (1782 – 1848), zoologist, mineralogist und paleontologist in Bonn, 26
Grabow, Wilhelm (1802 – 1874), Prussian politician, president of the Prussian National Assem-

bly, 51
Graßmann, Adelheid (1812 – 1861), H. Graßmann’s sister, 15
Graßmann, Agnes Klara (1855 – 1925), H. Graßmann’s daughter, 58
Graßmann, Alwine Marie (1810 – 1834), H. Graßmann’s sister, 15, 118
Graßmann, Emma Dorothea Johanna (1850 – 1923), H. Graßmann’s daughter, 58
Graßmann, Emma Friederike Therese (1817 – 1867), H. Graßmann’s sister, 15
Graßmann, Friedrich Heinrich Gotthilf (1784 – 1866), H. Graßmann’s uncle, school adminis-

trator, 13
Graßmann, Gottfried Ludolf (1738 – 1798), H. Graßmann’s grandfather, 9 – 11, 271, 280
Graßmann, Heinrich August Friedrich (1824 – 1855), H. Graßmann’s brother, 15
Graßmann, Hermann Ernst (1857 – 1922), H. Graßmann’s son, 58



List of persons mentioned 299

Graßmann, Johanna Elise (1827 – 1861), H. Graßmann’s sister, 15
Graßmann, Johanna Friederike (née Medenwaldt), (1785 – 1841), H. Graßmann’s mother, 12, 

15
Graßmann, Justus Gotthold Oswald (1818 – 1893), H. Graßmann’s brother, 15, 67
Graßmann, Justus Günther (1779 – 1852), H. Graßmann’s father, V, XV, XVIII, 6 – 7, 12 – 15, 

91, 94, 101, 103 – 104, 106, 108, 110, 113 – 117, 122 – 123, 128, 131, 171, 199 – 201, 213, 
217, 221, 231 – 232, 236 – 237, 244, 246 – 247, 249 – 252, 255, 257, 266, 277, 284, 286

Graßmann, Karl Friedrich Eduard (1820 – 1847), H. Graßmann’s brother, 15
Graßmann, Karl Gustav (1807 – 1841), H. Graßmann’s brother, 15, 18, 257
Graßmann, Karl Justus (1851 – 1909), H. Graßmann’s son, 58, 85, 90, 92, 94, 213
Graßmann, Karl Richard (1864–?), H. Graßmann’s son, 58
Graßmann, Klara Marie Therese (1866 – 1881), H. Graßmann’s daughter, 58
Graßmann, Konrad Günther (1867 – 1877), H. Graßmann’s son, 58
Graßmann, Ludolf Edmund (1861–?), H. Graßmann’s son, 58
Graßmann, Luise (1858 – 1859), H. Graßmann’s daughter, 58
Graßmann, Luise Mathilde (1805 – 1807), H. Graßmann’s sister, 15
Graßmann, Marie Therese (née Knappe), (1824 – 1889), H. Graßmann’s wife, 58 – 59, 259
Graßmann, Max Siegfried (1852 – 1917), H. Graßmann’s son, 58
Graßmann, Robert Helmuth (1854 – 1856), H. Graßmann’s son, 58
Graßmann, Siegfried Robert Ludolph (1815 – 1901), H. Graßmann’s brother, V, XVI, XVIII, 

10, 15, 20, 25, 28, 30, 36, 44, 51 – 52, 57, 74 – 76, 79, 91, 93, 99, 106, 117 – 131, 152, 154, 
157 – 160, 198, 202, 205, 233, 238, 244 – 245, 247, 258 – 260, 265 – 266, 284, 288

Graßmann, Sophie (1830 – 1834), H. Graßmann’s sister, 15
Grimm, Jacob (1785 – 1863), philologist, specialist in popular poetry, 6, 117
Grimm, Wilhelm (1786 – 1859), philologist, collector of myths and fairy tales, 6, 117
Grunert, Johann August (1797 – 1872), mathematician in Greifswald, X, XIX, 38, 40, 76, 

83 – 86, 94, 99, 118 – 119, 260
Grunow, Eleonore – Schleiermacher’s mistress, 140, 161 – 162
Hamilton, Sir William Rowan (1805 – 1865), Irish mathematician and physicist, XIII, 15 – 16, 

72 – 74, 81, 83, 98, 167, 170, 173 – 174, 176, 198, 205 – 206, 208 – 211, 219, 223, 254, 
258 – 259, 276 – 277, 294

Hankel, Hermann (1839 – 1873), mathematician in Leipzig, Erlangen und Tübingen, X, XIII, 
77, 81 – 85, 99, 181, 198, 205 – 207, 209, 211, 216, 218, 240, 260, 276, 290, 294

Heaviside, Oliver (1850 – 1925), English physicist, 211, 276
Hegel, Georg Wilhelm Friedrich (1770 – 1831), philosopher in Jena, Heidelberg und Berlin, 7, 

19, 22, 90, 96, 120 – 121, 136, 144, 152, 160, 227
Heine, Heinrich (1797 – 1856), poet and satirical publicist, 56, 96, 276
Helmholtz, Hermann von (1821 – 1894), physiologist and physicist, 61 – 63, 97, 129, 168, 

180, 194, 202, 207, 212, 214, 217, 277, 280, 289, 293



300 List of persons mentioned

Helvetius, Claude–Adrien (1715 – 1771), philosopher of the French Enlightenment, 140
Hengstenberg, Ernst Wilhelm (1802 – 1869), theologian in Berlin, orthodox Lutheran, 19 – 20, 

91
Herbart, Johann Friedrich (1776 – 1841), philosopher und pedagogical theorist in Königsberg 

and Göttingen, 82, 179, 238, 244, 253, 277 
Herder, Johann Gottfried von (1744 – 1803), philosopher of history and religion, author, 136, 

138, 146 
Hering, Hermann (?–1886), teacher at the Stettin “Gymnasium”, 7
Hertzberg, Ewald Friedrich Graf von (1725 – 1795), member of the Prussian government, 7
Herz, Henriette (1764 – 1847), important figure of the Berlin literary scene, 132, 140, 162
Herz, Markus (1747 – 1803), medical doctor and philosopher in Berlin, 132
Heß, Christian (1803 – 1874), headmaster of the Stettin Ottoschule, 15, 31, 79
Hilbert, David (1862 – 1943), mathematician in Königsberg and Göttingen, 183, 208, 211, 

213, 219, 277, 284
Hindenburg, Karl Friedrich (1741 – 1808), mathematician, 90, 104
Hölder, Ludwig Otto (1859 – 1937), mathematician in Tübingen and Leipzig, 207, 277, 284
Hohenzollern, Dynasty of Electors of Brandenburg (1415 – 1701), Kings of Prussia (1701 – 1918) 

and German Emporers (1871 – 1918), 7
Humboldt, Alexander von (1769 – 1859), natural scientist and explorer, 22, 117, 153
Humboldt, Wilhelm von (1767 – 1835), member of the Prussian government, political theorist, 

art theorist, philologist, 12, 18, 117, 132 – 133, 143 – 144, 153, 155 – 156
Huygens, Christian (1629 – 1695), Dutch physicist and mathematician, 41, 193, 216
Jacobi, Carl Gustav Jakob (1804 – 1851), mathematician in Berlin und Königsberg, 299
Jahn, Friedrich Ludwig (1778 – 1852), founder of the German “Turnverein” gymnastics move-

ment, 22, 133
Jean Paul ( Jean Paul Friedrich Richter), (1763 – 1825), poet, 299
Jonas, Ludwig (1797 – 1859), theologian and politician, XX, 68, 145, 245, 264, 286
Jonquières, Ernest de (1820 – 1901), French mathematician, 189
Jordan, Camille (1838 – 1922), French mathematician in Paris, 170, 217
Jungklaß – teacher in Stettin, 299
Kameke, Georg von (1816 – 1893), Prussian General, 159
Kant, Immanuel (1724 – 1804), philosopher in Königsberg, XV, XVI, XIX, 7, 102, 106 – 108, 

110, 134, 140, 146 – 148, 155 – 157, 163, 221 – 222, 230 – 235, 238 – 239, 242, 244, 
251 – 253, 278, 280, 289

Kathen, Charlotte von; Schleiermacher’s sister, 162
Kepler, Johannes (1571 – 1630), astronomer and mathematician, 127, 212 
Klein, Felix (1849 – 1925), mathematician in Erlangen, München, Leipzig and Göttingen, X, 

XIII, XVII, 40, 85 – 88, 90, 94, 166 – 168, 170, 174, 189, 191, 199, 202, 207 – 209, 212 – 217, 
219 – 220, 260 – 261, 278 – 279, 282



List of persons mentioned 301

Kleist, Heinrich von (1777 – 1811), poet of the German Enlightenment, 6
Klöden, Karl Friedrich von (1786 – 1856), teacher, headmaster of the Berlin School of Com-

merce, 92
Klopstock, Friedrich Gottlieb (1724 – 1803), poet of the German Enlightenment, 16
Klügel, Georg Simon (1739 – 1812), mathematician, 12, 90, 279
Knappe, Marie Therese. See Graßmann, Marie Therese, 58, 259
Knoblauch, Karl Hermann (1820 – 1895), physicist in Bonn, Marburg und Halle, 61, 97, 260
Koch, Friedrich (?–1849), teacher in Stettin, 3
Köller, von – member of the Pomeranian administration, 8
Königsberger, Leo (1837 – 1921), mathematician, 84
Körner, Theodor (1791 – 1813), poet, 6
Kotzebue, August von (1761 – 1819), dramatist, 133, 144
Kronecker, Leopold (1823 – 1891), mathematician in Berlin, 293
Krug, Wilhelm Traugott (1770 – 1842), German philosopher, IX, XIX, 279
Kuhn, Franz Felix Adalbert (1812 – 1881), philologist in Berlin, 272
Kummer, Ernst Eduard (1810 – 1893), mathematician in Breslau und Berlin, 43 – 45, 95, 157, 

259, 279
Kuntze, Friedrich (1881 – 1929), philosopher in Berlin, 129, 160, 279, 289
Lacroix, Sylvestre Francois (1765 – 1843), French mathematician in Paris, 34, 118
Lagrange, Joseph–Louis (1736 – 1813), French mathematician, 34 – 35, 118, 167, 224, 280
Lambert, Johann Heinrich (1728 – 1777), mathematician, physicist, astronomer and philoso-

pher, 167 – 168
Lamé, Gabriel (1795 – 1870), French mathematician, 71, 168
Langbein, Friedrich Wilhelm Alexander (1819 – 1889), teacher and author of pedagogical works 

in Stettin, 43, 259, 273, 283
Laplace, Pierre–Simon (1749 – 1827), French mathematician and astronomer, 33 – 34, 172, 

224, 280
Legendre, Adrien–Marie (1752 – 1833), French mathematician, 26, 167, 280
Leibniz, Gottfried Wilhelm (1646 – 1716), philosopher, historian and diplomat, precursor of 

mathematical logic, XV, XVII, XIX, 41, 43, 90, 102, 104 – 105, 117, 122, 128, 134, 156 – 157, 
166, 173, 190, 192 – 194, 212, 216, 221, 224, 244, 249, 259, 267, 271, 278, 280, 282, 291

Leonardo da Vinci (1452 – 1519), Italian painter, sculptor, architect, mathematician, writer and 
scientist, 168

Leskien, Johann August Heinrich (1840 – 1916), philologist in Leipzig, 37, 94, 97
Levetzow, Albert Erdmann Karl Gerhard von (1827 – 1903), first president of the German Re-

ichstag, 8
Lie, Sophus (1842 – 1899), Norwegian mathematician in Kristiania (Oslo) and Leipzig, 88, 

167 – 168, 170, 194, 208, 212, 261, 281



302 List of persons mentioned

Lobačevskij, Nikolaj Ivanovič (1792 – 1856), Russian mathematician, 167 – 168, 194, 206, 
235, 252, 281

Loewe, Carl (1796 – 1869), important ballad composer in Stettin, 6 – 7, 13, 18, 257, 285
Lorenzen, Paul (1915 – 1994), mathematician and logician in Erlangen, 109, 157, 281
Lotze, Alfred (1882 – 1964), mathematician in Stuttgart, 216, 219, 281
Lucian (around 120 – 180), Greek satirical poet, 135
Lüroth, Jacob (1844 – 1910), mathematician in Karlsruhe, München and Freiburg, 219, 263, 

273
Magnus, Heinrich Gustav (1802 – 1870), physicist in Berlin, 35, 281
Manteuffel, Otto Theodor Freiherr von (1805 – 1882), member of the Prussian government, 51
Marheinecke, Philipp Konrad (1780 – 1846), Church historian and dogma specialist in Ber-

lin, 20
Markov, Andrej Andreevič (1856 – 1922), Russian mathematician in St. Petersburg, 301
Marx, Karl (1818 – 1883), philosopher, theorist of economics, leader of the international work-

er’s movement, 13, 48, 56, 90, 95 – 96, 139, 264, 268 – 270, 281 – 282
Maxwell, James Clerk (1831 – 1879), Scottish physicist, 62, 211, 282, 289
Mendel, David. See Neander, 19 – 20, 91, 118
Meyer, Johann Tobias (1752 – 1830), mathematician in Göttingen, 26, 282
Miller, William Hallowes (1801 – 1880), English mineralogist, 114
Mirabeau, Honoré–Gabriel–Victor Riqueti Coste de (1749 – 1791), French politician, 132
Möbius, August Ferdinand (1790 – 1863), mathematician and astronomer in Leipzig, X, 

XVI, XIX, 26, 32, 35, 37 – 38, 40 – 43, 49, 59, 62, 68 – 70, 82, 91, 93 – 98, 166, 169 – 175, 
182 – 183, 185, 190, 198, 205 – 206, 208, 216, 225, 250, 257 – 259, 282, 294

Moigno, L’Abbé Francois Napoléon Marie (1804 – 1884), French Jesuit and mathematician, 35, 
282

Monge, Gaspard (1746 – 1818), French mathematician, 168, 213, 282
Montaigne, Michel de (1533 – 1592), French moral philosopher, author, legal expert and politi-

cian, 134
Morgan, Augustus de (1806 – 1871), English mathematician, 72, 98
Müller, Adam Heinrich (1779 – 1829), political theorist, 8, 56, 68, 90, 94, 98 – 99, 253, 283
Münchow, Carl Dietrich von (1778 – 1836), astronomer and mathematician in Jena und 

Bonn,  118
Napoleon I., Bonaparte (1769 – 1821), Emperor of France from 1804 to 1814 and 1815, 301
Natorp, Paul (1854 – 1924), philosopher und pedagogical theorist, 219, 283
Neander, August Wilhelm – originally called David Mendel (1789 – 1850), Church historian 

and theologian in Berlin, 19 – 20, 91, 118
Newton, Isaac (1643 – 1727), English physicist, mathematician and astronomer, 61 – 62, 127, 

166, 290
Nietzsche, Friedrich Wilhelm (1844 – 1900), philosopher and poet, 151



List of persons mentioned 303

Nitzsch, Karl Immanuel (1787 – 1868), theologian in Bonn und Berlin, 118
Nüscke, Albert Emil (1817 – 1891), Stettin naval engineer and shipyard owner, 5, 265
Ohm, Martin (1792 – 1892), mathematician in Berlin, 32, 35, 159, 283
Oken, eigentlich Lorenz Ockenfuß (1779 – 1851), natural scientist and philosopher, 56
Oresme, Nicole (around 1320 – 1382), French mathematician and theologian in Paris, 212
Ostwald, Wilhelm (1853 – 1932), important German physical chemist, 63, 285
Pappus of Alexandria (around 320), Greek mathematician, 301
Pascal, Blaise (1623 – 1662), French mathematician, physicist, writer and philosopher, 156, 168
Pasch, Moritz (1843 – 1930), mathematician in Gießen, 213 
Peano, Giuseppe (1858 – 1932), Italian mathematician in Turin, XIII, 166, 206 – 208, 210, 

219 – 220, 278, 283 – 284
Peirce, Benjamin (1809 – 1880), American mathematician and astronomer, 206
Pestalozzi, Johann Heinrich (1746 – 1827), humanistic pedagogical theorist, XV, 13, 22, 

103 – 105, 156, 171, 221, 254, 282, 287 – 302
Pfaff, Johann Friedrich (1765 – 1825), mathematician in Helmstedt und Halle, 266
Plato (427 – 347 BC), Greek philosopher, XVI, 7, 27, 134 – 135, 139 – 140, 142, 146, 149, 

155, 258, 282
Plücker, Julius (1801 – 1868), mathematician and physicist in Bonn, 87, 166, 169 – 170, 

185 – 186, 206, 261
Poggendorff, Johann Christian (1796 – 1877), physicist and biographer, 277, 284
Poincaré, Henri (1854 – 1912), French mathematician, theoretical physicist and astronomer, 158, 

213, 224, 243, 250, 254, 265, 284, 287, 289 
Poncelet, Jean Victor (1788 – 1867), French engineer and physicist in Metz and Paris, 35, 

168 – 169, 284
Preyer, William Thierry (1841 – 1897), psychologist and physiologist, 261, 273, 276, 284
Prutz, Robert Eduard (1816 – 1872), democratic author and literary historian, 7 – 8
Raumer, Friedrich Ludwig Georg von (1781 – 1873), historian in Berlin, 19, 22, 92
Raumer, Karl Otto von (1805 – 1859), Prussian Minister of Culture, 7
Reimer, Georg Andreas (1776 – 1842), publisher in Berlin, 28, 144, 162
Reye, Karl Theodor (1838 – 1919), mathematician, 88, 285
Riemann, Bernhard (1826 – 1866), mathematician in Göttingen, XIII, 37, 81 – 82, 168, 

178 – 180, 205 – 206, 212 – 214, 238, 253, 260, 280, 285, 287, 289
Ritter, Heinrich Julius (1791 – 1869), historian of philosophy in Berlin, 22, 92
Roth, Rudolf (1821 – 1895), Sanskrit scholar in Tübingen, 79, 261
Rousseau, Jean–Jacques (1712 – 1778), French author, pedagogical theorist and Enlightenment 

philosopher, 132, 134, 136
Saccheri, Girolamo (1667 – 1733), Italian mathematician, 167
Sack, Johann August (1764 – 1831), member of the Prussian government, 3 – 4, 161



304 List of persons mentioned

Saint–Venant, Adhémar Jean Claude Barré de (1797 – 1886), French mathematician, 60, 69 – 71, 
92, 98

Savart, Felix (1791 – 1841), French physicist, 39
Scharnhorst, Gerhard Johann David von (1755 – 1813), Prussian General, 133
Scheffers, Georg (1866 – 1945), mathematician in Leipzig, 263, 273
Scheibert, Carl Gottfried (1803 – 1878), headmaster of the Stettin Friedrich–Wilhelmsschule, 

7, 13 – 15, 36, 49, 90 – 91, 97, 123, 159, 201, 238, 253, 283, 286, 288, 293
Schelling, Friedrich Josef Wilhelm (1775 – 1854), philosopher in Jena, München, Erlangen and 

Berlin, XVI, XIX, XX, 105, 140 – 141, 145 – 146, 149 – 150, 152 – 153, 155, 163 – 164, 
244, 246, 286

Schill, Ferdinand von (1776 – 1809), Major, commander of a Berlin regiment, 143
Schiller, Friedrich von (1781 – 1841), German poet, 132, 274
Schläfli, Ludwig (1814 – 1895), Swiss mathematician in Bern, 167
Schlegel, August Wilhelm von (1767 – 1845), art critic, theorist of aesthetics and philolo-

gist, 132
Schlegel, Friedrich von (1772 – 1829), writer and art critic, 132, 134 – 135, 139, 276
Schlegel, Victor (1843 – 1905), teacher and mathematician in Stettin and Waren, XIV, XX, 36, 

85, 88, 94, 98, 202, 218, 254, 260 – 261, 286
Schleiermacher, Friedrich Daniel Ernst (1768 – 1834), theologian and philosopher in Halle and 

Berlin, VII, XVI, XVII, XIX, XX, 7, 12, 18 – 25, 30, 36, 47 – 48, 56, 90 – 92, 96, 105, 117, 
120 – 122, 124, 130 – 156, 160 – 164, 198 – 199, 218, 221, 226, 228 – 232, 241, 244 – 247, 
251 – 255, 258 – 259, 264 – 265, 269 – 270, 281 – 282, 284, 286 – 287

Schmalz, Theodor Anton Heinrich (1760 – 1831), theologian in Berlin, 133
Schmid, Joseph (1785 – 1851), teacher, close friend of Pestalozzi, 102 – 103, 105, 156 – 157, 

XV, 171, 213, 283, 287
Schneider, Friedrich Wilhelm (1801 – 1879), mathematician in Berlin, 26, 287
Schopenhauer, Arthur (1788 – 1860), philosopher in Berlin and Frankfurt, 151
Schröder, Ernst (1841 – 1902), mathematician in Karlsruhe, 94, 206 – 207, 209, 284, 288 – 289
Schwarz, Hermann Amandus (1843 – 1921), mathematician in Halle, Göttingen and Berlin, 84
Schweikart, Ferdinand Karl (1780 – 1859), legal expert and mathematician, 167
Schweitzer, Arthur Richard (1878 – 1957), American mathematician, 244, 254, 288
Schwerin, Maximilian Graf von (1804 – 1872), member of the Prussian government, 8, 286
Sell, Johann Jakob (1754 – 1816), teacher and historian in Stettin, 3
Severi, Francesco (1879 – 1961), Italian mathematician in Parma, Padua and Rome, 208, 219, 

288
Shaftesbury, Anthony Ashley Cooper Earl of (1671 – 1713), English moral philosopher, 134
Skolem, Thoralf M. A. (1887 – 1963), Norwegian mathematician in Oslo and Bergen, 231
Spinoza, Benedikt (1632 – 1677), Dutch philosopher, XVI, 7, 134, 137, 140, 146, 149, 155, 

161



List of persons mentioned 305

Staudt, Christian von (1798 – 1867), mathematician in Würzburg, Nürnberg and Erlangen, 169, 
289

Steffens, Henrik (1773 – 1845), Norwegian philosopher and natural scientist in Halle, Breslau 
and Berlin, 56, 105, 132 – 133, 141 – 142, 146, 246, 268, 294

Stein, Karl Reichsfreiherr vom und zum (1757 – 1831), member of the Prussian government, 3, 
133, 143

Steiner, Jakob (1796 – 1863), Swiss geometer in Berlin, 28 – 29, 35, 92, 169, 171, 174 – 175, 
289, 293

Steinitz, Ernst (1871 – 1928), mathematician in Breslau, 179
Stern, Moritz Abraham (1807 – 1894), mathematician in Göttingen, 85 – 86, 207, 260
Stiedenroth, Ernst (1794 – 1858), philosopher in Greifswald, 119
Strauß, David Friedrich (1808 – 1874), philosopher and publicist, religious reformer, 146, 151
Strauß, Gerhard Abraham (1786 – 1863), theologian in Berlin, 19, 91
Stubenrauch, Samuel Ernst Timotheus (1738 – 1807), theologian, 132
Suffrian, Ludwig Eduard (1805 – 1886), mathematician and teacher, 49
Sylvester, James Joseph (1814 – 1897), English mathematician in Woolwich, Baltimore, Oxford, 

170
Taurinus, Franz Adolf (1794 – 1874), legal expert and mathematician in Köln, 167
Tilly, Joseph de (1837 – 1906), mathematician, 194
Torricelli, Evangelista (1608 – 1647), Italian physicist and mathematician, 212
Treviranus, Ludolph Christian (1779 – 1864), botanist in Rostock, Breslau and Bonn, 118
Twesten, August Detlev Christian (1789 – 1876), theologian in Berlin, 155, 276
Vandermonde, Alexandre Théophile (1735 – 1796), French mathematician, 303
Vega, Georg Freiherr von (1754 – 1802), member of the Austrian army and mathematician, 26, 

289
Veronese, Giuseppe (1854 – 1917), Italian mathematician, 247 – 248, 255, 290
Virchow, Rudolf Ludwig Carl (1821 – 1902), pathologist and anthropologist in Berlin and 

Würzburg, 8, 78, 290
Voss, Sophie Marie Gräfin von (1729 – 1814), member of the Prussian Royal Court, 162
Wallis, John (1616 – 1703), English mathematician in Oxford, 156, 166 – 167
Weber, Carl Maria (1786 – 1826), Romantic opera composer, 6
Weber, Wilhelm Eduard (1804 – 1891), physicist in Halle, Göttingen and Leipzig, 42
Wegeli, Ferdinand Alexander (1803 – 1886), justice official in Ückermünde, 15
Wehrung, Georg (1880 – 1959), philosopher, 145, 147 – 148, 151, 153, 161, 163 – 164, 290
Weierstraß, Karl (1815 – 1897), mathematician in Berlin, 205, 217, 289
Wessel, Caspar (1745 – 1818), Norwegian mathematician, 167, 173, 277
Wette, Wilhelm Martin Leberecht de (1780 – 1849), theologian in Berlin, 133, 144
Weyl, Hermann (1885 – 1955), physicist and mathematician in Zürich, Göttingen, Princeton, 

213, 231



306 List of persons mentioned

Wheatstone, Sir Charles (1802 – 1875), physicist in London, 63
Whewell, William (1794 – 1866), English mathematician and chemist in Cambridge, 114
Whitehead, Alfred North (1861 – 1947), English mathematician and philosopher, XIII, 166, 

209 – 210, 219, 241, 290
Wigand, Otto (1795 – 1870), publisher in Leipzig, X, 304 
Willich, Ehrenfried von (1777 – 1807), Protestant theologian, friend of Schleiermacher, 

161 – 162
Willich, Henriette von (née Mühlenfels), (1788 – 1840), married to E. v. Willichs, then 

Schleiermacher’s wife, 133, 287
Willis, Robert (1800 – 1875), English physicist in Cambridge, 63
Witt, Jan de (1625 – 1672), Dutch politician and mathematician, 166
Wolf, Friedrich August (1759 – 1824), specialist for Antiquity in Berlin, 133, 290
Wolff, Christian (1679 – 1754), philosopher and mathematician in Halle, 10
Zeller, Eduard (1814 – 1908), philosopher and historian of philosophy, 152, 164, 291
Zeune, Johann August (1778 – 1853), geographer and philologist in Berlin, 19, 22, 92




